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Introduction 



1. Phenomenes de localisations, motivations physiques et modelisations 

1.1. Motivation physiques. Cette these est consacree a l'etude mathema- 
tique des phenomenes de localisation et delocalisation pour differents modeles de 
polymeres en environnement aleatoire. L'etude des modeles de polymeres est un do- 
maine de la physique mathematique qui a connu un developpement particulierement 
important ces dernieres annees (sur le sujet, on peut consulter Particle de survol [13] 



et les monographies [23|; |62|; [80|]). Les modeles etudies dans cette these peuvent etre 
utilises pour decrire une grande variete de phenomenes physiques : interaction d'un 
polymere avec une interface entre solvants, transition de denaturation thermique 
de l'ADN, accrochage et decrochage d'un polymere et d'un substrat solide, com- 
portement trajectoriel d'une chaine polymere dans une solution heterogene... Ces 
phenomenes ont en commun l'existence d'une transition de phase. A haute tempe- 
rature, l'agitation thermique est forte ,1'entropie domine, les interactions chimiques 
ou physiques avec l'environnement peuvent etre negligees et apparait un phenomene 
de delocalisation, c'est-a -dire que que le polymere se deploie librement, sans subir 
de contrainte de la part de l'environnement. A basse temperature, l'energie d'inter- 
action domine l'agitation thermique, et la trajectoire du polymere est tres fortement 
conditionnee par l'environnement, nous dirons localisee. II existe une temperature 
dite critique qui separe ces deux regions et qui marque une transition de la phase 
localisee vers la phase delocalisee. L'etude approfondie des modeles presentes dans 
cette these permet d'obtenir des informations : 

(1) sur le comportement trajectoriel des polymeres dans la phase localisee, dans 
la phase delocalisee, a la transition de phase ; 

(2) sur la valeur de la temperature critique. 

De plus, l'expertise developpee dans le domaine des polymeres en environnement 
aleatoire apporte une meilleure comprehension generale des systemes desordonnes, 
branche importante de la mecanique statistique et de la physique mathematique. 

1.2. Modelisation mathematique. On modelise le deploiement spatial de la 
chaine polymere en adoptant un formalisme de Boltzmann-Gibbs. 

Dans un cadre discret, la chaine polymere est modelisee par un chemin de taille 
finie (egale a un entier N) dans un ensemble de chemins donnes (5 , n ) ng [o,Ar] G 
(par exemple, Tn peut etre l'ensemble des chemins de taille N dans Z d ). A chaque 
trajectoire 5" on associe une energie modelisee par l'Hamiltonien H N)UJ (S) (ou to de- 
signe l'environnement aleatoire) qui sera donne par la somme des energies collectees 
sur les differents sites visites. La trajectoire d'une chaine polymere de taille N, pour 



9 



10 



INTRODUCTION 



une temperature T, sera donnee par la mesure de probability ^n,uj,/3 sur T N definie 
par 

exp((3H N ^{S)) 

HN,u;A S ) = i r i 7 , (1-1) 

oil 

Z W ■= 1^7 T exp(PH N ^(S)), (1.2) 

et /3 est egal a l/k B T ou designe la constante de Boltzman. 

Ce formalisme peut engendrer une grande variete de modeles. Cette these se 
consacre uniquement aux cas ou les trajectoires sont dirigees. Cela implique, en par- 
ticulier, que les polymeres etudies ne possedent pas d'auto-intersections, ce qui sim- 
plifie l'etude mathematique du modele. Nous presentons maintenant deux exemples 
concrets de modeles de polymeres bases sur la marche aleatoire simple dans Z d , 
desquels derivent tous les modeles etudies dans cette these : 

- Le modele d'accrochage desordonne (modele avec desordre sur une ligne). 
Le polymere est modelise par une marche aux plus proches voisins dans Z d et 
regoit des contributions energetiques aleatoires lorsque la marche passe par 
l'origine. Selon le point de vue, on peut soit considerer que le polymere se 
deploit dans Z d , et est constitue de maillons heterogenes qui interagissent avec 
un potentiel place a l'origine, soit que le polymere est une trajectoire dirigee 
d + 1 dimensionnelle interagissant avec une ligne d'accrochage heterogene. 

Soient S une marche aleatoire simple dans Z d issue de l'origine, et (u n ) ne ^ 
la realisation typique d'une suite de variables aleatoire centrees independantes 
de variance unitaire. Etant donne deux parametres (3 > et h G K. et N un 
entier pair, on pose (avec le formalisme precedent) 

N 

H NM = J]K + (h//3)]l {Sn=0} , (1.3) 

n=l 

et on definit done la mesure de polymere Hlo,i3,n(S) par sa derive de Radon- 
Nicodym par rapport a la loi de la marche aleatoire simple P (on notera E 
l'esperance associee) 

^N M lQ , _ ^ (En=l^K + h]l {Sn=0} ) 1 {Sn=0} 

HP ^ b ' '~ 7 ' ^ ) 



OU 



J N,LJ,f3,h 



E 



exp (^2\P u n + h]l {Sn= o}l{s N =o}j 



(1.5) 



On peut considerer, de maniere equivalente, que le polymere se deploie en fait 
dans et est modelise par le graphe de S ((n, 5 , n ) ng [ 0i 7v]) et que la marche 
regoit des contributions energetiques lorsqu'elle touche la ligne d'accrochage 
sur laquelle la premiere coordonnee s'annule. 
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- Le polymere dirige en milieu aleatoire (modele avec desordre partout). 
Le polymere est modelise par une marche dirigee ((n, SVJneN dans ou 
S est une marche au plus proche voisin dans Z d ) et regoit des contributions 
energetiques aleatoire sur chaque site qu'il visite, ce qui peut etre interprets 
comme l'energie d'interaction avec une solution heterogene. 



Soient S une marche aleatoire simple dans Z d , et (uJ n ,z)ne^,zeZ d l a realisation 
typique d'un champ de variables aleatoires independantes de variance unitaire. 
On definit l'Hamiltonien 

N 

H N , W (S) := ^u) n . Sn , (1.6) 

n=l 

et la mesure de polymere Hn,u,p{S) pour (3 > (la temperature inverse) par sa 
derive de Radon-Nicodym par rapport a la loi de la marche aleatoire simple P 



dP Z 

ou 



N 



exp 1/3 ^ w n,i 



n=l 



(1.7) 



(1.8) 



Dans ces deux cas, on s'interesse au comportement asymptotique des mesures de 
polymere quand N tend vers l'infini. Pour le modele d'accrochage, on remarque que 
le modele sans desordre ou homogene (i.e. avec (3 — 0) est non-trivial. Les questions 
etudiees sont : pour le modele d'acrochage, 

- A quelles conditions sur les parametres h et (3 la trajectoire S du polymere 
reste-t-elle accrochee sur la ligne {0} x Z d (en un sens que Ton definira preci- 
sement par la suite) ? 

- Quel role le desordre joue-t-il dans ce phenomene d'accrochage? C'est-a-dire 
comment comparer qualitativement et quantitativement le modele desordonne 
et le modele homogene ? 

et pour le polymere dirige en milieu aleatoire, 

- A quelle condition sur le parametre (3, le comportement trajectoriel du poly- 
mere a grande echelle est-il ou n'est-il pas modifie par la presence de desordre ? 

- Lorsque le desordre a une influence sur les trajectoires, quelles caracteristiques 
ent sont changees ? 

Les deux principales parties de la these seront dediees a l'etude de chaque modele. 

Avant d'etre l'objet d'une etude mathematique approfondie, les modeles presen- 
tes ont ete etudies par les physiciens theoriciens. De nombreux resultats ont done 
ete prouves ou conjectures, la litterature physique constitue une grande source d'ins- 
piration et de motivation pour l'etude mathematique de ces modeles. 

Une des methodes utilisees en mecanique statistique pour deriver des heuris- 
tiques est la methode de (semi-)groupe de renormalisation. Cette methode consiste 
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a reecheloner le systeme en lui otant des degres de liberty et en transformant l'Hamil- 
tonien : cette procedure est repetee et le reechelonage doit etre calibre pour obtenir, 
dans la limite, un modele effectif, invariant par Paction de la transformation de renor- 
malisation. Cela engendre en general des calculs d'une tres grande complexity. Les 
physiciens font ensuite des approximations simplifiant l'Hamiltonien obtenu apres 
transformation pour pouvoir mener les calculs a leur terme. Cela permet souvent de 
faire des conjectures tres fiables, mais qu'il est difficile de transformer en preuves 
rigoureuses. 



II existe cependant des modeles, introduits par les physiciens, pour lesquels la 
methode donne des simplifications considerables : les modeles dits hierarchiques, 
construits sur des reseaux en diamants. Grace a l'invariance d'echelle des reseaux 
en diamants, la methode de groupe de renormalisation peut etre appliquee de ma- 
niere rigoureuse, sans avoir a operer d'approximations dans les calculs. Les modeles 

ii de 



per- 
411; 14811, ou 



hierarchiques ont ete introd uits pour etudier les modeles d'Ising/Potts 
eolation au dernier passag e [104l | . de polymere diriges en milieu aleatoire 
les modeles d'accrochage [491]. 

Contrairement aux modeles en champ moyen (polymeres sur les arbres, modeles 
sur le graphe complet . . .), les modeles hierarchiques conservent l'essence des modeles 
definis sur Z d . C'est pourquoi une fraction importante de cette these sera dediee a 
l'etude des modeles hierarchiques aussi bien pour les modeles d'accrochage, que pour 
les polymeres diriges en mileu aleatoire. 



2. Modeles d'accrochage 

2.1. Modele homogene. Tous les modeles d'accrochage que nous allons etu- 
dier ont deja un interet dans leur version homogene. A de nombreuses reprises, le 
modele d'accrochage homogene sera d'ailleurs utilise comme outil technique, aussi 
bien pour les modeles d'accrochage desordonnes (par exemple pour des arguments de 
comparaisons) que pour polymeres diriges en milieu aleatoire (arguments de second 
moment, methode des repliques). Dans leur version non-hierarchique, ils possedent 
la propriete remarquable d'etre exactement resoluble (voir [HBI]). Nous proposons ici 
une etude sommaire du modele homogene (pour plus de details voir les premiers cha- 
pitres de 62| dont cette introduction s'inspire). Rappellons la definition du modele 



en dimension 1 



Considerons S = (S n ) ne ^ la marche aleatoire sur Z (sous la loi de probability 
P) definie par S n = YH=i Xi ou les sont des variables aleatoires independantes 
identiquement distribuees (i.i.d.) satisfaisant 

P(X 1 = ±1) := 1/2. (2.1) 

Pour h G M, on modifie la mesure P en attribuant un bonus ou un malus d'energie 
a une trajectoire S a chaque fois qu'elle passe par zero. On obtient ainsi la famille 
de mesures de polymere Pjv,/i, N G 2N (on note Ejy.h l'esperance associee), definie 
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par 

: = y — exp(/iLjv)l {5 ^ = o } , (2.2) 

ou Ltv := J2n=i l{s n =o} designe le temps local en zero et 

Z N)h := E [exp(/iL A r)l{ Sjv= o}] . (2.3) 

La contrainte S^r = est une simple condition au bord, qui peut §tre modifiee sans 
changer les proprietes essentielles du systeme. Pour l'instant, elle oblige a considerer 
N pair. 

On cherche a savoir si la marche aleatoire (<S , n ) ne f 0j jv] sous la mesure Pn,h reste 
accrochee a la ligne S = sous l'influence de la force d'accrochage h. On etudie 
done la fraction de contact moyenne /jv(^) := jj^N,h [Ln], ou plus precisement son 
comportement lorsque N tend vers l'infini. On definit a cet effet la quantite 

F{h) := lim -logZ N)h , (2.4) 

N^oa iv 

que nommee energie libre. En tant que limite de fonctions convexes et croissantes 
de h, l'energie libre est convexe et croissante. La fraction de contact moyenne est 
liee a cette quantite par la relation 

-±±-logZ Njh :=±E Njh [L N ]. (2.5) 

Cette egalite passe a la limite par convexite. On a done 

-^-F(h) = lim f N (h), (2.6) 

lorsque le membre de gauche existe. L'existence de la limite F(h) est due au caractere 
sur-additif de logZ^h- De plus, l'inegalite 

Z N , h > exp(h)P(S N = et S n + 0, Wn e [1, N - 1]) ^ k \ /o (2.7) 

\/tx /2N d ' 2 

assure la positivite de F(h) pour tout h. On peut verifier aussi que l'energie libre est 
nulle lorsque h est negatif ou nul. Cela donne de nombreux renseignements sur la 
courbe de l'energie libre (voir figured]). 

Pour une meilleure analyse du modele il est preferable de l'etudier dans un 
cadre plus general. La mesure de polymere transforme la marche aleatoire simple 
en changeant la loi des temps de retour en zero, mais ne modifie pas la loi des 
excursions hors de l'origine lorsque leur taille a ete fixee. Pour cette raison, on se 
met a considerer seulement les temps de retour sur la ligne d'accrochage. Dans le 
cas de la marche aleatoire, l'espacement des temps de retour constitue une suite 
de variables aleatoires a valeurs entieres, i.i.d., a queue de distribution polynomiale. 
C'est pourquoi on modelisera notre processus general de retours en zero par une suite 
de temps aleatoires (T n ) n > dans N U {oo} dont les accroissements sont gouvernes 
par une loi P verifiant : 

- t = presque surement. 
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- (r n — r n _i) n >i constitue une suite de variables aleatoires i.i.d. a valeur dans 
NU {oo}. 

- II existe un reel a > tel que 

K{n) := P(n = n) (2.8) 

(dans le developpement, on se placera dans le cadre un peu plus large ou K(n) est 
une fonction a variation reguliere (voir [3|)). Un tel processus s'appelle un processus 
de renouvellement. 

En divisant les temps de retour de la marche aleatoire simple par deux, on se 
retrouve dans le cadre ci-dessus avec a = 1/2. Le cas de la marche aletoire en 
dimension d, d > 3 correspond a a = d/2 — 1, le cas d = 2 corresponds a a = 
avec une correction logarithmique. On considerera (de maniere impropre) r comme 
un sous ensemble de N U {0}. 

Les definitions de (12 .2ft and (|2.3I) s'adaptent parfaitement en posant L N := \r H 
[1, AT] | (ou | . | represente la cardinality d'un ensemble), en remplagant l{s JV= o} par 
ljjver} et en considerant Pjv,^ comme une modification de la mesure P qui gouverne 
r. 

Ce nouveau formalisme, bien qu'apparament plus complexe que le precedent, 
permet un traitement mathematique simple du modele et le replace dans un contexte 
plus large. En effet, on peut prouver sans trop d'efforts la formule explicite suivante 
pour l'energie libre. 

Proposition 2.1. L'energie libre est la solution de I 'equation (d'inconnue x) 

oo 

exp(-nx)K(n) = e"\ (2.9) 

n=l 

si elle existe et zero sinon (si x < le membre de gauche diverge, la solution de 
( 12.91) est done toujour s positive). En particulier, 

h c = -logP(ri < oo), (2.10) 

et 

F(/i) ~ h ^ h + cste.{h - h c ) max{1 ' a ~ 1} lorsque a ^ 1. 
F{h) = h — log K(l) + o(l) quand h tend vers I'infini. 



(2.11) 



Pour le cas a = 1, il faut aj outer une correction logarithmique a la premiere 
ligne de lj2TTTl >. 



Demonstration. On reecrit la fonction de partition comme la somme des 
contributions de toutes les trajectoires accrochees en N, 

n 

Z *=ll H e Mnh) Y[K(k). (2.12) 

n<N h+h-\ \-l n =N i=l 
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Soit xo la solution de l'equation (I2.9j) . on pose K{n) = exp(h) exp(—xon)K(n). Une 
simple reecriture donne alors 

n 

Z N = exp(Nx )J2 ( 2 - 13 ) 

n<7V i 1 +i2+---+in=A r i=l 

Soit t le processus de renouvellement defini par P(ti = n) = K{n). On a 

Z w = exp(A^a;o)P(A r £ r). (2.14) 

Ce renouvellement est recurrent, on a meme E[ti] < oo si xq > 0, on peut done 
appliquer le theoreme du renouvellement (pour l'enonce et une preuve, voir 0, 
Chapitre I, Theoreme 2.2]). On obtient 

Z N ~a^oo —^—rexp(Nxo). (2.15) 

tL[Ti\ 

Dans le cas ou (12.9ft n'a pas de solution, ou dans le cas x = 0, on peut poser 
K(n) = exp(ti)K(n). Comme 5^ ngN K{n) < 1, on peut definir le renouvellement r 
de la meme maniere. On a alors 

exp(h)K(N) <Z N < P(JV £ f) < 1. (2.16) 

Ce qui donne le resultat. 

Lorsque h tend vers l'infini, F(h) tend vers l'infini. On a done 

K(l)e- F{h \l + o(l)) = e- h (2.17) 

Cela donne 1' approximation au deuxieme ordre de l'energie libre pour h tendant vers 
l'infini. 

Nous prouvons maintenant le resultat d'equivalence de l'energie libre au voisinage 
du point critique (on se contentera du cas a £ (0, 1)). On se place dans le cas ou 
h c — (sinon une multiplication par cxp(h c ) nous ramene a ce cas). On utilise un 
theoreme Abelien qui se trouve dans [la . Theoreme 1.7.1, et Corrolaire 8.7.1] qui 
assure que, lorsque K{n) ~ Cn~^ 1+a \ 

oo 

1 - exp(-xn)K(n) ~ Cx a T{l - a). (2.18) 

n=l 

II est trivial de voir que F(h) tend vers quand h tend vers h c , on en deduit 
Le cas a > 1 est plus facile, voir [gl, Theorem 2.1] pour une preuve. 

□ 

La valeur critique h c separe les phases localisee et delocalisee du modele. Au 
voisinage de h c , l'energie libre a un comportement polynomial. On appelle l'exposant 
max(l, a -1 ) exposant critique, il contient beaucoup d'informations sur le systeme. 
Le resultat montre que quite a remplacer K(n) par exp(h c )K(n), on peut toujours 
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considerer que h c (0) = 0, i.e. que le renouvellement r est reccurent. C'est ce que 
nous ferons dans la suite de cette introduction. 




Fig. 1. L'allure de la courbe de l'energie libre f(/i) en fonction h pour a £ (0, 1), 
tel qu'elle decoule de la Proposition ^. ll et des observations faites sur la croissance 
et la convexite. 



2.2. Modele inhomogene. Le formalisme avec processus de renouvellement 
peut facilement etre adapte dans le cas desordonne. Soient un processus de renou- 
vellement r verifiant les hypotheses de la section precedente pour un certain reel 
a > 0, de loi P, et (c^ n )neN la realisation d'une suite de variables aleatoires i.i.d. 
centrees (de loi P) de variance unitaire et verifiant 



\(/3) := logE [exp(/3wi)] < oo, V (3 > 0. 



(2.20) 



On pose 5 n := l ner , pour n G N et on definit la mesure de polymere Pjv,a;,/3,ft comme 
modification de la loi de r 



dP 



N,ui,0,h 



dP 



T 



z 



N 



1 ( N \ 

exp }\j3u n + h)5 n 5 N . 

vAh \n=l / 



avec 



ZN,w,/3,h '■— E 



A' 



exjpQ2[pu; n + h]5 n )5 N 



n=l 



Si Ton nomme 9 l'operation de shift sur l'environnement, i.e. 9((u n ) ne 
alors on a pour tout N, N' G N 

/N+N' \ 

exp ^ lP u n + h]6 n \ 5 N+N ,5 



(2.21) 
(2.22) 

(^n+l)neN) 



ZN+N',uj,f3,h > E 

done 



>N 



\ n=l 



ZN,u],/3,hZN',6 N u),P,tu (2.23) 



log Z N+N > :0J ,f3,h > log Zn^p t h + k>gZN',6 N u,P,h- 



(2.24) 
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Cette propriete et le theoreme ergodique sur-addiditif de Kingman (voir [89]) 
permettent de definir, comme pour le cas homogene, l'energie libre : 

Proposition 2.2. La limite 

F(/3, h) := lim - log Z NM . (2.25) 

existe pour presque toute realisation de V environnement lo , et est egale a 

liniAr^oo iV _1 E [log ZN,u,p,h] ■ C'est une fonction convexe croissante de h, elle est 

nulle pour h suffisament petit. 

On pose, 

h c (j3) := m£{h : f(J3, h) = 0}. (2.26) 

Comparons maintenant l'energie libre du systeme desordonne a celle du systeme 
homogene. L'inegalite de Jensen donne 

E [log Z NM ] < logE [Z N , wAh ] = logE [exp ((A(/3) + h)L N ) 5 N ] , (2.27) 

la derniere egalite decoulant du theoreme de Fubini. En divisant par iV et en passant 
a la limite il apparait que 

F(0,h) < F(0,/i + A (/?)). (2.28) 

La quantite E [Z NtU} ,j3,h\ est la fonction de partition du systeme ou le desordre a ete 
moyenne, On parle de modele recuit ou annealed. Le fait que le modele annealed 
correspond au modele homogene est une particularite de notre modele. Le systeme 
vraiment desordonne, ou l'on regarde la mesure de polymere pour une realisation 
figee du desordre, est appele modele a desordre gele ou quenched. 

Un autre inegalite de convexite donne f(/3, h) > f(0, h + A (/?)). Ces deux inega- 
lites impliquent (dans le cas ou le renouvellement r est reccurent), 

- A(/3) < h c (/3) < 0. (2.29) 

II a ete montre sous des conditions assez generales (voir Q) que l'inegalite de droite 
n'est jamais vraie. En revanche, savoir si l'inegalite de gauche est satisfaite ou pas 
donne une information sur l'influence du desordre (voir figure [2|) : 

- Si h c {(3) = — X(j3) cela signifie (au moins heuristiquement) que le desordre n'a 
pas d'influence sur le comportement du systeme, i.e. que les modeles quenched 
et annealed coincident. Dans ce cas que le desordre est dit non-pertinent. 

- Si h c (P) > cela signifie que le desordre change le comportement du 
systeme, il est dit pertinent. 

Le critere de deplacement du point critique n'est pas le seul pour evaluer la perti- 
nence du desordre. Pour les physiciens theoriciens il importe aussi (en fait, surtout) 
de savoir si l'exposant critique du modele annealed est conserve. 

Le critere de Harris (d'apres le physicien A.B. Harris), donne une prediction tres 
generale concernant la pertinence du desordre a haute temperature [z3|. La perti- 
nence du desordre dans un modele desordonne ne depend que de l'exposant critique 
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et F(/3,h) ~ f(0, h + A(/3)) 
desordre non-pertinent desordre pertinent 

Fig. 2. Presentation de deux cas typiques de desordre, pertinent et non-pertinent : 
les courbes en trait plein representent f(/3, h), les courbes en trait pointille les deux 
bornes obtenues par convexite f(0, h) et f(0, A(/3). 



du systeme annealed. Si cet exposant est strictement superieur a 2 le desordre doit 
etre non-pertinent a haute temperature, alors que dans le cas ou l'exposant est stric- 
tement inferieur a 2 le desordre est pertinent a toute temperature. Dans le cadre 
du modele d'accrochage, ces deux cas correspondent respectivement a a < 1/2 et 
a > 1/2 (cf. Proposition 12.11) . Cette prediction se trouve confirme dans le cas des 
modeoles d'accrochage desordonnes par les physiciens [49|;|57|]. En revanche le cri- 
tere de Harris ne donne pas d'information sur le cas marginal ou l'exposant critique 
est egal a 2 (i.e. a = 1/2), et dans ce cas, il est conjecture que la pertinence du 
desordre depend du modele considere. Dans le cas des modeles d'accrochage, il n'y a 
pas de consensus parmis les physiciens quant a la pertinence du desordre, avec deux 
affirmations contradictoires dans (49| (pertinence) et 5?| (non-pe rtinence), chacune 
trouvant ensuite des partisans dans la communaute scientifique ( |l08 ; 109l : 15] sou- 
tenant la premiere affirmation, 73; 0; la seconde). 



On peut donner une explication heuristique du critere de Harris dans le cadre 
des polymeres. En fait, savoir si les energies libres quenched et annealed ont le 
meme comportement revient a savoir (tres approximativement) si Z^^^^ et son 
esperance ont le meme comportement lorsque N tend vers 1'mfmi, ce qui arrive 
typiquement lorsque E [Z^^g^ reste bornee quand N tends vers l'infini. En fait, 
des que h > — A(/3), E \Z\ W diverge pour tout (3 > ; mais comme on s'interesse 
a ce qui se passe au voisinage du point critique annealed, on se contente d'etudier le 
second moment de Z^^^ pour h = — \(@) (le point critique annealed). Le theoreme 
de Fubini donne 
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P [Z 2 N ] = P® 2 P 



N 

N 

exp(^5i 1) 5i 2) (A(2/5)-2A(/5)) 

K n=0 



(2.30) 



ou P® 2 est la loi produit qui regit deux renouvellement independants et de 
meme loi que r et ou Sft = l ngr (i). Ce qu'on obtient est la fonction de partition 
d'un modele d'accrochage homogene de parametre A(/3) = A(2/3) — 2A(/3), associe au 
processus de renouvellement fl (on peut verifier que les sauts de fl 
sont i.i.d., il s'agit done bien d'un processus de renouvellement). Savoir si le second 
moment diverge pour (5 arbitrairement petit, revient done (cf. Proposition 12.11) a 
savoir si le renouvellement T^'dr^ 2 ' est recurrent. Sachant que P(n G r) ~ cste.n a ~ l 
(voir par exemple (5l|). on peut verifier que 



VP® 2 fnGr«nr 



(2)> 



71=1 



J^P(n e r) 2 = cx) <=> a > 1/2. 



(2-31) 



n=l 



Cet argument de second moment peut etre utilise pour demontrer rigoureusement 
des bornes inferieure sur l'energie libre (voir 0). 

Nous presentons maintenant les differents resultats mathematiques recements 
obtenus concernant la pertinence du desordre pour les modeles d'accrochage desor- 
donnes : 



Un resultat de G. Giacomin et F. Toninelli [69||, montre que sous certaines condi- 
tions sur la loi de l'environnement (gaussien convient, mais leur resultat est en fait 
plus general), la presence du desordre lisse la courbe de l'energie libre. 

Theoreme 2.3. Lorsque l'environnement est gaussien, pour tout (3 > il existe une 
constante c(f3) telle que pour tout a G [1, oo) et pour tout /iGl 

F(P,h) <ac{(3){h-h c {(3))l. (2.32) 

Ce resultat assure que l'exposant critique du systeme desordonne (s'il existe) est 
superieur ou egal a deux, quel que soit la valeur de a. En particulier, cela prouve 
que l'exposant critique est modifie par le desordre si a > 1/2. 

Un resultat complementaire concernant la non-pertinence a ete ensuite demontre 
jar K . Alexander [6| (une preuve alternative a ensuite ete proposee par F. Toninelli 



Theoreme 2.4. Lorsque l'environnement est gaussien, et que a < 1/2, il existe (3q 
tel que, pour tout (3 G (0,/?o), on a 

h c ((3) = -X((3) = -p 2 /2. 

F((3,h-(3 2 /2) ~^o+ F (0,h). 



(2.33) 
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Done pour a < 1/2, lorsque la temperature est sufRsament elevee (i.e. lorsque 
(3 est sumsament petit), il n'y a ni emplacement du point critique ni modification 
de l'exposant critique. F. Toninelli a demontre que lorsque le desordre est constitue 
de variables non-bornees les points criti ques quenched et annealed different a basse 
temperature pour toute valeur de a > mi. 



Plus recemment, il a ete demontre que pour a>l/2ilyaun deplacement du 
point critique a toute temperature, et que l'on peut estimer quantitativement ce 
deplacement 

Theoreme 2.5. Pour a £ (1/2, 1) ou a > 1, h c {(3) < h c (0) + X({3) pour toute valeur 
de (3. De plus, pour tout e > 0, il existe une constante c (dependante de la loi du 
renouvellement et de la loi de I ' environnement) telle que pour tout (3 < 1 

_ c /r in ( 2 '2^i) < h c {P) + X(/3) < -I/3 min ( 2 «). (2.34) 



La borne inferieure a ete prouvee dans |6j en utilisant des methodes identiques a 
celles utilisees pour le cas a < 1/2. Le deplacement du point critique a ete demontre 
par l'auteur, en collaboration avec B. Derrida, G. Giacomin et F. Toninelli, avec une 
borne superieure sur h c {(3) + X(/3) legerement moins precise (voir Chapitre [3]). Le 
resultat a donne lieu a un article publie dans la revue Communication in Mathema- 
tical Physics La borne a depuis ete amelioree par K. Alexander et N. Zygouras 
pour coincider (en ordre de grandeur) avec la borne inferieure, en utilisant une 



methode differente. La methode utilisee dans [46|| peut elle aussi etre adaptee pour 
obtenir la borne superieure optimale. 

Enfin, la pertinence du desordre dans le cas marginal a = 1/2 a pu etre demon- 
tree, avec des bornes sur le deplacement du point critique, 

Theoreme 2.6. Lorsque a = 1/2, h c {(3) > —\(/3) pour toute valeur de [3. De 
plus pour tout e > il existe des constantes c et (3$ (dependantes de la loi du 
renouvellement et de la loi de V environnement de e) telles que 

- exp(-l/c/5 2 ) < h c {(3) + X(J3) < - exp(-c//5 2+£ ). (2.35) 



La borne inferieure est prouvee dans Particle de K. Alexander [6j. Le deplacement 
du point critique a ete demontre par l'auteur, en collaboration avec G. Giacomin et 
F. Toninelli dans le cas gaussien avec une borne superieure sur le deplacement du 
point critique egale a exp(— c/ [3 A ). Ce travail a donne lieu a un article a paraitre dans 



la revue Communication on Pure and Applied Mathematics [65J. Le resultat a ensuite 
ete generalise a tout type d'environnement, avec une amelioration de la borne, par 
les memes auteurs (i.e. le resultat mentionne ci-dessus), Particle correspondant est 



en cours d'examination pour publication 66]. Ces travaux constituent les chapitres 
[4]et[5]de cette these. 

Les resultats presentes ci-dessus etaient deja conjectures dans la litterature phy- 



sique en particulier dans un article de B. Derrida, V. Hakim et J. Vannimenus [49 
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avec des heuristiques de preuves utilisant des techniques de groupes de renormali- 
sation. Cet article presente egalement un modele d'accrochage sur des reseaux en 
diamants. Pour ce modele, ces idees de groupe de renormalisations peuvent etre ap- 
pliquees directement de maniere rigoureuse. Pour cette raison nous avons d'abord 
etudie les questions considerees ci-dessus dans ce modele hierarchique. 

2.3. Modele hierarchique. Le modele d'accrochage hierarchique correspond 
a l'accrochage d'une marche aleatoire dirigee sur une famille croissante de reseaux 
possedant une structure auto-similaire. Plus precisement, ayant fixe b, s > 2 deux 
entiers, on definit la suite de reseaux D n comme suit (voir figure [3]) : 

- D est une arete simple reliant deux points A et B. 

- D n+ i est une replique de D n ou chaque arete est remplacee par s aretes en 
serie et b en parallele. 

Sur ces reseaux, on fixe un chemin reliant A et B pour jouer le role de la ligne 
d'accrochage (tous les chemins etant equivalents le choix n'a pas d'importance) que 
l'on nomme a. On considere un environnement aleatoire (oj e ) eec fixe sur les aretes de 
a composees de variables aleatoires i.i.d. centrees, de variance unitaire et satisfaisant 
( 12.201) (la loi associee est P). On considere T n l'ensemble des chemins diriges de D n 
et P n la mesure uniforme sur T n , et on definit la mesure de polymere sur T n associee 
aux parametres h G R, (3 > par 



dP n ,oj,/3,h 



(7) := 



dP n w/ R 
ou 

Rn,oj,f3,h ■ Pji 



exp Ij^i^e + h)^ ] . (2.36) 



exp [ ^(f3uj e + h)l eea 



Rn- (2.37) 



La propriete remarquable de ce modele est que la fonction de partition R n verifie la 
relation de reccurence suivante 

R = exp(/3u) + h), 

D (C) R n 1 \..Ri s) + (b-l) ^ 
b 

ou les egalites sont en loi, et ou Rn \ ■ ■ ■ ,Rn^ sont des variables aleatoires i.i.d. de 
meme loi que uj une variable aleatoire de meme loi que les uo e . 

Les equations (12.381) peuvent etre definies pour n'importe quelle valeur de b ^ 0. 
Pour b > 1, R n peut toujours etre interpretee comme la fonction de partition d'un 
modele d'accrochage, et nous l'utiliserons comme definition pour R n . 

Un modele voisin de celui presente ci-dessus est celui ou le desordre est situe non- 
plus sur les aretes de cr, mais sur les sites (exceptes A et B, mais on remarque que 
cette convention ne change pas la mesure de polymere, mais seulement la definition 
de R n ). Dans cas la, la recurrence permettant de construire la fonction de partition 
est legerement modifiee et l'on a 
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Rq — 1, 



R 



ra+1 



{ c) Ri 1) ...R^ ) A^...A^ + (b-l) 



(2.39) 



ou les egalites sont en loi, ou Rn ,---,Rn sont des variables aleatoires i.i.d. de 
meme loi que R n , et A^ l \ . . . , A^ 1 ^ des variables aleatoires i.i.d. independantes des 
-Rn' 1 qui ont pour loi la loi de exp(/3uj + h). La encore on peut definir le modele pour 
toute valeur de b > 1, b G M. 



O 



O 
DO 




Dl 



trajectoire a 



D2 



trajectoire b 




Fig. 3. Les trois premiers niveaux du reseau hierarchique pour s = 2, b = 3. Sur 
le troisieme schema, on a represente la ligne d'accrochage, composee des aretes 
(m, U2, us, Ui). Selon le modele considere, le desordre peut etre situe sur les 
aretes (ui, U2, "3, ua) ou sur les sites d\,d2,d^. 

Pour ces modeles on definit l'energie libre comme precedemment 
Proposition 2.7. Dans les deux modeles (desordre par site et par arete), la limite 



F(p,h) := lim — log-R„, 

n^oo S 



(2.40) 



2. MODELES D'ACCROCHAGE 



23 



existe presque surement et est egale a 

lim — Eflogi^]. (2.41) 

n— >oo S 

Les inegalitees de convexite precedentes sont toujours valables et on a 

F(0,h)<F((3,h)<F(0,h + X(f3)), 

( 2 42 ) 

h e (0)-\(J3)<h c (J3)<h e (0). 1 ' ) 

On se pose la raeme question que pour le modele non-hierarchique : Quand le 
desordre est il pertinent ? Pour pouvoir appliquer le critere de Harris, il faut etudier 
tout d'abord le systeme homogene. Pour simplifer, les calculs faits dans cette partie 
concerneront uniquement le modele avec desordre par arete. Etudions la recurence 
deterministe qui definit la fonction de partition lorsque (3 = 0: 

r = exp(h) 

r s n -(b-l) (2-43) 

b 

A un systeme de rang n (correspondant au reseau D n ) de parametre h correspond un 
systeme de rang (n—1) de parametre T(h), ou T est la transformation correspondant 
au groupe de renormalisation. Cette transformation est explicite : 

T : h~ log ( *Msh) + b-l \ {2M) 

Cela signifie que Ton peut renormaliser le systeme en remplagant chaque diamant 
elementaire par une arete, et h par T(h) sans changer la fonction de partition. La 
localisation ou delocalisation du systeme peut etre determinee en etudiant vers quel 
point fixe (de la transformation T) T n {h) converge. Si T n {h) tend vers l'infini lorsque 
n tend vers l'infini, c'est que la force d'accrochage grandit en renormalisant et qu'on 
est done dans la phase localisee. Sinon si T n (h) tend vers le point fixe stable (fini) de 
la transformation T, c'est que Ton se trouve dans la phase localisee. La separation 
des deux phases correspond au point fixe instable de T. 

La transformation etant tres simple, on peut determiner explicitement son unique 
point fixe instable de la transformation T. Dans le cas ou b < s, on a h c = 0. De 
plus, la definition de l'energie libre implique 

F{h) = F(T(h))/s. (2.45) 

Au voisinage de zero cela donne 

F (h) := F{{s/b)h + o(h)) /s (2.46) 

Done s'il existe un exposant critique pour l'energie libre (i.e. a tel que F(h) ~ h l / a ), 
alors il doit verifier 

1 = <i^. (2.47) 

En poussant plus loin ce raisonnement, on peut determiner le comportement critique 
du systeme homogene : 
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Proposition 2.8. Pour b G (l,s) on a h c (0) = pour le modele homogene et il 
existe une constante c ( dependant deb et s) telle que pour tout h G [0, 1] 

-hi <F(Q,h) <ch«, (2.48) 

oil 

a := l0g r l0gb - (2-49) 
logs 

Dans le cas s = 2, b > 2, h c (0) = log b — 1 (uniquement pour le desordre par arete) 
et (12.481) est verifie avec 

log 2(6- 1) -log 6 

log 2 y ' 

Remarque 2.9. Contrairement au cas homogene, on ne peut pas prouver f(0, h) ~ 
cste.ha . II est conjecture que cette equivalence n'est pas vraie, et que la constante 
doit etre remplacee par une fonction log periodique (/ telle que /(exp(x)) est pe- 
riodique), avec des oscillations de tres faible amplitude, celles-ci etant dues a la 
peridiodicite des reseaux (voir (Ho|). 

Le modele avec desordre est plus difficile a etudier, car la transformation du 
groupe de renormalisation est aleatoire. Cependant l'existence d'un exposant critique 
pour le modele homogene permet d'utiliser le critere de Harris pour emettre une 
hypothese quant a la pertinence du desordre. Nous presentons les resultats obtenus 
pour les differents modeles hierarchiques (desordre par site et desordre par arete), 
qui assurent la validite du critere de Harris. D'abord dans le cas ou le desordre est 
non-pertinent a haute temperature : 

Theoreme 2.10. Dans tous les cas ou a < 1/2 (i.e. b G (y/s,s), et s = 2, b G 
(2, 2 + \pX) ) et le desordre est non pertinent a haute temperature dans le sens ou il 
existe fio tel que pour tout (3 < h c {[3) = h c (0) + A(/3) et 

F(P, h) ~/^ M/3)+ f(0, h + A(/?)). (2.51) 

Et dans le cas ou le desordre est pertinent pour tout valeur de j3. 

Theoreme 2.11. Dans tous les cas ou a > 1/2, (i.e. b G (1, y/s), et s = 2, b G 
(2 + y/2, oo) le desordre est pertinent dans le sens oil h c {(3) > h c (0) — \((3). De 
plus, on peut estimer la difference entre les deux quantites. II existe une constante c 
( dependante de b et s) telle que 

- < h c (J3) - (h c (0) - X(f3)) < (2.52) 

Ces resultats sont analogues a ceux du modele non-hierarchique. La borne su- 
perieure du Theoreme 12.111 a ete demontree avant le resultat correspondant pour le 
cadre non-hierarchique, et c'est l'etude du modele hierarchique qui a donne l'intui- 
tion de la preuve. 
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Ces deux theoremes ainsi que le comportement de l'energie libre du systeme 
homogene ont ete prouves (pour le modele par arete dans le cas s = 2, mais les 
autres cas sont similaires) en collaboration avec G. Giacomin et F. Toninelli. Ces 
resultats ont donne lieu a un article a paraitre dans la revue Probability Theory 
Related Fields j&l], qui constitue le chapitre Q] de cette these. 

Nous presentons maintenant les resultats obtenus pour le cas a = 1/2 pour lequel 
le critere de Harris ne donne pas de prediction. Pour le modele avec desordre par 
site : 

Theoreme 2.12. Dans le modele avec desordre par site, lorsque b = \/s, on a 
h c (P) > h c (0) — \((3) pour toute valeur de [3. De plus on pent trouver des constantes 
c et (3o telles que 

- exp f-^j < h c ((3) - (h c (0) - A(/3)) < -exp , V/3 < ft. (2.53) 



Ce resultat a ete demontre en raffinant de la methode utilisee dans [64]. La 
preuve utilise explicitement le caractere inhomogene de la fonction de Green pour 
ce modele et n'est pas adaptable au cas du desordre par arete. II a donne lieu a un 
article a paraitre dans la revue Probability Theory Related Fields qui constitue 
le chapitre [2] de cette these. 



Enfin, dans Particle [65|], nous avons confirme le caractere pertinent du desordre 
pour le cas marginal du modele avec desordre par arete introduit dans dans le 
cas particulier du desordre gaussien. 

Theoreme 2.13. Dans le modele avec desordre par arete, pour les cas s = 2, b G 
{\/2, 2 + v^2}, lorsque le desordre est gaussien, on a h c {(3) < h c (0) + X((3) pour toute 
valeur de (3. De plus, on pent trouver une constante c telle que pour tout (3 G [0, 1] 

- exp f--L) < h e (0) - MO) - A(0) < - exp . (2.54) 

Le resultat presente se limite au cas gaussien avec s — 2, mais des techniques 
ont depuis ete developpees pour ameliorer les bornes et traiter le cas general (voir 
1m^). Pour le cas marginal, les bornes trouvees pour h c (/3) dans les deux modeles 



different. Cela appuie l'hypothese selon laquelle le comportement du systeme dans ce 
cas depend du modele considere, alors qu'il est universel quand a ^ 1/2 (cf. critere 
de Harris). Enfin un resultat de lissage de la courbe de l'energie libre, similaire a la 
proposition 12.31 a ete demontre en collaboration avec F. Toninelli [93|. Les resultats 
present dans cette these, ont ete obtenus en combinant des methodes de changement 
de mesure et d'estimation de moments non-entiers de la fonction de partition. 



3. Polymeres diriges en milieu aleatoire. 

3.1. Generalites. Ce modele de polymere dirige en environnement aleatoire 
a ete introduit (en dimension 1 + 1) par Henley et Huse pour rendre compte des 
effets de rugosite dans le modele d'Ising 2-dimensionnel perturbe par des impuretes 
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aleatoires. Ce modele et ses declinaisons (modeles dans un cadre continu ou semi- 
continu, percolation dirigee au dernier passage) ont donne lieu a de nombreuses 
etudes mathematiques ces vingt dernieres annees, en particul ier p our les p henomenes 



de localisat ion. Parmi les travaux sur le sujet on peut citer [22|; ISjJ; llOl 



40 



97; 28; 3 



113l ; 3| et 37] pour un article de survol. Nous presentons dans cette 



introduction le modele dans sa definition la plus simple, et les principaux resultats 
et conjectures. 



Rappelons la definition du modele en dimension d. Soit (S n ) 
toire simple dans Z d de loi P, i.e. So = et la suite (S n — S n - 
i.i.d. de variables aleatoires a valeur dans Z, d et 



g N la marche alea- 
est une suite 



line 



x 



SI \x\ = 
sinon. 



1. 



(3.1) 



Etant donnee la realisation {(^n,x)neN,zez d d'un champs de variables aleatoires i.i.d. 
(de loi P, on notera E l'esperance) centrees de variance unitaire, verifiants (12.201) . 
on definit la mesure de polymere ^N,u>,f3 comme la loi d'une marche aleatoire dont la 
derivee de Radon-Nicodym par rapport a P est 



d/i 



N,LJ,f3 



dP 



(£):= 



1 



N 



cxp 



J N,u),f3 



10 



n,S„ 



71=1 



OU 



E 



exp [3 



N 

E 

n=l 



n,S n 



(3.2) 



(3.3) 



Le but est, comme pour les modeles d'accrochage, de determiner certaines pro- 
prietes asymptotiques de la suite de mesure /j>n,uj,(3 lorsque N tend vers l'infini. On 
peut intuiter que l'influence du desordre va croitre avec (3 (ou, de maniere equiva- 
lente, decroitre avec la temperature). En effet, plus ft est grand, plus l'ecart d'energie 
entre les trajectoires va rendre la mesure [in,uj,p inhomogene. Les principales ques- 
tions a se poser sont : 

- A haute temperature, existe-t-il un regime ou l'influence du desordre disparait 
asymptotiquement et ou, apres reechelonnage, la marche sous ^n,uj,p converge 
vers un mouvement brownien ? 

- Quelles sont les proprietes typiques de la mesure ^n,uj,/3 lorsque le desordre 
influe sur les trajectoires (distance typique a l'origine apres N pas, existence 
de couloirs preferenciels pour les trajectoires) ? 

- A quelle temperature s'effectue la transition entre les deux regimes, et quelle 
sont les proprietes du regime critique, de la transition de phase ? 

Comme dans le cas du modele d'accrochage, la resolution de ces questions re- 
pose sur l'etude du facteur renormalisateur Z^^^ (la fonction de partition). Plus 
precisement, on va s'interesser a la quantite 

W N := , = exp(-N\(ft))Z w (3.4) 



E[Z_ 
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C'est E. Bolthausen qui a observe le premier que Wn, munie de la filtration (Fn) ngn = 
(a{uj ntZ ,n < N}), est une martingale positive, et done converge vers une limite W^. 
De plus un argument standard de loi du zero-un permet de montrer que 

P (Woo = 0) G {0, 1}. (3.5) 

Chacun des deux cas, Woo > p.s. et Woo degeneree, correspond a un regime de 
desordre different que l'on nommera respectivement fort desordre et faible desordre. 
Pour expliquer cette terminologie nous citons des resultats illustrant l'influence du 
desordre sur les proprietes trajectorielles. 

Une serie d'articles (jaj IH; H; \JM Hj) a permis d'arriver a la conclusion sui- 



vante : si la limite Woo est non-degeneree, alors le desordre n'a pas d'influence sur le 
comportement asymptotique des trajectoires. Le resultat ci-dessous ayant ete prouve 



par F. Comets et N. Yoshida [401 ] . 



Theoreme 3.1. Dans le regime de desordre faible, la trajectoire du polymere converge 
vers un mouvement brownien, dans le sens oil la loi de 

^ : = (W^) t6M , (3-6) 

converge vers celle d'un mouvement brownien standard (B t ) te [ ^. 

De plus, il y a consensus pour dire dans le regime de desordre fort, le polymere est 
non-diffusif. L'une des manieres de caracteriser le fort desordre est l'intersection de 
deux repliques (trajectoires independantes tirees selon la mesure /4f_i 

(S« = s™)). 

Carmona et Hu dans le cas Gaussien [28], puis Comets, Shiga et Yoshida (3^| dans 
le cas d'un desordre arbitraire ont prouve le resultat suivant : 

Theoreme 3.2. Dans le regime de fort desordre, il existe une constante c (qui 
depend de (5 de d et de la loi de I ' environnement) , telle que 

N 

- c~HogW N < W 1} = Si n ] ) < ~clogW N . (3.7) 

n=l 

Au vu du resultat precedent, il est raisonnable de regarder plus specifiquement le 
cas ou Wn tend exponentiellement vers 0. Dans ce cas, le resultat precedent suggere 
que que deux chemins choisi selon la mesure /ijv ont une fraction de recouvrement 
asymptotique positive (la proportion des pas que deux repliques et passent 
ensemble). Pour cela on s'interesse, a l'energie libre du systeme 



Proposition 3.3. La limite 

P (J3) := lim ±-\ogW N , (3.8) 

existe et est constante pour presque toute realisation de I 'environnement uo. Elle est 
aussi egale a 

lim 1e [log W^] =: lim p N (/3). (3.9) 
C'est une fonction negative et decroissante de (3. 
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Dans le cas ou l'energie libre est strictement negative, on dit que Ton est dans 
le regime de tres fort desordre. Une seconde justification (dans le cas gaussien) 
pour cette terminologie est la relation suivant liant l'energie libre a la fraction de 
recouvrement de deux marches de loi /xjv- Elle provient de P. Carmona et Y. Hu 
et utilise l'integration par partie Gaussienne, methode utilisee dans plusieurs 



chapitres de cette these. 



Proposition 3.4. Aux points oil p(f3) est derivable on a 

' N 

E ,,82/0(1) _ r,(2)> 
H'N \°n ~ °n / 



—p(p) = - lim — E 

d/T V ^ (3 N^oo N 



n=l 



(3.10) 



Demonstration. On laisse au lecteur le soin de verifier la propriete suivante : 
si / est une fonction derivable telle que lim| :I .|_ >00 f(x) exp(— x 2 /2) = et u une 
variable aleatoire Gaussienne, on a : 



EKM]=E[/'( W )]. 

On etudie la derivee de la fonction Pn(V$) 



(3.11) 
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(3.12) 
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La formule d'integration par partie gaussienne est utilisee pour chaque terme de la 
somme, pour le passage de la premiere a la seconde ligne. La fonction Pn(/3) +/3 2 est 
convexe pour tout N, done p' N {P) converge vers p\(3) lorsque la derivee existe. □ 

Intuitivement, l'influence du desordre devrait croitre avec la temperature. Des 
resultats allant dans ce sens ont ete demontres par F. Comets et N. Yoshida dans 
et mettent en avant un phenomene de transition de phase. II avait deja ete 



demontre qu'en dimension d < 2, il y a toujours fort desordre [28|; [36|, et qu'il 
existait un regime de faible desordre en dimension d > 3 81; Nous rassemblons 
ces informations dans la proposition suivante : 

Theoreme 3.5. En toute dimension, il existe deux constantes (dependant de d) (3 C 
et j3 c (P c < P c ) dans [0, oo] telles que : 

- On est dans le regime de fort desordre pour tout P > P c et de faible desordre 
pour tout P < P c . 

- On est dans le regime de tres fort desordre si et seulement si P > j3 c . 
De plus 

- P c = si et seulement si d = 1, 2. 

- Pc < oo si le desordre est non borne. 
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Ces informations sur le comportement de l'energie libre sont illustrees par la 
figure [H 

D'un point de vue physique, il semblerait naturel que les deux definitions du 
desordre fort coincident en dehors du point critique et que (3 C = /3 C . Cela a ete 
continue mathematiquement pour d = 1 dans un travail de F. Comets et V. Vargas, 



qui ont montre que (3 C = dans ce cas [38 
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Fig. 4. Courbe representative de p(/3) en fonction de j3 et representations des 
differentes phases du desordre. II est conjecture que (3 C = /3 C . On ne sait pas dans 
quel phase on se trouve pour /3 = C) et = j3 c , 

Une autre thematique recurrente pour les polymeres diriges en milieu aleatoire 
(surtout en dimension 1) est l'occurrence d'un phenomene de surdiffusivite. On a 
vu que sous l'hypothese de faible desordre (Theoreme 13.11) . la distance typique de 
l'extremite du polymere (Sn) a l'origine est d'ordre iV 1 / 2 , comme pour la marche 
aleatoire simple. 

II est conjecture que, dans la phase de fort desordre, ce comportement change 
et qu'il existe un exposant £ > 1/2 (appele exposant de volume) tel que, sous la 
mesure de polymere, max ne [ 0> Ar] Sn ~ N^. II est aussi conjecture que dans la phase 
de desordre fort, l'exposant £ est universel et ne depend pas de (3 mais seulement 
de la dimension et est egal a l'exp osan t de volume du modele de percolation oriente 



au premier passage associe (voir [1021 ] ) . Cet exposant £ serait relie a l'exposant de 
fluctuation x, defini par 

VarpflogZiv] w N 2x , (3.13) 
(Var P designe la variance sous la loi P). La relation liant les exposants, obtenue par 
des methode de reechelonnage, est 

2£-l = *. (3.14) 

En dimension 1, il existe en plus une relation d'hyper-reechelonnage £ = 2% qui 
permet de conjecturer 

f = 2/3. (3.15) 
(voir Huse et Henley jz§|). En dimension superieure, il n'y a pas vraiment de consen- 
sus parmi les physiciens pour predire la valeur de ces exposants. 
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Mathematiquement, l'existence meme de £ et x ne peut pas etre prouvee en 
general, et ces conjectures semblent tres difficiles a confirmer (ou infirmer). Pour un 
certain modele de percolation dirigee au dernier pa ssag e (cela correspond a notre 



modele de polymere a temperature zero), Johansson 82] a demontre l'egalite (13 . 151) 
en utilisant des resultats de grandes matrices aleatoires. A cause des techniques 
utilisees, il semble tres difficile d'etendre le resultat au cas ou (3 < oo et a un type 
de desordre plus general. C'est (a notre connaissance) le seul cas non-diffusif ou 
l'existence des exposants £ et x et leurs valeurs a pu etre demontree rigoureusement. 
Dans la suite, on parlera (abusivement) de borne sur les exposants £ et \ pour parler 
des bornes obtenues sur Varp[logZ n ] ou max ng [ 0i Ar] Sn- 

L'etude des exposants £ et x a 6t6 menee d'abord dans d'autres modeles, proches 
des p olym eres diriges en mileu aleatoire. C. Newman et M.S.T. Piza ont prouve 
(dans (21}), sous certaines hypotheses, que pour le modele standard (non-dirige) de 



percolation au premier passage on a x > 1/8 et £ < 3/4 en toute dimension, puis 
en collaboration avec C. Licea 95| que £ > 3/5 en dimension 1 et que £ > 1/2 en 



toute dimension. 

Pour des raisons techniques essentiellement liees a l'utilisation d'outils de calcul 
stochastique, les resultats obtenus pour les polymeres diriges l'ont ete dans des 
modeles partiellement ou totalement continus, ou la marche aleatoire simple dans 
Z est remplace par une marche aleatoire a accroissement gaussien (a v aleur dans 
R) ou un mouvement Brownien. M. Petermann a prouve dans sa these ( |l0l| . non 



publiee) que, sous certaines hypotheses, £ > |. O. Mejane [97|| a prouve ensuite pour 
le meme modele un resultat donnant une borne superieure pour £ independente 
de la dimension £ < |. Enfin, pour un modele de polymere brownien dans un 
environnement brownien, S. Bezerra, S. Tindel et F. Viens Hj ont redemontre, sous 
des hypotheses plus faibles, le resultat de Petermann. 

Les differentes thematiques abordees dans cette partie de la these sont : 

- l'etude l'energie fibre a haute-temperature en dimension 1 et 2 pour le modele 
sur Z d . 

- l'etude d'un modele hierarchique de polymere dirige en milieu aleatoire, ou 
l'application des methodes de groupe de renormalisation est plus facile. On s'in- 
teresse plus particulierement aux conditions sous lesquelles il y a fort desordre, 
et aux proprietes de localisation dans le regime de fort desordre. 

- l'etude de polymere brownien dans un environnement brownien avec correla- 
tions spatiales a longue distance. On etudie comment la presence de telles cor- 
relations peut impliquer le fort desordre a toute temperature dans les grandes 
dimensions et des proprietes de surdiffusivites. 

3.2. Fort desordre en dimension 1 et 2. L'objectif de l'etude des polymeres 
diriges en dimension 1 et 2 a pour but d'ameliorer les resultats existants concernant 
le desordre fort sous plusieurs aspects. En effet, on a remarque que : 

- En dimension 1, le resultat de Comets et Vargas [38], qui prouve le fort desordre 
a toute temperature ne donne pas de renseignements precis sur la valeur de 
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- En dimension 2, il a ete prouve [29|; |36j] qu'il y avait fort desordre a toute 
temperature, sans pouvoir aller plus loin en prouvant le tres fort desordre. 
Nous etudions done ces questions en essayant d'adapter les methodes utilisees dans 
le cadre des modeles d'accrochage pour donner des bornes sur l'energie libre. 

Parlons de l'heuristique amenant les resultats : le second moment de la fonction 
de partition renormalisee Wn est donne par un calcul simple 
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exp J2PK,sP + 



,71=1 
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etant un processus de renouvellement, le second mo- 
ment de Wn est en fait la fonction de partition d'un modele d'accrochage homogene. 
Lorsque d > 3, le processus de renouvellement est transitoire (il n'y a presque sur- 
ement qu'un nombre fini de point) et pour cette raison Wn est borne dans L 2 (P) 
pour (3 faible. Pour d — 1, 2, le second moment explose avec N , et l'etude du mo- 
dele d'accrochage permet de controler la vitesse d'explosion. Une utilisation fine des 
methodes classiques de second moment couplee a un argument de percolation nous 
permet d'obtenir une borne inferieure pour l'energie libre. 

Les methodes de changements de mesure couplee a l'estimations de moment non- 
entier developpees dans le cadre des modeles d'accrochages (voir 64; 46; 65; [|36| ) 
permettent d'etablir des bornes superieures precises. Ces resultats ont donne lieu 
a un article a paraitre dans la revue Communication in Mathematical Physics qui 
constitue le chapit re [7] de cette these. Le premier resultats complete le resultat de 
Comets et Vargas [381 ] . 

Theoreme 3.6. Lorsque d = 1, il existe une constante c telle que pour tout (3 < 1 
on ait 

- c(l + | log(/?)| 2 )/? 4 < pG9) < -c- 1 /? 4 . (3.17) 

Dans le cas d'un environnement gaussien, on peut ameliorer la borne inferieure pour 
obtenir 

- c(3 4 < p{@) < -c" 1 /? 4 . (3.18) 



Notre second resultat montre qu'il y a fort desordre a toute temperature en 
dimension 2. 

Theoreme 3.7. Lorsque d = 2, il existe des constantes c et (3q telles que pour tout 



exp 



(3 4 



En particulier 



cP 2 I <P(P)<-^Py 



Pc = 0. 



(3.19) 
(3.20) 
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Ce resultat etait conjecture par les mathematiciens depuis la demonstration du 



fort desordre a toute temperature [28l;l36l|. En physique, on peut, en revanche, il a ete 



predit, en partie sur la base de simulations numeriques, qu'il existait une transition 



de phase pour (3 > en dimension 2 (voir 47]). La difficulte a predire le bon resultat 



a partir de simulations peut s'expliquer par la tres faible valeur (en valeur absolue) 
de p(/3) au voisinage de 0. 

Ces resultats doivent beaucoup a l'intuition developpee par l'etude du modele de 
polymere hierarchique correspondant et aux nouvelles techniques developpees pour 
les modeles d'accrochage. 

3.3. Modele hierarchique. Comme pour le modele d'accrochage, il existe un 
equivalent hierachique du modele polymere. L'etude de ce modele a ete menee en 
collaboration avec G. Moreno. Elle a donne lieu a un article en cours d'examination 
pour publication [92| . 

Definissons un modele de polymere dirige en milieu aleatoire sur la famille de 
reseaux (D n ) n£ ^ decrite au debut de la section [231 dependant de deux entiers b et s 
superieurs a 2. De maniere naturelle, on peut voir le reseau D n comme l'ensemble des 
sites le composant, considerer que D n C -D n +i et poser D = [j neN D n . On considere 
le modele de polymere dirige D n suivant : soient T n l'ensemble des chemins auto- 
evitants (pour les sites) reliant A a B dans D n , vu comme une suite de sites (g G T n = 
(g = A,gi,...,g n = B) et (w x ) x& d\{a,b} la realisation d'une famille de variables 
aleatoires i.i.d. (sous la loi P), verifiant les conditions usuelles (variance unitaire, 
esperance nulle, moments exponentiels finis (12.201) ). On ecrit la mesure de polymere 
Hn,uj,f3 (associe a la variable aleatoire 7, pour (3 > 0) comme une modification de la 
mesure uniforme sur T n 

AW(7 = 9) ■= ^T ex P {j^ [(3 ^ ~ m] ) (3 - 21) 
ou W n est la fonction de partition renormalisee, egale a 



w - ■= iFT £ exp (E ^ - A ^)] ) • ( 3 - 22 ) 

' ser„ \ i=i J 
L'une des clefs de l'etude de ce modele, est de remarquer que, comme pour le 
modele d'accrochage hierarchique, la fonction de partition obeit a une relation de 
recurrence en loi. Plus precisement on a : 

W = l 

(c) Eli . . . wt s) A^) . . . A(i jS -i) (3-23) 



W, 



n+l 



oil la seconde inegalite a lieu en loi, les variables Wn'^ sont des copies inependantes 
de W n et les variables sont des variables i.i.d independantes du reste, de meme 
loi que exp(j3u x — A(/3)). 
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Comme pour le modele non-hierarchique, on definit l'energie libre du systeme 
comme suit, son existence decoule de certains resultats de concentration pour les 
martingales (voir 



Proposition 3.8. La limite 



p((3) := lim \\ogW n (3.24) 



existe presque surement et est constante. C'est une fonction decroissante de (3. 

Notre but a ete de trouver les conditions necessaires sur b et s pour qu'il y ait 
desordre a toute temperature. Pour Z d , l'existence d'une phase de faible desordre est 
equivalente a d > 3, i.e. a la transitivite de la marche aleatoire. On peut s'attendre a 
ce qu'il y ait une analogie. On etudie l'esperance du recouvrement de deux chemins 
sous la loi uniforme sur T n (qu'on appelle P n ). Soit 

F n :=P® 2 [|7 (1) n 7 (2) |], (3.25) 

ou | . | designe le nombre de sites et ou les chemins sont consideres comme des 
ensembles de sites. On peut constater que lorsque n tend vers l'infmi 

= 0(1) si b > s, 

' cste.n si b = s, (3.26) 

' cste.(s/b) n si b < s. 

Le premier cas est analogue a d > 2, le second (ou F n croit comme le logarithme de 
la longueur du systeme, qui vaut s n ) est similaire au cas d — 2, et le troisieme (ou 
F n croit comme une puissance de la longueur du systeme) correspond au cas d < 2, 
et a plus forte raison a d — 1 dans le cas b = y/s pour lequel F n croit comme v^™- 



Les resultats obtenus lors de notre etude montrent que cette analogie n'est pas 
vaine. Tout d'abord sur l'existence d'une transition de phase 

Proposition 3.9. L'energie libre possede les proprietes suivantes : 

(i) Lorsque b < s, p((3) < pour tout (3 > 0. 

(ii) Lorsque b > s il existe (3 C £ (0, oo] tel que p((3) > est equivalent a (3 > (3 C , 
f3 c < oo si le desordre n'est pas borne. 

(Hi) On a les homes suivantes pour (3 C dans le cas gaussien : 



2(b-s)\ogb n s b ,6-1 , 

( } J u </3c<\ ~ log - - log -. 3.27 

[b — \){s — 1) V s — 1 s s — 1 



Remarque 3.10. La valeur exacte de (3 C ne semble pas correspondre avec l'une 
de ces bornes. Pour plusieurs autres modeles de polymere dirige (voir [26| pour les 
polymeres sur l'arbre, 13; 18; 27] pour les polymeres diriges dans Z d ) il a ete montre 
que la borne superieure, obtenue par des methodes de second moment, n'etait pas 
optimale. 
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De plus, nous avons obtenu quand il y a fort desordre a toute temperature, une 
approximation precise de l'energie libre a haute temperature. 

Theoreme 3.11. Lorsque b < s, il existe une constante c telle que pour tout (3 < 1 
on ait 

- cf3^ < p{(3) < -c" 1 ^ (3.28) 



ou 



a = l0g r lQgb - (3-29) 
logs 



Theoreme 3.12. Lorsque b = s, il existe des constantes c et (3$ telles que pour tout 
[3 < (3q on ait 

- exp f-^j < p{(3) < - exp (-jjA . (3.30) 

La possibility de faire varier les parametres permet de mettre en valeur une 
relation entre l'exposant de croissance de F n , et l'exposant a qui gouverne l'energie 
libre. 

Enfin, la geometrie particuliere des reseaux en diamant a permis d'obtenir un 
resultat fort de localisation. Ce resultat decoule de l'obtention d'une borne inferieure 
sur l'exposant de fluctuation. Des raisons techniques contraignent a se restreindre 
au cas gaussien. 

Theoreme 3.13. On se place dans le cas d'un environnement gaussien. 

Lorsque b < s, il existe une constante c (dependant de s, b et [3) telle que pour 
tout n 

V&r F Z n >c(s/b) n . (3.31) 

Lorsque s = b, il existe une constante c (dependant de s, b et (3) telle que pour tout 
n 

Var P Z n > (s/b) n > c^. (3.32) 

Pour un chemin g G T m , m > n, on definit g\ n G T n sa restriction a D m . Le 
resultat suivant montre que, si Ton regarde a une echelle fixee, asymptotiquement, 
la mesure se concentre sur un seul chemin. 

Proposition 3.14. Lorsque b < s et pour tout n6N fixe on a 

lim sup fA m {y\n = g) = 1, (3.33) 



ou la convergence a lieu en probability. 



3. POLYMERES DIRIGES EN MILIEU ALEATOIRE. 
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3.4. Surdiffusivite et fort desordre, un cas de polymere continu. Un 

dernier modele evoque dans cette these est celui des polymeres diriges en environ- 
nement brownien. Son etude constituele chapitre [8] de cette these. Ce modele a ete 
introduit par C. Rovira et S. Tindel |l05| et ses proprietes de superdiffusivite ont ete 
etudiees ensuite dans un article de S. Bezzera, S. Tindel et F. Viens On peut 
citer un autre modele de polymeres brownien (dans un environnement Poissonien), 
introduit par F. Comets et N. Yoshida Se placer dans un cadre continu donne 
certains avantages : 

- cela permet d'utiliser les outils du calcul stochastique qui se revelent tres utiles 
pour etudier la superdiffusivite ; 

- c'est un cadre naturel pour introduire des correlations dans l'environnement 
et etudier l'effet de la memoire spatiale de l'environnement. 

Contrairement aux autres modeles etudies dans cette these, on n'etudie pas une 
modification de la mesure de la marche aleatoire simple, mais une modification de la 
mesure de Wiener P qui decrit la loi d'une trajectoire brownienne. L'environnement 
est determine par la realisation d'un champ brownien centre (oo(t, x))tem. + ,xeR d (de 
loi P, on note E l'esperance associee) sur K + x ~R d determinee par sa fonction de 
covariance 

E [u(t, x)u(t', x')] := (t A t')Q(x - x'), (3.34) 

ou Q est une fonction positive de x G ~R d qui tend vers a l'infini et telle que 
Q(0) = 1. On suppose de plus qu'il existe un reel 9 > tel que 

Q(x) x^oo \\x\\- e . (3.35) 

L'energie d'un chemin (B = (B s ) se [o )3/ ]) est definie par l'integrale des accroissements 
du champ u le long du chemin 

H t ^(B) := [ u(ds,B s ), (3.36) 



o 



integrate a laquelle on peut donner une signification rigoureuse (voir [105l ; Il4|). 



On definit la mesure de polymere Ht,u,i3 pour le systeme de taille t et l'energie 
libre p({3) de la raeme maniere que pour le modele discret : 

^A(B) := — exp (pHtJB)) , 
Z t :=E[exp {(3H t>w {B))] , 



p(P) := lim - log Z t - f3 2 /2 = lim - log W t . (3.38) 



et 



ou Wt := Z t /~E [Z t \. L'existence de l'energie libre est prouve dans [105l |. On peut, de 
meme, definir les notions de desordre, faible, fort, tres fort que dans le cas discret. 
II est raisonnable de penser que : lorsque la correlation spatiale de l'environnement 
(quantifiee par la fonction Q) decroit suffisamment vite a l'infini, ce modele doit avoir 
un comportement identique a celui du modele discret, i.e. p{f3) < pour tout /3 en 
dimension 1 et 2, et p{[3) = en dimension 3 et superieure ; lorsque la correlation 
est plus forte, le modele change de comportement. 
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Nous avons decide d'etudier ce phenomene sous deux aspects : 

- revaluation de p{(5) a haute temperature ; 

- le phenomenes de surdiffusivite. 

Pour l'etude de l'energie libre, il a fallu adapter les methodes developpees dans 
9l] a ce nouveau probleme, et etudier un modele d'accrochage homogene dans un 



potentiel polynomial, qui apparait naturellement lors de l'utilisation de methodes 
de second moment. Ce modele d'accrochage brownien possede en lui meme un cer- 
tain interet (voir [H]) mais nous n'en parlerons pas dans cette introduction. Nous 
avons obtenu des resultats qui permettent de determiner s'il y a tres fort desordre 
a toute temperature dans quasiment tout les cas, couples a des resultats precis sur 
le comportement de l'energie libre : 

Theoreme 3.15. Pour d=let9<loud>2et9<2, ilya fort desordre d 
toute temperature et il existe une constante c ( qui depend de d et Q) telle que 

- c(3^ < p(j3f) < c -1 /^. (3.39) 

Lorsque d = 1, 9 > 1, il y a fort desordre d toute temperature et il existe une 
constante c (qui depends de Q) telle que 

- c/3 4 < p(J3) < c" 1 /? 4 . (3.40) 

De plus, lorsque d > 3, 9 > 2, il y a faible desordre pour (3 suffisamment faible. 

Concernant la surdiffusivite, nous avons significativement ameliore le resultat de 
Bezerra, Tidel et Viens [U], avec une preuve beaucoup plus courte et intuitive, qui 
peut se generaliser dans des cas ou le desordre n'est pas gaussien, (cas du desordre 



poissonnien aborde dans [39j, par exemple). En particulier, nous avons pu montrer 
que sous certaines conditions il y a surdiffusivite en toute dimension avec la borne 
suivante : 



Theoreme 3.16. Pour d = 1, 9 < I, d > 2, 9 < 2, on a 



lim lim inf E 



ti>t,wp ( sup \B S \ > et^ 
»e[o,t] 



(3.41) 



Informellement done, ce resultat implique une inegalite sur l'exposant de fluc- 
tuation, £_> 3/(4 + 9). Dans le cas d = 1, 9 > 1 on retrouve le meme resultat que 



14fl ou [1011 ]. 



Dans cette introduction nous donnons une heurisque de preuve pour la dimen- 
sion 1 qui explique comment est obtenue la borne £ > 3/(4 + 9) : 

Etudions sous fit le poids des trajectoires (B t ) t€ [i tN ] qui restent coincees dans 
une boite de largeur t a centree en zero lors de la seconde partie du parcours, et 
comparons le au poids des trajectoires qui passent la seconde partie du parcours 
dans la boite B2 (voir figure El trajectoires A et B). Le cout entropique pour qu'une 
trajectoire atteigne la boite B2 et passe le seconde partie du parcours dans cette 
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boite (trajectoire B sur la figure El) est egal a logP[5 reste dans B 2 ] ~ —N 2a 1 
(resultat classique de grande deviation). 

Considerons la variable aleatoire somme de tous les acroissements de u dans la 
boite B 2 , 

Q / u(ds,x)dx. (3.42) 

On peut verifier que dans le cas 6 > 1 la variable aleatoire f2 a une variance 
pa f a ( 2 - 9 )+ 1 _ Done la moyenne empirique dans la boite B2 de l'accroissement par 
unite de temps est une gaussienne (J7/|5 2 |) dont l'ecart-type est approximativement 

tS—. 

Multiplie par le temps passe dans la boite (t/2), en supposant que les environ- 
nements sont a peu pres independants dans les boites Bl et B2, cela indique que la 
difference energetique typique entre les deux chemins representes sur la figure [5] est 
d ordre t 2 . 

II est favorable sous la mesure hn de sortir de la boite Bl des que le gain 
energetique surpasse la perte entropique, i.e. des que 

t(1 -fl«)/2 » t 2a-l^ (3 43) 

soit des que a < 3/(4 — 6'). 

La nouveaute par rapport aux travaux de Petermann ou Bezzerra et al. est 
changer l'approche, en utilisant des techniques de changement de mesure au lieu de 
regarder un probleme d'inversion de matrice de covariance. Cela raccourcit conside- 
rablement la preuve et la rend plus intuitive. Cela permet egalement de generalise!' 
le resultat a des modeles ou l'environnement n'estpas Gaussien (par exemple au 
modele a environnement poissonien introduit dans [39|). 



Elargissement 



Les methodes utilisees pour prouver les resultats presentes de cette these ont pu 
etre exploitees pour l'etude d'autres modeles de polymeres. 

- Pour le modele de copolymere, qui decrit le comportement d'un polymere he- 
terogene avec une interface de solvant (voir par exemple [25l : ll07l |. les methodes 
developpees pour les modeles presentes dans cette these ont ete utilisees pour 
prouver que l'energie libre quenched etait bornee par l'energie libre annealed 
a toute temperature pour ce modele (voir |2JJ] ) le resultat a ete ensuite ame- 
liore par Toninelli, pour montrer que la pente de l'energie libre a l'origine etait 



strictement inferieure a 1 



112 



- Birkner et Sun [18] ont propose un modele d'accrochage homogene alternatif, 
ou la ligne d'accrochage n'est plus la ligne ou la premiere coordonnee s'annule 
mais le graphe de la realisation (fixee) d'une marche aleatoire dans Z d . Dans ce 
cas, il a ete montre en adaptant les techniques developpes dans cette these, que 
les points critique quenched et annealed coincident pour d = 1,2, et different 
pour d > 4. Le cas d = 3, qui correspond au cas a = 1/2 de notre modele 
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Fig. 5. Cette figure illustre l'heuristique de la preuve pour la superdiffusivite. Les 
trajectoires A et B sont deux trajectoires typiques des deux evenements mention- 
nes. 

d'accrochage desordonne, ne semble pas pouvoir etre resolu en adaptant telle 
qu'elle les methodes utilisees ici pour le cas marginal. 



Part 1 

Modeles d'accrochage desordonnes 



CHAPTER 1 



Hierarchical pinning model, quadratic maps and quenched 

disorder 

1. Introduction 

1.1. The model. Consider the dynamical system defined by the initial condi- 
tion Rq > 0, i gN:={1,2,...} and the array of recurrence equations 

R% = — !L_J i e N, (l.l) 

for n = 0, 1, . . . and a given B > 2. Of course if Rq = r for every i, then the 
problem reduces to studying the quadratic recurrence equation 

r „ +1 = ii±Hzl), (L2) 

a particular case of a very classical problem, the logistic map, as it is clear from the 
fact that z n := 1/2 — r n /(2(B — 1)) satisfies the recursion 

_ 2(5-1) 

z n+l — 7^ Z n \\ — Z n ). (1-3) 

D 

We are instead interested in non-constant initial data and, more precisely, in initial 
data that are typical realizations of a sequence of independent identically distributed 
(IID) random variables. In its random version, the model was first considered in [49| 
(see § 11.21 and § 11.61 below for motivations in terms of pinning/ wetting models and 
for an informal discussion of what the interesting questions are and what is expected 
to be true). We will consider rather general distributions, but we will assume that 
all the moments of Rq are finite. As it will be clear later, for our purposes it is 
actually useful to write 

R® = exp^ - log M(/3) + h), (1.4) 

with (3 > 0, h G R, {cjjjjgM a sequence of exponentially integrable IID centered 
random variables normalized to Kuf = 1 and for every (3 

M(/3) := EexpO&Ji) < oo. (1.5) 

The law of {u;i}j e N is denoted by P and we will often alternatively denote the average 
E(-) by brackets (■). 

Note that, for every n, are IID random variables and therefore this 

dynamical system is naturally re-interpreted as the evolution of the probability law 

41 
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C n (the law of Rh )'■ given C n , the law £ n +i is obtained by constructing two IID 
variables distributed according to C n and applying 

R^R^n +{B -1) 

Rn+l = |j • (1-6) 

Of course, the iteration (|1.6p is well defined for every B 0. In particular, as 
detailed in Appendix ll.A.3l the case B e (1, 2) can be mapped exactly into the case 
B > 2 we explicitly consider here, while for B < 1 one loses the direct statistical 
mechanics interpretation of the model discussed in Section 11.61 

1.2. Quadratic maps and pinning models. The model we are considering 
may be viewed as a hierarchical version of a class of statistical mechanics models 



that goes under the name of (disordered) pinning or wetting models [55|; [62|, that 
are going to be described in some detail in § 11.61 It has been introduced in [49|, 
Section 4.2], where the partition function R n = Rn is defined for B = 2, 3, . . . as 



R n = E 



B 



exp (Put - log M(/3) + h) l {(Si _ 1 ,s i )=(«i ( -i,*)}l , (1-7) 

with {Si}i=o,...,2 n a simple random walk (of law P^) on a hierarchical diamond lattice 
with growth parameter B and do, ... , d>2» are the labels for the vertices of a particular 
path that has been singled out and dubbed defect line. The construction of diamond 
lattices and a graphical description of the model are detailed in Figure CD and its 
caption. 

The phenomenon that one is trying to capture is the (de)localization at (or away 
from ) the defect line, that is one would like to understand whether the rewards (that 
could be negative, hence penalizations) force the trajectories to stick close to the 
defect line, or the trajectories avoid the defect line. A priori it is not clear that 
there is necessarily a sharp distinction between these two qualitative behaviors, but 
it turns out that it is the case and which of the two scenarios prevail may be read 
from the asymptotic behavior of R n . The Laplace asymptotics carries already a 
substantial amount of information, so we define the quenched free energy 



F(P,h) := lim ^hgR^, (U 



where the limit is in the almost sure sense: the existence of such a limit and the fact 
that it is non-random may be found in Theorem 11.11 Note in fact that 9/ 1 f(/3, h) 
coincides with the N ^ oo limit of E^[2~ n £\ l{(s i _ 1 ,s i )=(*-i,4)}]i where is 
the probability measure associated to the partition function R n , when dhF(/3,h) 
exists (that is for all h except at most a countable number of points, by convexity of 
f(/3, •), see below). Therefore dhF(j3, h) measures the density of contacts between the 
walk and the defect line and below we will see that ^f(/3, h) is zero up to a critical 
value h c (/3), and positive for h > h c (j3): this is a clear signature of a localization 
transition. 



1. INTRODUCTION 



43 




trajectory a J 



level 2 

Figure 1. Given B = 2, 3, . . . (£? = 3 in the drawing) we build a diamond lattice 
by iterative steps (left to right): at each step one replaces every bond by B 
branches consisting of two bonds each. A trajectory of our process in a diamond 
lattice at level n is a path connecting the two poles do and d2« : two trajectories, 
a and b, are singled out by thick lines. Note that at level n, each trajectory is 
made of 2™ bonds and there are N n trajectories, Nq := 1 and N n+ i = BN„. A 
simple random walk at level n is the uniform measure over the N n trajectories. 
A special trajectory, with vertices labeled do, d\, . . . , d±, is chosen (and marked by 
a triple line: the right-most trajectory in the drawing, but any other trajectory 
would lead to an equivalent model), we may call it defect line or wall boundary, 
and rewards Uj := fiidj — logM(/3) + h (negative or positive) are assigned to the 
bonds of this trajectory. The energy of a trajectory depends on how many and 
which bonds it shares with the defect line: trajectory a carries no energy, while 
trajectory b carries energy ui + U2- The pinning model is then built by rewarding 
or penalizing the trajectories according to their energy in the standard statistical 
mechanics fashion and the partition function of such a model is therefore given 
by R n in i|1.7p . It is rather elementary, and fully detailed in j4^|, to extract from 
l|1.7p the recursion (|1.6p . But the recursion itself is well defined for arbitrary real 
value B ^ and one may forget the definition of the hierarchical lattice, as we do 
here. The definition of can also be easily generalized to B > 1, see Appen- 
dix [TA~3l 



1.3. A first look at the role of disorder. Of course if (3 = the disorder 
uj plays no role and the model reduces to the one-dimensional map (11.21) (in our 
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language (3 > corresponds to the model in which disorder is present). This map 
has two fixed points: 1, which is stable, and B — l, which is unstable. More precisely, 
if ro < B — l then r n converges monotonically (and exponentially fast) to 1. If 
ro > B — 1, r n increases to infinity in a super-exponential fashion, namely 2~ n logr Tl 
converges to a positive number which is of course function of ro. The question is 
whether, and how, introducing disorder in the initial condition (/? > 0) modifies this 
behavior. 

There is also an alternative way to link (11.11) and ( 11 .21) . In fact, by taking the 
average we obtain 

{Rn+l) = WW (1 . 9) 

where we have dropped the superscript in (R$). Therefore the behavior of the 
sequence {(R n )} n is (rather) explicit, in particular such a sequence tends (monoton- 
ically) to 1 if (Ro) <B-1, while (Rn) =B-1 for n= 1, 2, . . . if (Rq) = B-l. This 
is already a strong piece of information on RfP (the sequence {C n } n is tight). Less 
informative is instead the fact that (R n ) diverges if (Rq) > B — 1, even if we know 
precisely the speed of divergence: in fact the sequence of random variables can still 
be tight! Of course such an issue may be tackled by looking at higher moments, but 
while (Rn) satisfies a closed recursion, the same is not true for higher moments, in 
the sense that the recursions they satisfy depend on the behavior of the lower-order 
moments. For instance, if we set A n := var (Rn), we have 

A n+1 = nK ^ n J 2 ^. (1.10) 

In principle such an approach can be pushed further, but most important for under- 
standing the behavior of the system is capturing the asymptotic behavior of log Rn , 
i.e. Oil . 

1.4. Quenched and annealed free energies. Our first result says, in partic- 
ular, that the quenched free energy (}1.8j) is well defined: 

Theorem 1.1. The limit in (}1.8j) exists F(duj) -almost surely and in L x (dP), it 
is almost-surely constant and it is non-negative. The function (/3, h) h- > f(/3, h + 
logM(/?)) is convex and f(/3, •) is non-decreasing (and convex). These properties 
are inherited from Fjv(*, •), defined by 

F N (/3,h) = ^(\0gR N ). (1.11) 

Moreover Fn(P, h) converges to f(/3, h) with exponential speed, more precisely for all 
N > 1 

F N ((3, h) - 2~ N log B < F(0, h) < F N ((3, h) + 2~ N log ( B2 B ^ B B _~ 1) 1 ) ■ (1-12) 

Let us also point out that f(/3, h) > is immediate in view of the fact that 
1$ > (B - I)/ 'B for n > 1, cf. (10). The lower bound F(/3,h) > implies 
that we can split the parameter space (or phase diagram) of the system according 
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to f(/3, h) = and f(/3, h) > and this clearly corresponds to sharply different 
asymptotic behaviors of R n . In conformity with related literature, see § 11.61 we 
define localized and delocalized phases as £ := {(fl,h) : F((3,h) > 0} and V := 
{(P, h) : f({3, h) = 0} respectively. It is therefore natural to define, for given (5 > 0, 
the critical value /i c (/3) as 

h c (/3) = sup{h e R : f(/3, h) = 0}, (1.13) 

and Theorem 11.11 says in particular that 

h c ((3) = mi{heR:F((3,h)>0}, (1.14) 

and that f(/3, •) is (strictly) increasing on (h c (/3), oo). Note that, thanks to the 
properties we just mentioned, the contact fraction, defined in the end of § 11.21 is 
zero h < h c (j3) and it is instead positive if h > h c (f3) (define the contact fraction by 
taking the inferior limit for the values of h at which f(/3, ■) is not differentiate) . 

Another important observation on Theorem [Ij] is that it yields also the existence 
of Hindoo 2~ n \og(R n ) and this limit is simply f(0, h), in fact F n (0, h) = 2~ n \og(R n ) 
for every n. In statistical mechanics language (Rn) is an annealed quantity and 
lim^oo 2 _n \og(R n ) is the annealed free energy: by Jensen inequality it follows that 
F{/3,h) < F(0,h) and h c ((3) > h c (0). It is also a consequence of Jensen inequality 
(see Remark OjJ the fact that f(/3, h + logM(/9)) > F(0,h), so that h c (f3) < 
h c (0) + logM(/3). Summing up: 

h c (0) < h e (P) < /i c (0)+logM(/5). (1.15) 

Therefore, by the convexity properties of f(-, •) (Theorem ll.ip and by (11.151) . we see 
that h c (-) — logM(-) is concave and may diverge only at infinity, so that h c (-) is a 
continuous function. 

The following result on the annealed system, i.e. just the non-disordered system, 
is going to play an important role: 

Theorem 1.2. (Annealed system estimates). The function h t-^ F(0,h) is real 
analytic except at h = h c := h c (0). Moreover h c = \og(B — 1) and there exists 
c = c(B) > such that for all h e (h c , h c + 1) 

c(B)- x (h - h c f' a < F(0,/i) < c(5)(/i-/i c ) 1 / Q , (1.16) 

where 

a := W-M. (1.17) 

lo g 2 v 

Bounds on the annealed free energy can be extracted directly from (II. 12ft . namely 
that for every n > 1 

WTB~1 ^ V (2 w F(0,fe)) < (Rn) < Bexp(2 n F(0,h)). (1.18) 

Moreover let us note from now that a G (0,1) and that 1/a > 2 if and only if 
B < B c := 2 + y/2, and 1/a = 2 for B = B c . It follows that f(0, h) = o((h - h c ) 2 ) 
for B < B c (a < 1/2), while this is not true for B > B c (a > 1/2). 



46 



1. HIERCARCHICAL PINNING MODEL 



Remark 1.3. For models defined on hierarchical lattices, in general one does not 
expect the (singular part of the) free energy to have a pure power-law behavior 
close to the critical point h c , but rather to behave like H(\og(h — h c ))(h — h r Y \ 



with v the critical exponent and H(-) a periodic function, see in particular [50 
Note that, unless H(-) is trivial (i.e. constant), the oscillations it produces become 
more and more rapid for h \ h c . We have observed numerically such oscillations 
in our case and therefore we expect that estimate (11.161) cannot be improved at a 
qualitative level as h approaches h c (the problem of estimating sharply the size of 
the oscillations appears to be a non-trivial one, but this is not particularly important 
for our analysis). 

1.5. Results for the disordered system. The first result we present gives 
information on the phase diagram: we use the definition 

^'^-^(sIf^- '' (1 - 19) 



so that Var(i?o) h = c A. The quantity A should be though of as the size of the 
disorder at a given (3. 

Theorem 1.4. Recall that the critical value for the annealed system is h c = log(£> — 
1). We have the following estimates on the quenched critical line: 

(1) Choose B e (2,B C ). If A((3) < B 2 - 2(B - l) 2 then h c ((3) = h c . 

(2) Choose B > B c . Then h c ((3) > h c for every (3 > 0. Moreover for (3 small 
(say, f3 < 1) one can find c e (0, 1) such that 

c/5 2a/(2a-l) < h c ((3) - h c < c^W^a-l) _ (1.20) 

(3) If B = B c then one can find C > such that, for (3 < 1, 

0<h c (P)-h c <exp(-C/p 2 ). (1.21) 

Moreover if lo% is such that P(a>i > t) > for every t > 0, then for every B > 2 we 
have h c (j3) — h c > for [3 sufficiently large, in fact lim^oo h c (/3) = oo. 

Concerning point (1) of the above theorem, let us mention for completeness that 
if the disorder variables are not bounded, more precisely if P(a>i > t) is non-zero for 
every t, then for every value of B > 2 we can prove that h c (f3) > h c for (3 sufficiently 
large (see Corollary 14.21 below). 

Of course (11.21H leaves open an evident question for B = B c , that will be dis- 
cussed in § 11.61 We point out that the constant C is explicit (see Proposition 13.41) 
but it does not have any particular meaning. It is possible to show that C can 
be chosen arbitrarly close to the constant given in [49], but here, for the sake of 



simplicity, we have decided to prove a weaker result (i.e., with a smaller constant). 
This is not a crucial issue, since the upper bound on h c {[3) is not comforted by a 
suitable lower bound. 

The next result is about the free energy. 



Theorem 1.5. We have the following 
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Figure 2. This is a sketch of the phase diagram and a graphical view of Theo- 
rem [L4l and Theorem ll.6l The thick line in both graphs is h c (-). The dashed line 
is instead the lower bound on h c (-) which we obtain with our methods. Below the 



dashed line we can establish the a.s. convergence of R 
0c := sup{/3 : h c (J3) = h c } and (3 := sup{/3 : A(J3) < B 2 
prove the (strict) inequality (3 C > (3. 



to 1. We have also used 
- 2(5 - l) 2 }. We do not 



(1) Choose B G (2, B c ) and (3 such that A({3) < B 2 - 2(B - l) 2 . Then for every 
rj G (0, 1) one can find e > such that 



F(/3,h) > (l-T))F(0,h), 



(1.22) 



for h G (h c , h c + e). 

(2) Choose B > B c . Then for every r\ G (0, 1) one can find c > and /3q > 
such that (L22j) holds for (3 < p and h - h c G {c(3 2a/{2a ~ l \ 1). 



While the relevance of the analysis of the free energy will be discussed in depth 
in the next subsection, it is natural to address the following issue: in a sharp sense, 
how does the random array RiP behave as n tends to infinity? We recall that the 
non-disordered system displays only three possible asymptotic behaviors: r n — > 1, 
r n = B — 1 for all n and r n / oo in a super-exponentially fast fashion. 

What can be extracted directly from the free energy is quite satisfactory if the 
free energy is positive: R^ 1 diverges at a super-exponential speed that is determined 
to leading order. However, the information readily available from the fact that 
the free energy is zero is rather poor; this can be considerably improved, starting 
with the fact that, by the lower bound in (11.121) . if the free energy is zero then 
sup n (log.R n ) < log B, which implies the tightness of the sequence. 

Theorem 1.6. IfF(j3,h) = then the sequence {R n } n is tight. Moreover if h < 
h c (j3) then 

lim R^P = 1 in probability. (1-23) 
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Let us mention that we also establish almost sure convergence of R n toward 1 
when we are able to find 7 G (0, 1) and n G N such that E [([Rn — 1] + ) 7 ] is smaller 
than an explicit constant (see Section 01 in particular Remark l4~4l) . It is interesting 
to compare such results with the estimates on the size of the partiti on f unction 



Zn,u> of non-hierarchical pinning/ wetting models, which are proven in [11 ll . end of 
Sec. 3.1] in the delocalized phase, again via estimation of fractional moments of Z N ^ 
(which plays the role of our R n ). 



What one should expect at criticality is rather unclear to us (see however [99fl for 



a number of predictions and numerical results on hierarchical pinning and also [3 It 



321 ] for some theoretical considerations on a different class of hierarchical models) . 



1.6. Pinning models: the role of disorder. Hierarchical models on dia- 
mond lattices, homogeneous or disordered 

0; 

[I2I ; l3ll ; I32I ; l45| . are a powerful tool 



in the study of the critical behavior of statistical mechanics models, especially be- 
cause real-space renormalization group transformations a la Migdal-Kadanoff are 
exact in this case. In most of the cases, hierarchical models are introduced in as- 
sociation with a more realistic non-hierarchical one. It should however be pointed 
out that hierarchical models on diamond lattices are not rough simplifications of 
non-hierarchical ones. They are in fact meant to retain the essential features of the 
associated non-hierarchical models (notably: the critical properties!). In particular, 
it would be definitely misleading to think of the hierarchical model as a mean field 
approximation of the real one. 



Non-hierarchical pinning models have an extended literature (e.g. |55l;l62|). They 
may be defined like in (11.71) . with S a symmetric random walk with increment steps 
in { — 1, 0, +1}, energetically rewarded or penalized when the bond (S n -\, S n ) lies on 
the horizontal axis (that is dj = for every j in (11.71) ). but they can be restated 
in much greater generality by considering arbitrary homogeneous Markov chains 
that visit a given site (say, the origin) with positive probability and that are then 



rewarded or penalized when passing by this site. In their non-disordered version [55 
this general class of models has the remarkable property of being exactly solvable, 
while displaying a phase transition - a localization-delocalization transition - and 
the order of such a transition depends on a parameter of the model (the tail decay 
exponent of the distribution of the first return of the Markov chain to the origin: 
we call a such an exponent and it is the analog of the quantity a in our hierarchical 
context, cf. (11.171) : one should however note that for non-hierarchical models values 
a > 1 can also be considered, in contrast with the model we are studying here). 
As a matter of fact, transitions of all order, from first order to infinite order, can 
be observed in such models. They therefore constitute an ideal set-up in which to 
address the natural question: how does the disorder affect the transition? 

Such an issue has often been considered in the physical literature and a criterion, 
proposed by A. B. Harris in a somewhat different context, adapted to pinning models 
571 : 149I ], yields that the disorder is irrelevant if (3 is small and a < 1/2, meaning by 
this that quenched and annealed critical points coincide and the critical behavior 
of the free energy is the same for annealed and quenched system (note that the 
annealed system is a homogeneous pinning system, and therefore exactly solvable). 
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The disorder instead becomes relevant when a > 1/2, with a shift in the critical 
point (quenched is different from annealed) and different critical behaviors (possibly 
expecting a smoother transition, but the Harris criterion does not really address such 
an issue). In the marginal case, a = 1/2, disorder could be marginally relevant or 
mar gina lly irrelevant, but this is an open issue in the physical literature, see 57; l49| 
and [62] for further literature. 

Much progress has been made very recently in the mathematical literature on 
non-hierarchical pinning models, in particular: 

(1) 



1101 and even more de- 



(2) 



(3) 



The irrelevant disorder regime is under control 
tailed results on the closeness between quenched and annealed models can 
be established [7jJ . 

Concerning the relevant disorder regime, in [69] it has been shown that 
the quenched free energy is smoother than the annealed free energy if a > 
1/2. The non-coincidence of quenched and annea led c ritical points for large 



disorder (and for every a) has been proven in [11 1| via an estimation of 
non-integer moments of the partition function. The idea of considering 
non-integer moments (this time, of R n — 1) plays an important role also in 
the present paper. 

A number of results on the behavior of the paths of the model have been 
proven addressing the question of what can be said about the trajectories of 



the system once we know that the free energy is zero (or positive) [671 : [68 
One can in fact prove that if f(/3, h) > then the process sticks close to the 
origin (in a strong sense) and it is therefore in a localized (£) regime. When 
f(/3, h) = 0, and leaving aside the critical case, one expects that the process 
essentially never visits the origin, and we say that we are in a delocalized 
regime (V). We refer to [fill for further discussion and literature on this 
point. 



In this work we rigorously establish the full Harris criterion picture for the hier- 
archical version of the model. In particular we wish to emphasize that we do show 
that there is a shift in the critical point of the system for arbitrarily small disorder if 
a > 1/2 and we locate such a point in a window that has a precise scaling behavior, 
cf. (11.201) (a behavior which coincides with that predicted in (H]). 

As a side remark, one can also generalize the smoothing inequality proven in [fill 
to the hierarchical context and show that for every B > 2 there exists c(B) < oo 
such that, if to\ ~ A/"(0, 1), for every (3 > and 5 > one has 



F(P,h c (P) + S) < S 2 c(B)/p 2 



(1.24) 



which implies that annealed an d q uenched free energy critical behaviors are different 



cl m 

for a > 1/2, cf. (11.161) (as in 69], such inequality can be generalized well beyond 
Gaussian cji, but we are not able to establish it only assuming the finiteness of the 
exponential moments of u)\). The proof of (11.241) is detailed in [93| 



Various intriguing issues remain open: 
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(1) Is there a shift in the critical point at small disorder if B = B c (that is a = 
1/2)? We stress that in 0] is predicted that h e (p)-h c (0) ~ exp(- log2//3 2 ) 
for (3 small. 

(2) Can one go beyond (11.241) ? That is, can one find sharp estimates on the 
critical behavior when the disorder is relevant? 

(3) With reference to the caption of Figure EJ can one prove f3 c > (3 (for B < 

B c )7 

(4) Does the law of R n converge to a non-trivial limit for n — > oo, when h = 

Of course, all these issues are open also in the non-hierarchical context and, even 
if not every question becomes easier for the hierarchical model, it may be the right 
context in which to attack them first. 

1.7. Some recurrent notation and organization of the subsequent sec- 
tions. Aside for standard notation like \x~\ := min{n G Z : n > x} and [^J : = 
\x] — 1, or [-] + := max(0, •), we will repeatedly use A n for the variance of i#\ see 
f fLTOl) . and Q n := A n /(i? n ) 2 so that from (O) and (fTTTnl ). one sees that 

Qn+l = 2 ( ^] 2 ( ln ( Qn + iQl) (1-25) 



B J V(^n+l) 2 (5-l)V V 2 

and we observe that 

Note that 2(5 - l) 2 /5 2 is smaller than 1 if and only if B < B c and 

(R n ) 4 \ ( B V . 

1 < - — - . (1.27) 



{R n+1 )\B-lfJ ~ \B 
We will also frequently use P n := (R n ) — (B — 1), which satisfies 

P n+ i = 2^^ + ip 2 , (1.28) 

and of course Po = e m our notations. With some effort, one can explicitly verify 
that for every n 



( J R n+1 ) 2 (i?-i) 2 ; - 1 + 1)" (L29) 

Finally, there is some notational convenience at times in making the change of 
variables 

e := (R ) -(B-1) = e h - (B - 1) > -(B - 1), (1.30) 

and 

F(P,e) := F(/3,/i(e)), (1.31) 
and when we write h(e) we refer to the invertible map defined by (11.301) . 

The work is organized as follows. Part (1) of Theorem 11.41 and of Theorem 11.51 
are proven in Section El In Section [3] we prove part (2) of Theorem 11.51 and, as a 
consequence, part (2) of Theorem 11.41 except the lower bound in fl 1 . 20h . Part (3) 
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of Theorem 11.41 is proven in Section 13.11 and the lower bound of ( 11.201) in Section [4] 
(after a brief sketch of our method). The proof of Theorem II .61 is given in Section [5l 
Finally, the proofs of Theorems 11.11 and 11.21 are based on more standard techniques 
and can be found in Appendix II .Al 

2. Free energy lower bounds: B < B c = 2 + y/2 

We want to give a proof of part (1) of Theorem 11.51 which in particular implies 
part (1) of Theorem 11.41 

The strategy goes roughly as follows: since h > h c is close to h c , that is e(= Pq) > 
is close to 0, P n keeps close to zero for many values of n and P n+ i ~ (2(£> — l)/B)P n 
(recall that 2(B — 1)/B > 1 for B > 2). This is going to be true up to n much smaller 
than log(l/e)/ log(2(£> — \)/B). At the same time for the normalized variance Q n 
we have the approximated recursion Q n+ i ~ 2((B — l)/B) 2 (Q n + (1/2)Q 2 ), which 
one derives from (11.251) by using P n « 0. Since 2((B — 1)/B) 2 < 1 is equivalent to 
B < B c , we easily see that (if Q is not too large) Q n shrinks at an exponential rate. 
This scenario actually breaks down when P n is no longer small, but at that stage 
Q n is already extremely small (such a value of n is precisely defined and called n 
below). From that point onward Q n starts growing exponentially and eventually it 
diverges, but after (1+7)710 steps, for some 7 > 0, Q n is still small while P n is large, 
so that a second moment argument, combined with ( 11.121) which yields a control on 
f(/3, h) via F n (j3, h), allows to conclude. 

Before starting the proof we give an upper bound on the size of Q n {= A n / (Rn) 2 ) 
in the regime in which the recursion for (Rn) can be linearized (for what follows, 
recall (fl~25l) . (OHl) and lOTjl ). 

Lemma 2.1. Let B G (2, B c ) and f3 such that A(f3) < B 2 - 2(B - l) 2 . There exist 
c := c(B, A) > 0, ci := a(B, A) > and 8 := 6 (B, A) > with 

2(l + 5o)(^) 2 <l (2.1) 

such that for every e satisfying < (B - l)e < ((B 2 - 2(B - 1) 2 )/A) 1/2 - 1 (recall 
the definition (11.301) of e) and 



n < n :- 

one has 



log (c5 /e) / log 



2(g-i; 

B 



(2.2) 




Qn < cxQo 2(1 + (J ) • (2.3) 



Note that the condition on e simply guarantees A = (1+e/ (B — 1)) 2 A is smaller 
than B 2 - 2{B - l) 2 . 

Proof of Lemma l2J\ Recall that P n = (R n ) — (B — 1) and that it satisfies the 
recursion (11.281) (and that Pq = e). 
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For G n := (P n /P )(2(B - 1)/B)~ n we have from ( Oil and ( QUI) 



G n+ i = G n + ^ (2^^V (2.4) 



and Go = 1. If G m < 2 for m < n, then 



< 1 + 2— 2 V - ; , (2.5) 



G n B V B 

which entails 



G„ +1 < exp(2^(2^y ) < l + eC { B)( 2 -^-Ay\ (2.6) 



b^\ b ; - v ' \ B 

for a suitable constant C(B) < oo. 

As we have already remarked, our assumption on e yields A < B 2 — 2(B — l) 2 , 

so 

B - 2 



Choose 5 > sufficiently small so that (12. ip is satisfied and moreover 

'1 + S )(Qo + IqD<Qo (2.8) 



B J y lJ/v " u 2 

(the latter can be satisfied in view of (12.71) ). It is immediate to deduce from (12.61) 
that if c in (12.2ft is chosen sufficiently small (in particular, c < B(.B — l)/8), then 
G n < 2 for n < no and, as an immediate consequence, 

< P„ < 2, (^^) n < 2c5 < S ^^l, (2.9) 

where the first inequality is immediate from (11.281) and Pq = e > 0. Now we apply 
(L2HD 

Qn+i< 2(^-^) (i + 5o)(g„ + ^Q')- (2.10) 

Notice also that Q\ < Q thanks to (12.81) . From this it is easy to deduce that, as 
long as n < n , Q n is decreasing and satisfies (12.31) for a suitable c\. In particular, 
Ci(B,A ) can be chosen such that limA \o Ci(B, A ) = 1. □ 

Proof of Theorem \1.5l part (1). We use the bound ( II .271) to get 

Qn+i < 2 (q„ + ^Ql"j < 3Q n , (2.11) 

where the last inequality holds as long as Q n < 1- Then we apply Lemma I2TT1 (recall 
in particular <5 and no in there). Combining (12.31) and (12.111) we get 



Qn < Qn 3 n ~ n ° < CiQ I 2(1 +5 ) [ — — ) ) 3"-"°, (2.12) 



B - 1 



2 
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for every n > n satisfying Q n < 1 (which implies Q' n < 1 for all n' < n as Q n is 
increasing). Of course this boils down to requiring that the right-most term in (12 . 121) 
does not get larger than 1. Since no diverges as e \ 0, if we choose 7 > such that 
3 7 2(1 + 5 Q )(B - 1) 2 /B 2 < 1, then the right-most term in (12TT21) is bounded above 
for every n < (1 + 7)72.0 by a quantity o e (l) which vanishes for e — > 0. Summing all 
up: 

QL(l+7)noJ = °e(l)- (2.13) 

Next, note that 

(logi?L(l+7)noj) > Q (i% +7 )„ j)J P ^ J R L( i +7)no j > i (# L( i +7 ) no j)J+log g— J 

(2.14) 

where we have used the fact that _R„ > (5 — 1)/B for n > 1. Applying the Chebyshev 
inequality one has 

P( J R L (i +7 )„ j>(l/2)( J R L(1+7)noJ )) > l-4Q L(1+7)noJ = l + o £ (l). (2.15) 
Therefore, from (fTTTSl ). (plijl and (lTT511 one has 

F L(1+7)noJ (A/i) > (l + o £ (l))?(0,e)-2-La+7)n j c(jB) (216) 

for some c(B) < 00 and, from (11.121 ) (or, equivalently, (jl.A.41) ). 

p(/3,/i) > (l + o £ (l))F(0, £ )-2-L(i+7)noj Ci(jB) . (2.17) 

bmce F(0,e)2L( 1+ ^ n «J diverges for e -> if 7 > 0, as one may immediately check 
from (|2.2p and (|1.16l) . one directly extracts that for every 77 > there exists e > 
such that 

f(A , e) = F(/3, h) > (1 - r/)?(0, e) (2.18) 
for e < £0, and we are done. □ 

3. Free energy lower bounds: B > B c = 2 + \[2 

The arguments in this section are close in spirit to the ones of the previous 
section. However, since B > B c , the constant 2((B — 1)/B) 2 in the linear term 
of the recursion equation (11.251) is larger than one, so the normalized variance Q n 
grows from the very beginning. Nonetheless, if Qq is small, it will keep small for a 
while. The point is to show that, if P is not too small (this concept is of course 
related to the size of Q ), when Q n becomes of order one P n is sufficiently large. 
Therefore, once gain, a second moment argument and (jl.l2H yield the result we are 
after, that is: 

Proposition 3.1. Let B > B c . For every r\ G (0, 1) there exist c > and @ > 
such that 

F(P,h) > (1-77)f(O,/0, (3-1) 
for (3 < Po and c/5 2a//(2a_1) < h — h c (0) < 1. This implies in particular that h c ((3) < 
h c (0) + c(3 2a ^ 2a - l \ for every (J < (3 . 



54 



1. HIERCARCHICAL PINNING MODEL 



Of course this proves part (2) of Theorem 11.51 and the upper bound in (11.201) . 

In this section q := 2(B — 1) 2 /B 2 and q := 2(B — 1)/B: note that in full generality 
q < q < 2 and q > 1, while q > 1 because we assume B > B c . One can easily check 
that 

a logo 

2a -1 logg" V ' ; 

Moreover in what follows some expressions are in the form max A, A C N U {0}: 
also when we do not state it explicitly, we do assume that A is not empty (in all 
cases this boils down to choosing j3 sufficiently small). 

We start with an upper bound on the growth of (R n ) = (B — 1) + P n (recall 
(11.281) ) for n not too large. 

Lemma 3.2. If P = Ci/? 2 ^ 2 "" 1 ), c x > 0, then 

P n < 2c 1 (3 2a/i2a ~ 1) q n < 1 (3.3) 
for n < N x := max{n : d(B)cip 2a ^ 2a ^q n < 1}, where 

Cl (B) :=2max( ( __ 1) 1 fl|og2 , 1 ). (3.4) 

The next result controls the growth of the variance of R n in the regime when 
(R n ) is close to (B — 1), i.e. P n is small. Let us set := max{n : (2ci/(g — 
l))/3 2Q /(2a-i)^n < (i og 2)/2}. Observe that N 2 < N ± and recall that Q /? ~° (3 2 , cf. 

Lemma 3.3. Under the same assumptions as in Lemma \ 3.S\ for Qo < 2j3 2 and 
assuming c\ > 20 log5 / log,? we have 

Qn < 2Q q n , (3.5) 

for n < N 2 . 

Proof of Proposition \3.1\ Let us choose c\ as in Lemma 13.31 Let us observe also 
that, thanks to (j3.2|) . N 2 = |_log(l//3 2 )/ logg — log(Cci)/ log q\ for a suitable choice 
of the constant C = C(B). Therefore Lemma l3~3l ensures that 

Q N2 < 4(C , c 1 )- log "/ log9 ". (3.6) 

From the definition of Q n we directly see that Q n +i < 3Qn if Qn < 1, as in (12.111) . 
Therefore for any fixed 5 G (0, 1/16) 

Q N2+n < 3 n 4(C Cl )- log9 / log? < 45, (3.7) 

if 

logglog(Cci) log(l/5) 



n < ^ 



log q log 3 log 3 



(3.8) 
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Since Qn 2 +n 3 < 4<5 (by definition of A 3 ), we have then 

P^ Ma < 1(Rn 2 +n 3 )^ < 165- (3.9) 

As a consequence, applying (|1.12l) and (11. 18ft with A = A 2 + A 3 one finds 

f(/3, /i) > (1 - 165)f(0, h) - 2-( N2+N ^c 3 (B), (3.10) 

of course with h such that P = ci(3 2a ^ 2a ~ l \ i.e., 

h = log ((£ - 1) + d/? 2 ^ 20 " 1 )) . (3.11) 

The last step consists in showing that the last term in the right-hand side of ( 13.101) 
is negligible with respect to the first one. A look at ( 13.81) shows that A 3 can be made 
arbitrarily large by choosing C\ large; moreover, by definition of A 2 we have 

2^1/^2/(2.-1) > Icr-l/a (3 12 ) 

for (3 sufficiently small. From these two facts and from the critical behavior of f(0, •) 
(cf. ( 11.161) ) one deduces that for any given 5 one may take c\ sufficiently large so 
that 

2-( N '+ N *)/F(0,h) < 5, (3.13) 

provided that h < h c (0) + 1. For a given w G (0, 1) this proves (13. II) whenever (5 is 
sufficiently small and cfi 2a ^ 2oi ~ V) < h — h c (0) < 1, with c sufficiently large (when 77 
is small) but independent of (3. 

□ 

Proof of LemmaWM Call A the largest value of n for which P n < 2c 1 (3 2a/{2a ~ 1) q n 
(for c\ and (3 such that Pq < 1). Recalling (11. 281) . for n < A we have 

P 



Pn 



<q(l + ^pW^-VqA , (3.14) 

so that for A < A , using the properties of exp(-) and the elementary bound 
Z~2n=o a ™ — flW / ( a — 1) ( a > I)' we obtain 

< Po^exp ((^^/^"V) • (3-15) 

The latter estimate yields a lower bound on A : 

A > max In : , 2 °\ ^ (3 2a/{ - 2a - l) q n < log2l . (3.16) 
I (9-1)5 J 

Ai is found by choosing it as the minimum between the right-hand side in ( 13 . 1 6f) 
and the maximal value of n for which the second inequality in (13.31) holds. □ 

Proof of Lemma \3.3[ Let us call Aq the largest n such that Q n < 2Q q n (Aq is intro- 
duced to control the nonlinearity in (11.251) ) and let us work with n < min(AQ, A 2 ). 
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Since N 2 < N±, (Ni given in Lemma 13.21) . the bound (13.31) holds and P n < 1. 
Therefore, by using first (11.251) and (II. 29ft . and then (13.31) . we have 

%^ < 9(1 + ^n) (1 + 2/3V) < g (1 + 2c 1 p 2a/{2a ~ 1) q n + 4/?V) , (3.17) 
which implies 

q„ < g g"ex P f^/3W(2«-D-n + _J_ 2(f \ ( 3 .is) 

By definition of N 2 the first term in the exponent is at most (log2)/2. Moreover 
n < N 2 implies, via (13.21) . 

n < log(l//3 2 ) log((4/log2) Cl /(g-l)) 
log g log q 

and one directly sees that for such values of n we have (3 2 q n < (4ci/(g— 1) log2)~ log<?//log? . 
Therefore also the second term in the exponent (cf. (13.181) ) can be made smaller 
than (log2)/2 by choosing C\ larger than a number that depends only on B, see the 
statement for an explicit expression. 

Summing all up, for C\ chosen suitably large, Q„ < 2Q q n for n < min(A^, N 2 ). 
But, by definition of Nq, this just means n < N 2 and the proof is complete. □ 

3.1. The B = B c case. 

Proposition 3.4. Set B = B c . There exists (3q such that for all j3 < Po 

h c {(3) - h c (0) < exp (-^0^) ■ (3-20) 



Remark 3.5. The constant (log2) 2 /2 that appears in the exponential is certainly 
not the best possible. In fact, one can get arbitrarily close to the optimal constant 
log 2 given in but we made the choice to keep the proof as simple as possible. 



Proof of Proposition 3.4 ■ Choose 



-(lo g 2) 2 /(2/3 2 ) 



+ log(S c -l), 



so that 

P = exp(/ i ) - (B c - 1) ^° (B c - 1) exp(-(log2) 2 /(2/5 2 )). 
Given 5 > small (for example, 5 = 1/70), we let n$ be the integer uniquely 
identified (because of the strict monotonicity of {P n } n ) by 

P ns < 5 < P ns+l (3.21) 

(we assume that P < 5, which just means that we take (3 small enough). We observe 
that (flT28D implies P n+ i/P n > V2 for every n, from which follows immediately that 
(say, for \3 sufficiently small) 

"log2" 



n s < 



2 



(3.22) 
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We want to show first of all that Q n& is of the same order of magnitude as Qo, and 

therefore much smaller than P ns (for f3 small) in view of Qo /3 ~° /3 2 . 

From (11.251) . recalling the definition of P n (cf. (11.281) ) and the bound (11.291) . we 
derive 

= ( <w'-i)j i Q " + l Ql ) £ Q " (1 + p -> C 1 + t) ■ (3 - 23 » 

If we define c(<5) through 

°° 91 
C (S) = H (1 + 52^ 2 ) < exp(5(2 + y/2)) < -, (3.24) 

fe=0 

from (13.231) we directly obtain that, as long as Q n < 3Qo and n < n$, 

n-1 

Qn < Qo (1 + (3/2)Q ) rt + Pn) < c(6) Qo e^ Q ° n . (3.25) 

k=0 

It is then immediate to check, using (11.261) . that Q ng < 3Q for (3 small. 

But, as already exploited in (12.111) . Q n +i/Q n < 3 for every n such that Q n < 1, 
so that Qn s +n < 4/3 2 3 n < 1 for n < ni := log 3 (l/(4 ( 5 2 )) - 1. But for such values of 

n 

Pn s+ n > 52^'\ (3.26) 

so that we directly see that P ns + ni diverges as j3 tends to zero, and therefore (Rn s+ni ), 
can be made large for j3 small, while Q ne+ni , that is the ratio between the variance of 
R ng+ni and (R n6+ni ) 2 is bounded by 1. By exploiting R n > (B — 1)/B for n > 1 and 
using Chebyshev inequality it is now straightforward to see that (\og(R ns+ni / B)) > 
and by (11.121) (or, equivalently, (11.A.4I )) we have f(/3, h) > 0. 

□ 



4. Free energy upper bounds beyond annealing 

In this section we introduce our main new idea, which we briefly sketch here. In 
order to show that the free energy vanishes for h larger but close to h c (0), we take 
the system at the n-th step of the iteration, for some n = n{[3) that scales suitably 
with (3 (in particular, n{(3) diverges for /3 — > 0) and we modify (via a tilting) the 
distribution P of the disorder. If a > 1/2, it turns out that one can perform such 
tilting so to guarantee on one hand that, under the new law, -R n (/3) is concentrated 
around 1, and, on the other hand, that the two laws are very close (they have a 
mutual density close to 1). This in turn implies that R n (p) is concentrated around 
1 also under the original law P, and the conclusion that f(/3, h) = follows then 
via the fact that if some non-integer moment (of order smaller than 1) of R no — 1 
is sufficiently small for some integer no, then it remains so for every n > no (cf. 
Proposition 14. II) . 
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4.1. Fractional moment bounds. The following result says that if R no is 
sufficiently concentrated around 1 for some uq > 0, then it remains concentrated 
for every n > n and the free energy vanishes. In other words, we establish a 
Unite-volume condition for delocalization. 

Proposition 4.1. Let B > 2 and (0,h) be given. Assume that there exists n > 
and (log 2/ log B) < 7 < 1 such that {{[R m - 1]+) 7 ) < 5 7 - 2. Then, f(J3, h) = 0. 

Proof of Proposition \4.1[ We rewrite (11.61) as 

Rn + , ~ 1 = \ - 1) - 1) + W - 1) + - 1)] , (4-1) 

and we use the inequalities [rs + r + s] + < [r] + [s] + + [r] + + [s] + , that holds for 
r, s > — 1, and (a + 6) 7 < a 7 + 6 7 , that holds for 7 G (0, 1] and a, b > 0. If we set 
A n := ({[R n - 1]+) 7 ) we have 

A n+ i < -^[A 2 n + 2A n ] (4.2) 

and therefore A n \ for n —>■ 00 under the assumptions of the Proposition. De- 
ducing f(P, h) = (and actually more than that) is then immediate: 

n— >oo 

(logiO = -(log(i? n ) 7 ) < -(log [([R n - 1] + ) 7 + 1]) < -\og(A n + 1) \ 0. (4.3) 

ry T T 

□ 

Proposition 14.11 will be essential in Section [4] to prove that, for B > B c , an 
arbitrarily small amount of disorder shifts the critical point. Let us also point out 
that it implies that, if U\ is an unbounded random variable, then for any B > 2 
and (3 sufficiently large quenched and annealed critical p oints differ (the analogous 



result for non-hierarchical pinning models was proven in [11 ll . Corollary 3.2]): 



Corollary 4.2. Assume that P(a>i > t) > for every t > 0. Then, for every h G M 
and B > 2 there exists /3 < 00 such that f(/5, h) — for (3 > (3q. 

Proof of Corollary \4-S\ Choose some 7 G (log 2/ log B, 1). One has lim^oo R = 
P( du/)-a.s. (see ( 11.41) and note that log M{f3) / (3 — > 00 for /? — > +c>o under our as- 
sumption on cji), while ((([-Ro — l]"*") 7 ) 1 ^ 7 ) < 1 + (-Ro) = 1 +exp(/i), so Hindoo A = 
0. □ 

Remark 4.3. Note moreover that if exp(h) = B — 1 and we set X = exp(j3ui — 

logM(/9)) we have (without requiring U\ unbounded) that ({[{B — 1)X — 1] + ) 7 ) 
B 1 {X 1 ). The right-hand side is smaller than B" 1 — 2 for X non-degenerate and B 
large, so that if we choose 5 > such that exp(Sj){X 1 ) < 1 we have 

(([(B - 1) exp(5)X - 1] + ) 7 ) < 5 7 - 2, (4.4) 

for B sufficiently large. Therefore, by applying Proposition ^. 11 we see that for every 
(3 > there exists 5 > such that F ((3, h c (0) + 5) = for B sufficiently large. This 
observation actually follows also from the much more refined Proposition 14.51 below, 
which by the way says precisely how large B has to be taken: B > B c . 
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Remark 4.4. It follows from inequality (14.21) that, if the assumptions of Proposition 
14.11 are verified, then A n actually vanishes exponentially fast for n — ► oo. Therefore, 
for e > one has 

F(R n >l+e) = F([R n - 1] + > e) < ^ (4.5) 

and from the Borel-Cantelli lemma follows the almost sure convergence of R n to 1 
when we recall that Rh > r n with r = (r n is the solution of the iteration scheme 
fll .2j) and converges to 1). 

4.2. Upper bounds on the free energy for B > B c . Here we want to prove 
the lower bound in ( 11.201) . plus the fact that s c (A ) > whenever A > and 
B > B c . This follows from 

Proposition 4.5. Let B > B c . For every (3 > one has h c ((3) > \og(B — 1). 
Moreover, there exists a positive constant c (possibly depending on B) such that for 
every < (3 < 1 

h c {(3) - \og{B - 1) > c(3 2al{2a ~ 1] . (4.6) 

Proposition 14.51 is proven in section 14.41 but first we need to state a couple of 
technical facts. 

4.3. Auxiliary definitions and lemmas. For A G R and N G N let Pjv,> be 

defined by 

' X (x 1 ,x 2 ,...) = \ w ex P f ~ A ^^) • ( 4 - 7 ) 



dP v ' ' y M(-A) 



i=l 



Lemma 4.6. T/iere esisfe 1 < C < oo s«e/i t/iat /or a G (0, 1), 5 G (0, a/C) and 
AfGN we /iai;e 

(d^l^ < exp '- a ») £C (;) 2 - (48) 

Proof of Lemma \4-6\ We write 

< exp(_a) ) = P "-* { s ^ + N,ogM k ~ a 

(4.9) 



Since all exponential moments of ui\ are assumed to be finite, one has 

> log M(-A) - \-^- [log M(-A)] > -^A 2 (4.10) 
dA 2 

for some 1 < C < oo and < A < 1 (the first inequality is due to convexity of 
A h-> logM(-A)). Note also that 

E^,aW = — ^pogM(-A)]. 
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Therefore, the right-hand side of (14.91) is bounded above by 



N 



E 



n,s/Vn 



N 



< 




— e n,s/Vn ( - E 



(4.11) 

where we have used Chebyshev's inequality and the fact that, under the assumptions 
we made, (a/S) — (C/2)S > a/ (25). The proof of (14.81) is then concluded by observing 
that the variance of u)\ under Pat,a is d 2 / dA 2 log M(— A), which is bounded uniformly 
forO<A<l. □ 



We define the sequence {a n } n= o,i,... by setting ao = a > and a n+ i = f(a n ) with 



fix) := ^Bx + (B - l) 2 - (B - 1). (4.12) 

We define also the sequence {6 n }n=o,i,... by setting b = b e (—(B — 2), 0) and b n+ i = 
f(b n ). Note that a n = g(a n+l ) and b n = g(b n+1 ) for g(x) = (2(B - l)x + x 2 )/B. 

Lemma 4.7. There exist two constants G a > et Hb > such that for n — * oo 



Moreover, G a a ~° a and -fTf, 6 ~° |6|. 



(4.13) 



Proof of Lemma In order to lighten the proof we put s := B/(2(B — 1)) and 
we observe that < s < 1 since B > 2. The function /(•) is concave and f(0) = s, 
so we have 

a n <as n : (4.14) 
a n vanishes exponentially fast. Moreover, 

s" ~ s™- 1 1 + a n /(2(B - 1)) ~ s 11 " 1 1 + as"/(2( J B - 1)) ^ ' ' 

so that for every n > 

oo - 

— > a TT r — / > 0. (4.16) 

s n ~ 1 + as7(2(£ - 1)) 1 ; 

From (|4.15p we see that a n s~ n is monotone increasing in n, so that the first statement 
in (T4T31 holds with G a G (0, a) from ([4T4|) and (14161) . The fact that G a ~ a for 
a — > follows from the fact that the product in (14.161) converges to 1 in this limit. 

The second relation is proven in a similar way. Since b n < for every n, one has 
first of all 

b n 6 n -X 1 



s n s n-l 1 + b n /(2(B - 1)) S 
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Moreover, since \b n \ decreases to zero and f(x) > Ci(b)x for b < x < for some 
ci(6) < 1 if b > —(B — 2), one sees that \b n \ actually vanishes exponentially fast. 
Therefore, from (14.171) 

b<n ^n— 1 1 7 T — T / \ 

^1^(^(6)" - l = ll-c 2 (6) Cl (6)«' (4 ' 18) 
One has then the second statement of (14. 1 31) with Hb G oo). 

□ 

4.4. Proof of Proposition 14.51 In this proof C; denotes a constant depending 
only on (3q and (possibly) on B. Recall that the exponent a defined in (11.171) satisfies 
1/2 < a < 1 for B > B c . Fix f3 > 0, let < (3 < f3 and choose h = h((3) such that 

(R ) = (B-l)+ V f3^r, (4.19) 

where r\ > will be chosen sufficiently small and independent of (3 later. Call 
n := n (r],/3) the integer such that 

(R no ) <B< (R no+1 ) , (4.20) 

i.e., P no < 1 < -Pno+i- Note that n (r],/3) becomes larger and larger as (3 \ 0: this 
can be quantified since from (11.281) one sees that a n := P no -n satisfies for < n < no 
the iteration a n+ i = f(a n ) introduced in § 14.31 and therefore it follows from Lemma 
1471 that 



< Ci (4.21) 



n (r),(3) -log (t) x i3 te-iJ/( a log2) 

for every < rj < 1/Ci and (3 G [0, /?o]. With the notations of Section l4~3l let 
P := F 2 n S2 -n /2, where 5 := S(n) will be chosen suitably small later. Note that, 
with A := 52" n °/ 2 , one has from ([42TD 

1 Sr] l/(2a)pl/(2«-l) < A < a2(j77 l/(2a) /3 V(2«-l) - (433) 

In particular, since a < 1, if n is small enough then A < (3 uniformly for j3 < (3q. 
Observe also that 

and call := logM(-). Since </>(■) is strictly convex, one has 

<f>{j3 - A) - 0(/5) - 0(-A) = - y° dx J dy <j>"{x + |/)ef-|, -C 3 A/^ , (4.24) 

for some C3 > 0, uniformly in (3 < (3q and < A < (3 and, thanks to (14. 22[) . if r\ is 
chosen sufficiently small, 

(3X M(/?-A) 
l ~Cl~ M(/3)M(-A) " 1 ~~ ^ (425) 

Therefore, from (|4.23l) and (14.221) and choosing 

?? l-l/(2a) < ^ < 1; (4 26) 
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(which is possible with t] small since a > 1/2) one has 

- Cg- 1 5(?7) rjVWp^i < E(i2o) - (B - 1) < -C 5 5fa) r/ 1/(2Q) /3^, (4.27) 

always uniformly in /3 < /?o- 

Since 6 n := E(i? no _ n ) — (S — 1) satisfies the recursion b n+ i = f(b n ), from the 
second statement of (14. 1 31) if follows that 

ER ni < -, (4.28) 
for some integer ni := 711(77,/?) satisfying 

m < log (5(r/)" V 1/(2Q) /3" 2a/(2a_1) ) / (alog2) + C7 6 . (4.29) 

It is immediate to see that 77,0(77, (3) — 77,1(77, (3) gets large (uniformly in (3) for 77 small, 
if condition (14.261) is satisfied. Therefore, since the fixed point 1 of the iteration for 
KR n is attractive, one has that 

ER no < l + rifa), (4.30) 

(here and in the following, 7^(77) with ieN denotes a positive quantity which van- 
ishes for 77 \ 0, uniformly in (3 < /3q.) On the other hand, one has deterministically 

lim [1 - R n } + = 0, (4.31) 

n—*oo 

as one sees immediately comparing the evolution of R n with that obtained setting 
Rf = for every i. In particular, R no > 1 — r 2 (ri). An application of Markov's 
inequality gives 

PORno > l + r 3 (rj)) <r 3 ( V ). (4.32) 

It is immediate to prove that, given a random variable X and two mutually abso- 
lutely continuous laws P and P, one has for every x, y > 



F(X < 1 + x) > e 



u 



dP 

F(X < 1 + x) - P ( < e~ y 



(4.33) 



dP 

Applying this to the case X = R no and using Lemma l4~6l with r 4 (7/) > C5{rj) gives 



(4.34) 



P(#n < 1 + rM) > e~ r ^ 1 - r 3 (77) - C 
In particular, choosing 

5(r)) < r 4 (7/) < 1, (4.35) 

one has 

P(i?n < 1 + r 3 (r))) > 1 - r 5 (77), (4.36) 

and we emphasize that this inequality holds uniformly in (3 < (3q. 

At this point (14.61) is essentially proven: choose some 7 G (log 2/ log B, 1) and 
observe that 

<([^no-l] + ) 7 > < r 3 (7 / r+(E[ J R no -l] + ) 7 (P( J R no >l+r 3 (7 / ))) 1 ^ 
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where in the first inequality we have used Holder inequality and in the second one 
we have used (14.201) and (14.361) . Finally, we remark that the quantity in (I4.37P can 
be made smaller than B 1 — 2 choosing r\ small enough. At this point, we can apply 
Proposition O to deduce that f(/3, h) = for h = \og(B - 1) + v f3 2a ^ 2a ^ with rj 
small but finite, which proves (14.61) . 

We complete the proof by observing that h c {(3) > log(£> — 1) for every (3 > 
follows from the arbitrariness of Pq. □ 



5. The delocalized phase 

Here we prove Theorem II .61 using the representation (ll.A.101) . given in Appendix 
ll.Al for R n . With reference to ( ll.A.101) . let us observe that 

lim p(ra,0) = 1, (5.1) 

n— >oo 

which is just a way to interpret 

lim r n = 1 (5.2) 

n—*oo 

when r = 0, that follows directly from (11 .21) . 

Le e be fixed and consider h < h c ((3). Let R n be the partition function which 
corresponds to h c {(5) and R n the one that corresponds to h. We can find K large 
enough such that 

P (Rn >K)< e/2 for all n > 1. (5.3) 

This follows from the fact that _R n > (B — 1)/B, and from ( 11.A.3I ). We define 
C := (\og(2K/e))/(h c - h) and we write, using (ll.A.101) . 

R n = p{n, 0) + P( n > J ) ex P ( J2^ Ui ~ lo S + ^) ) 

XC{1,...,2"} ViSX / 

1<|X|<C 

+ Yl P^ 1 ) ex P ( - 1 °S M (/ 5 ) + fe ) ) =-T 1 + T 2 + T 3 . (5.4) 

JC{l,...,2 n } Viex / 

\T\>C 

T\ is smaller than 1 and 

T 3 < exp {-C{h c - h)) R n , (5.5) 

so that T 3 < e/2 with probability greater than (1 — e/2) (cf. ( 15.31) ) for all n. As for 
T 2 , its easy to compute and bound its expectation 

p(n,X)exp (^{fai- log M(j3) + h)\ \ < exp{Ch)[l - p(n, 0)], 
\xc{i,...,2"} Viex / / 

1<|X|<C 

(5.6) 
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and (15.11) tells us that the right-hand side tends to zero when n goes to infinity. In 
particular we can find N (depending on C) such that for all n > N we have 

p(n,J)exp(^(/M-logM(/3) + /i))\ < e 2 /4. (5.7) 

Vxc{i,...,2"} Viex / / 

1<\1\<C 

Then for n > N we have P(T2 > e/2) < e/2. Altogether we have 

P(^n > 1 + e) < e, (5.8) 

and since R n is bounded from below by p(n, 0) which tends to 1, the proof is com- 
plete. □ 

l.A. Existence of the free energy and annealed system estimates 

l.A.l. Proof of Theorem II. 1L Since the basic induction (11.61) gives R n > 
(B — 1)/B for every n > 1, one has 

D d(1) d(2) 

and 

d(1) d(2) r 

< + 

so that 

(KnRn+i) < (K b rW)(K b rW) with # B = ( LA . 2 ) 

B(B - 1J 

Taking the logarithm of (ll.A.ll ) and ( ll.A.21) . we get that 

{2- n E[log(i? n / J B)]} n=12 is non-decreasing, (1.A.3) 

while 

{2~™E[log(A' B i? n )] } n=1 2 is non-increasing, (l.A. 4) 
so that both sequences are converging to the same limit 

¥{13, h) = lim 2" n (log J R n ) (1.A.5) 

n— >oo 

and (11.121) immediately follows. It remains to be proven that the limit of 2~ n logR n 
exists P( du;)-almost surely and L x (dP) convergence. Fixing some k > 1 and iter- 
ating (ll.A.ll) one obtains for n > k 

^n — k 

2~ n \og(R n /B) > 2- k (2 k " n J2 log(^fcV^))- (1-A.6) 

i=l 

Using the strong law of large numbers in the right-hand side, we get 

lim inf 2~ n \og{R n /B) > 2~ k (\og(R k /B)} P( du) - a.s.. (1.A.7) 

Hence taking the limit for k — > oo in the right-hand side again we obtain 

liminf2" n log J R n = liminf 2" n log(i? n / J B) > f(/3,/i) P( duo) - a.s. (1.A.8) 
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Doing the same computations with ( 11. A. 21 ) we obtain 

limsup2- n log J R n = limsup2~ n log(J'S: i 3 J R n ) < f(/3,/i) P(dw)-a.s.. (1.A.9) 

This ends the proof for the almost sure convergence. The proof of the L x (dP) 
convergence is also fairly standard, and we leave it to the reader. 

The fact that f(/3, ■) is non-decreasing follows from the fact that the same holds 
for Rn(/3,-), and this is easily proved by induction on n. Convexity of (/3,h) i— > 
f(P, h + logM(/3)) is immediate from ((121) (hence for B = 2,3, . . .). But (O) can 
be easily generalized to every B > 1: this follows by observing that from (11. 6ft and 
(11 .41) one has that 

Rn = p{n,^exp(^2(/3ui-logM{l3) + h)\ . (I.A.IO) 

TC{1,...,2"} J 

for suitable positive values p(n,X), which depend on B: by setting (3 = h = we 
see that ^2jP{n,I) = 1 and hence R n can be cast in the form of the expectation of 
a Boltzmann factor, like (11.71) . This yields the desired convexity. □ 

Remark l.A.l. Another consequence of (11.A.10I) is that f(/3, h + log M(/3)) > 
F(0,h) (62|, Ch. 5, Prop. 5.1]. 



l.A. 2. Proof of Theorem [Q When (3 = the iteration (LSD reads 

= K+P-V . (l.A.ll) 

A quick study of the function ih [x 2 + (B — l)]/B, gives that i? n n ^>° oo if and 
only if Ro > (B — 1). Initial conditions Rq < B — \ are attracted by the stable fixed 
point 1, while the fixed point (B — 1) is unstable. The inequality ( 11 .A. If) guaranties 
that f(0, h) > when R^ > B for some N. This immediately shows that that 
/i c (0) = log(5-l). 

Next we prove (11.161) . i.e., that there exists a constant C such that 

^s 1/a < F(0,e) < C7£ 1/Q (1.A.12) 

for all e G (0,1). To that purpose take a := ao such that f(0, a) = 1 (this is 
possible because of the convexity of f(/3, • + logM(/3)) we obtain both continuity 
and lim^oo f(0, a) = oo) and note that the sequence {a„}„> defined just before 
Lemma 14771 is such that 2 ?(0, a n+1 ) = f(0, a n ), so that f(0, a n+1 ) = 2~ n . Thanks to 
Lemma 14.71 we have that along this sequence 

F(0,a n )~2G^ a al/ a . (1.A.13) 

Let K a be such that a n < K a a n+ i for all n, and c a such that c^ali < f(0, a n ) < 
c a dr/ a ' ■ Then, for all n and all s G [a n+ i, a„], since f(0, ■) is increasing we have 

F(0, e) > F(0, a n+1 ) > c-Vj^ > c-'K-^e 1 ^, ^ 

?(0, e) < f(0, a n ) < c a a\! a < c a K x J a e x l a . 
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Finally, the analyticity of f(0, •) on (h c , oo) follows for example from [42l . Lemma 4.1]. 

□ 

l.A.3. About models with B < 2. We have chosen to work with the model 
( 11.11) . with positive initial data and B > 2, because this is the case that is directly 
related to pinning models and because in this framework we had the precise aim 
of proving the physical conjectures formulated in But of course the model 



is well defined for all B ^ and in view of the direct link with the logistic map 
z i — Az{l — z), cf. (11.31) . also the case B < 2 appears to be intriguing. Recall that 
A = 2(B - 1)/B and note that A G (1, 2) if B G (2, oo). What we want to point out 
here is mainly that the case of ( 11.11 ) with positive initial data and B G (1,2), i.e. 
A G (0, 1), is already contained in our analysis. This is simply the fact that there is 
a duality transformation relating this new framework to the one we have considered. 
Namely, if we let B G (1, 2) and we set R n := R n j (5—1), then R n satisfies fl 1 . ID with 
B replaced by B := B/(B — 1) > 2. Of course the fixed points of x i-> (x 2 + B — l)/B 
are again 1 (stable) and B — 1 (unstable). This transformation allows us to generalize 
immediately all the theorems we have proven in the obvious way, in particular the 
marginal case corresponds to B = B c : = 2 + v^2, i.e., B = \f2 and in the irrelevant 
case the condition A < B 2 - 2(B - l) 2 now reads A < B 2 - 2(B - l) 2 . 

This discussion leaves open the cases B = 1 and B = 2 to which we cannot apply 
directly our theorems, but: 

(1) If B — 1 the model is exactly solvable and R n is equal to the product of 2 n 
positive IID random variables distributed like R$, so f(/3, h) = h — log M(/3). 
The model in this case is a bit anomalous, since the stable fixed point is 
and therefore the free energy can be negative and no phase transition is 
present (this appears to be the analogue of the non-hierarchical case with 



inter-arrival probabilities that decay exponentially fast [62j, Ch. 1, Sec. 9]). 
(2) If B — 2 then, with reference to (fL2l) . r n / oo if r > 1 and r n / 1 if 
r < 1. The basic results like Thorem ll.ll are quickly generalized to cover 
this case. Only slightly more involved is the generalization of the other 
results, notably Theorem II .4( 1). In fact we cannot apply directly our results 
because the iteration for P n , that is (Rn) — 1, reads P n +i = P n + (Pn/2) (cf. 
( 11.281) ) so that the growth of P n , for P > 0, is just due to the nonlinear 
term and it is therefore slow as long as P n is small. However the technique 
still applies (note in particular that, by (11.250 and (11 .29f) . the variance of 
R n decreases exponentially if A < 2 as long as P n is sufficiently small) and 
along this line one shows that the disorder is irrelevant, at least as long as 
A <2. 

If we now let B run from 1 to infinity, we simply conclude that the disorder is 
irrelevant if B G (v2, 2 + \/2), and it is instead relevant in B G (1, v / 2)U(2 + -\/2, oo). 
In the case B = 1 (and, by duality, B = oo) there is no phase transition. 

Finally, a word about the models with B < 1. Various cases should be distin- 
guished: going back to the logistic map, we easily see that playing on the values of 
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B one can obtain values of \A\ larger than 2 and the very rich behavior of the logis- 



tic map sets in [Ufl: non monotone convergence to the fixed point, oscillations in a 
finite set of points, chaotic behavior, unbounded trajectories for any initial value. It 
appears that it is still possible to generalize our approach to deal with some of these 
cases, but this would lead us far from our original aim. Moreover, for B < 1 the 
property of positivity of R n , and therefore its statistical mechanics interpretation as 
a partition function, is lost. 

Note added in proof. After this work was completed, a number of results have 
been proven by developing further the idea set forth here, solving some of questions 
raised at the end of Section [L6l First of all we were able (in collaboration with B. 
Derrida [46]) to extend the main idea of this work to the non hierarchical set-up and 
we have shown that the quenched critical point (of the non-hierarchical model) is 
shifted with respect to the annealed value for arbitrarily small disorder, if a > 1/2 
(this result has been sharpened in taking a different approach). Then one of 
us (9^1 has been able to show the shift of the critical point for arbitrarily small 
disorder for a = 1/2 in a hierarchical with site disorder (the case considered here 
is bond disorder, cf. Figure [2]) by using a location-dependent shift of the disorder 
variables in the change of measure argument (in our case, the shift is the same 
for each variable). Finally, very recently [|35| we have also been able to treat the 
case a — 1/2 (B — B c ), both for the hierarchical and non-hierarchical model, by 
introducing long range correlations in the auxiliary measure P. 



CHAPTER 2 



Hierarchical pinning model with site disorder: disorder is 

marginally relevant 

1. The model and the results 

1.1. A quick survey and some motivations. A lot of progress have been 
made recently in the understanding of pinning models (see [62j for a survey and 
particularly Chapter 1 for a definition of the simplest random walk based m odel) 

" HO; 



in p articular in comparing quenched and annealed critical point (see [Q; [8|; |4 



But these works do not settle the question of whether the quenched and 



annealed critical points coincide or not for the simple random walk based model. 
Moreover, physicists predictions on such an issue do not agree (see for example 



[49l : l57l|). The reason why the question is not settled for the random walk based 
model lies in the exponent (3/2) of the law of the first return to zero: for smaller 
respectively larger) values of the expo nent a heuristic argument (Harris criterion, 



49l ; 5211), ma de rigorous in 4f| 110| . tells us that annealed and quenched critical 



points coincide at high temperature (respectively, they differ at all temperatures). 
The first scenario goes under the name of irrelevant disorder regime and the second 
as relevant disorder regime. The irrelevant disorder regime is als o cha racterized by 
the fact that quenched and annealed critical exponents coincide 0; 1 10j | . while for the 



relevant disorder they are different 69] . The terminology relevant /irrelevant comes 



from the renormalization group arguments [49l : l57l | leading to the Harris criterion 
and in such a context the undecided case is called marginal and, in general, it poses 
a very challenging problem even at a heuristic level (see e.g. and references 
therein). 

Much work has been done on the statistical mechanics on a particular class 
of hierarchical lattices, the diamond lattices, because of the explicit form of the 
renormalization group transformations on such lattices, while often retaining a clear 
link with the corresponding non hierarchical lattices [45| . A hierarchical model for 
disordered pinning has been explicitly considered in [49] and a rigorous analysis of 
this model has been taken up in (64| . but such a rigorous analysis cannot confirm 
the prediction in [49| that the disorder is relevant also in the marginal regime (more 
precisely, in [49| it is claimed that annealed and quenched critical points differ at 
marginality) . It should however be pointed out that the model in 49; 64| is a 
bond disorder model and there is a natural companion to such a model, that is the 
one in which the disorder is on the sites. A priori there is no particular reason to 
choose either of the two cases, but, if we take a closer look, the site disorder case is 
somewhat closer to the non hierarchical case. The reason is that the Green function 
(see below) of the bond model is constant through the lattice, while the Green 

69 
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function of the site model is not (this analogy can be pushed further, see Remark 
II. IB . In this paper we analyze the hierarchical pinning model with site disorder 
and we establish disorder relevance in the marginal regime. It seems unlikely that 
our method can be adapted in a straightforward way to settle the question for the 
bond model or for the random walk based model, but one can use it to improve the 



result in [46J (we will come back to this point in Remark 11.81 below). This result 
is a confirmation (although the setup we consider here is slightly different) to the 
claim made in [49] that disorder is relevant at any temperature when the specific 
heat exponent vanishes. 

1.2. The model. Let (_D n ) ne N be the sequence of lattices defined as follow 

• D is made of one single edge linking two points A and B. 

• D n+ i is obtained for D n by replacing each edge by b branches of s edges 
(with b and s in {2, 3, 4, . . . , }). 

On D n we fix one directed path a linking A and B (the wall). 

Given (3 > 0, h G M and {c^ijigN a sequence of i.i.d. random variables (with law 
P and expectation denoted by E) with zero mean, unit variance, and satisfying 

M(/3) := E [exp(/3a;i)] < oo for every (3 > 0, (1.1) 

one defines the partition function of the system of rank n by 

R n = R n (P, h) := E n [exp(H nM (S)] , (1.2) 

where P n is the uniform probability on all directed path S = (»S'i)o<i<s™ on D n 
linking A to 5, and E n the related expectation, and 

s n -l 

H nM (S) = Yl \P U * + h - lo S M ^ Msi^i}- (1-3) 



Remark 1.1. One can directly check that for this model, the site Green function of 
the directed random walk, that is the probability that a given site is visited by the 
path, is inhomogeneous (taking value 1 for the graph extremities A and B and equal 
to b~ % 1 < i < n on the other sites of D nf with i corresponding to the level at which 
that site has appeared in the hierarchical construction of the lattice, see Figured]), 
and this makes this model similar to the random walk based model where the Green 
function decays with a power law with the length of the system (in the hierarchical 
context the length of the system is s n ). This is not true for the bond model Green 
function (every bond is visited with probability b~ n ). This inhomogeneity will play 
a crucial role in the proof, as it will allow us to improve the method introduced in 



64 1. See Remark 11.71 for more on this. 



The relatively cumbersome hierarchical construction actually boils down to a 
very simple recursion giving the law of the random variable R n +\ in terms of the 
law of Rn, for every n. For s = 2 the recursion is particularly compact: R® := 1 and 

p(i) A d(2) , l _ 1 
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B 
f? 





A 



A 



A 



S (a directed path on D2) 



Do 



Figure 1. We present here the recursive construction of the first three levels 
of the hierarchical lattice D n , for b — 3, s = 2. The geometric position of the 
disordered environment is specified for D 2 ■ The law P„ is the uniform law over all 
directed path and the path a (the wall) is marked by a dashed line. In the bond 
disorder case 4jJ the hierarchy of lattices is the same, but, with reference to 
D 2 , there would be four variables of disorder. 



where Rn \ Rn^ and A are independent random variables with Rn^ = Rn^ and 

A = exp(/M-logM(/3) + /i). (1.5) 
For arbitrary s the recursion gets slightly more involved: 

-Kn+l = 7 , (,1-Oj 

where, once again, all the variables appearing in the right-hand side are independent, 
=i,..., s are also identically distributed and Aj has the same law as A for every 

J- 

The expression is not only very important on a technical level, but it allows 
an important generalization of the model: there is no reason of choosing b integer 
valued. We will therefore choose it real valued (b > 1), while s will always be an 
integer larger or equal to 2. 

The quenched disorder to therefore enters in each step of the recursion: the 
annealed (or pure) model is given by r n = E[_R n ] and it solves the recursion 

exp(( 8 -l)ftK + (6-l) 
r n +i = 7^ ' ( L7 ) 

with r = 1. It is important to stress that r n = R^ if /3 — so, with our choice 
of the parameters, the annealed case coincides with the infinite temperature case. 
The annealed critical point h c is the infimum in the set of h such that r n tends to 
infinity. 
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The class of systems obtained by choosing b G (1, s) in (11.61) is of a particular 
interest. With this setup, the pure system undergoes a phase transition in which 
the free energy critical exponent can take any value in (l,oo). We explain below 
that the case b G [s, oo) can be tackled by our methods too, but it is less interesting 
for the viewpoint of the question we are addressing (i.e. behavior at marginality) . 

1.3. Definition and existence of the free energy. We are interested in the 
study of the free energy of this pinning model. The following result ensures that it 
exists and states some useful technical estimates. 

Proposition 1.2. The limit 

lim s- n \ogR n = F(0,h), (1.8) 

n— >oo 

exists almost surely and it is non-random. Moreover the convergence holds also in 
Li(dP). The function f(/3 , •) is non-negative, non- decreasing. Moreover there exists 
a constant c (depending on (3 and h, b and s ) such that 

\s~ n E\ogR n -F(f3,h)\ <cs~ n . (1.9) 



This result is the exact equivalent of [64j, Theorem 1.1]. Though certain modifi- 
cations are needed to take into account the difference between the two models, it is 
straightforward to adapt the method of proof. 

We set 

h c (P) = mf{h such that f(/3, h) > 0)} > 0. (1.10) 

The value h c (j3) is called the critical point of the system, basic properties of the free 
energy ensure that f(/3, h) > if and only if h > h c {(3). Of course h c (/3) is a non 
analyticity point of f(/5, ■). By critical behavior of the system we will refer to how 
the free energy vanishes as h \ h c (j3). 

It is not hard to check that with b G (1, s), we have h c (0) = 0. Indeed if h < 0, 
r n converges to G (0, 1) the stable fixed point of the map x i— > (exp((s — l)h)x s + 
(6 — l)r )/b; if h — 0, r n — 1 for every n; if h > 0, r n diverges to infinity in such a 
way that the free energy is positive, therefore h c (0) = 0. 

Moreover there is an immediate comparison between annealed and quenched 
systems: by Jensen inequality we have that for any j3 and h 

E\ogR n < logr n , (1.11) 

so that f{/3, h) < f(0, h) for any (3 > and h c (j3) > h c (Q) = 0. 

1.4. Some results on the free energy. We state here all the results on prop- 
erties of the critical system that have been proved for the bond-disorder model in 



64] and that are still true in our framework. Our first result concerns the shape of 



the free energy curve around zero in the pure system. 

Theorem 1.3. For every b G (1, s) there exists a constant Cb such that for all 
0<h<l, 

-h 1/a < f(0, h) < c b h 1/a , (1.12) 
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where a := (logs — log 6) /logs. 

The second result describes the influence of the disorder for b ^ s/s, i.e. whether 
or not the quenched annealed critical point coincide, and it gives an estimate for 
their difference. Recall that if quenched and annealed critical points differ, we say 
that the disorder is relevant (and irrelevant if they do not). 

Theorem 1.4. When b G (y/s,s), for [3 < (3q (depending on b and s), we have 
h c (/3) = h c (0) = and moreover, for any e > the exists h £ such that for any 
h<h e 

(1 - £)f(0, h) < f((3, h) < f(0, h). (1.13) 
When b < ^fs there exists q> iS such that for every /3 < 1 

—P^i < h c {(3) - h c (0) < c b . s p^. (1.14) 

Cb,s 

As a matter of fact, it can be shown that when b > s, the annealed free energy 
grows slower than any power of (h — h c (0)) when h — > (h c ) + . In a sense, ( 11.121) 
holds with a = 0, and Harris Criterion predicts that (11.131) holds in that case. One 
should be able to prove this by using a second moment method approach. For a 
recent work concerning the case a = in the non-hierarchical setup, see (§]. 

1.5. Main result: the marginal case b = y^s. The main novelty of this paper 
is the result we present now: disorder is relevant for the marginal case b = -^/i. To 
our knowledge this is the first example in which one can establish the character of 
the disorder in the marginal case. Moreover, we believe that the method of proof is 
sufficiently flexible to be adapted to other contexts. 

Theorem 1.5. When b = ^ there exists positive constants C\, C2 and (3q (depending 
on s) such that for every (5 < (3q 

exp f-^j < h c (/3) < exp f-^j . (1.15) 

The two bounds are obtained by very different methods, and they will be proven 
in the two sections that follow. The upper bound for h c {(5) is proven by controlling 
the variance for a finite volume, and using a finite volume estimate for the energy. 
This is essentially the same method as the one developed in [64] and it is analagous 
to what is done in [1] for the model based on a renewal process. The lower bound 
is obtained using fractional moments, and a change of measure on the environment, 
in fact a shift of the values taken by u> (in the Gaussian case). The argument uses 
strongly the specific property of the site disorder model, in fact the value of the shift 
is site dependent, in order to take advantage of the fact that some sites are more 
likely to be visited than others. 

Remark 1.6. Contrary to non marginal cases, the two bounds we obtain for h c (j3) 
for b = yt~s do not match, showing that the understanding of the marginal regime is 
still incomplete. However: 
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(1) The fact that the lower bound given in Theorem 11.51 corresponds to the 



upper bound found in [64] is purely accidental and it should not lead to 
misleading conclusions. 
(2) In H, it is predicted that for the bond model, the second moment method 
gives the right bound for h c {(3). In view of this prediction, the upper bound 
should give the right order for h c (/3), although we do not have any mathe- 
matics to support this prediction. 

Remark 1.7. We can now make Remark 11.11 more precise. The case b = -y/s on 
which we focus is really similar the pinning model defined with the simple random 
walk. Indeed, for integer b (recall definition (I1.2P ) The expected number of contacts 
with the interface a is 

(s n -l \ n 

E = E r "( s - l ) si ~ l = Y^b {s/b)n - (L16) 
i=l / i=l 

When b = y/s, it is proportional to s n l 2 which is the square root of the length 
of the system. This is also the case for the random walk in dimension 1 where 
E (J2i=i l{5i=o}) behaves like n 1 / 2 and we have thus a clear analogy between site 
hierarchical model and random walk model. On the other hand Remark 11.6( 2) 
possibly suggests that h c (/3) — h c (0) behaves like exp(— c/ (3 2 ) both in the bond 
hierarchical and random walk model (and not like exp(— c//3)). 

Remark 1.8. Since the first version of the present paper, some substantial pro- 
gresses have been made in the understanding of pinning model at marginality. Using 



a different method, in [65j, Giacomin and Toninelli together with the author proved 
marginal relevance of disorder for both the hierarchical-lattice with bond disorder 
model and the random-walk based model. While the method we present here turns 



out to be less performing than the method in [651 ] on bond disorder and random 
walk based models, it should be pointed out that it does improve on the results in 
*46l | (in the direction of the statements in Q). Moreover our inhomogeneous shifting 



procedure, with respect to the more complex change of measure in [651 ] . has the ad- 
vantage of being very flexible and easier to adapt to more general contexts. On the 



other hand, it can be shown that adapting the procedure in 65] to the site disorder 
model would lead to replacing the exponent 2 in the left-most side of (11.151) with 
4/3, but the proof is substantially heavier than the one that we present, for a result 
that is still comparable on a qualitative level (the upper bound is not matched). 

In the sequel we focus on the proof of the case b = s/s, but the arguments can 
be adapted (and they get simpler) to prove also the inequalities of Theorem ll.4[ We 
stress once again that the case b ^ y/s is detailed in [64| for the bond model. 



2. The upper bound: control of the variance 

The main result of this section is: 
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Proposition 2.1. For any fixed s, and b = y/s one can find constants c s and f3 , 
such that for all (3 < (3q, 

h c ((3) < exp f-^\ . (2.1) 

Such a result is achieved by a second moment computation and for this we have 
to get some bounds on the first two moments of R n . 

2.1. A lower bound on the growth of r n . We prove a technical result on 
the growth of r n when h > 0. For convenience we write p n := (r n — 1). We have 
Po = and (11.71) becomes 

Pn+i = \ ((1 + PnY exp((s - l)h) - 1) . (2.2) 

Note that if h > 0, p n > for all n > 1, so that (12.21) implies 

s /i(s — 1) s /i 

Pn+l > T^n H 7 > T^n + T, (2.3) 

and therefore 

Pn > {s/b) n -\h/b). (2.4) 

2.2. An upper bound for the growth the variance. We prove now a tech- 
nical result concerning the variance of R n which is crucial for the proof of Proposition 
12 . 1L Before stating the result we introduce some notation and write the induction 
equation for the variance. The variance A n of the random variable R n is given by 
the following recursion 

A n+1 = I ((A n + <)* exp (( a - 1)( 7 (0) + 2h)) - r 2 n s exp(2(s - , (2.5) 

where 7(/3) = log Af (2/3) - 21ogAf(/3) (recall that Af(/3) = E[exp(/3wi)]). Because 

co> has unit variance, we have j(f3) /3 ~° /5 2 . 

Let w n denote the relative variance A n /(r n ) 2 . We have 



grjfexp ((s - l)2h) exp((s - 1) 7 (/?))K + l) s - 1 
Vn+1 (r^exp(( S -l)/ i ) + (6-l)) 2 & 2 
Let ni be the smallest integer such that p n > 1. 



(2.6) 



Lemma 2.2. l/Fe can /md constants c$ and (3q such that for all f3 < (3q, for h = 
exp(-c 5 //3), 

v ni < P (2.7) 
Proof. We make a Taylor expansion of (12.61) around r n — 1, /i = 0, (3 — 0, 

= 0, 

Wn+1 = (1 + 0(/i + p„)) + + 0(t; 2 ) + o(/? 2 )] . (2.8) 
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From the previous line, we can find a constant c 4 such that if < p n < 1, h < 1, 
(3 < 1 and v n < 1 we have (recall that b = y/s) 

V n +1 < C 4 P 2 + f„(l + C A V n )(l + C 4 (h + p n )). 



By induction, we get that as long if t> n _i < 1 and p n < 1, we have 



71-1 



< nc 4 /3 2 + c 4 ^)(l + a(h + Pi)). 



(2.9) 



(2.10) 



i=0 



By (12.41) we have (h + p%) < (1 + for all z > 1. Changing the constant c 4 if 
necessary we get the nicer formula 



n-l 



v n < nc43 2 JJ(1 + c 4 Vi)(l + c A pi). 



(2.11) 



Let n be the smallest integer such that v no > (3. We have to show that we cannot 
have no < n\. If no < ni, (12.111) implies 



no— 1 



< n C4p 2 ] J (1 + c 4 Vi)(l + c 4 pi 



(2.12) 



i=l 



As Pn+i > {s/b)p n for all n > (cf. ( 12.31) ). and p ni _i < 1, we have Pm-2 < (V s )) 
Pm-3 < ( s /b)~ 2 and by induction for alH < n\ — 1 

< (s/by-^- l \ (2.13) 

Therefore 

no— 1 m— 1 m— 1 oo 

[ (1 + c 4 p 4 ) <;[(! + c 4 p 4 ) < ; [ (1 + C4 ( S /6)-(" 1 - 1 )) < J] (1 + c A (s/b)- k ) . 



1=1 



i=l 



k=0 



(2.14) 

The last term is finite, and is clearly not dependent on (3 or h. Moreover, because 
Pn > i s /b) n (h/b), it is necessary that 

M&//0 



m -2 < 



log(s/6) ' 

Replacing b and /i with s/s and exp ^— ^-J , we get 



(2.15) 



2c, 



1 < 



3c 5 



(2.16) 



/5 log s (3 log s 

for (3 small enough. Replacing n by this upper bound in (12. 12ft gives us that n < n x 
implies 



/5 < v no < (3 



3c 5 c 4 ^ 
logs 



1 + c 4/ 3)^o| s JJ(l + c 4 (s/6)" 



fc=0 



(2.17) 



If C5 is chosen small enough the right-hand side is smaller than the left-hand side. □ 
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2.3. Proof of Proposition 12. 1L Let us choose c 5 as in Lemma 12.21 (3 small 
enough, and h = exp(— eg//?). We fix some small £ > 0. From Lemma [272l we have 
v ni < (3 and r ni > 2. The idea of the proof is to consider some n a bit larger that 
n\ such that r n is big and v n is small, in order to get a good bound on Elogi? n . 

We use (12.61) to get a rough bound on the growth of v n when n > n\, 



v n+ i < (l + ^) s exp[ 7 (/3)(s-l)]-l. 



(2.18) 



Hence, one can find a constant cq such that as long as v n < 1 and (3 small enough, 
we have 



V n +1 < C 6 (v n + P 2 ). 

If we choose c 6 > 1, this implies that for any integer k > 

v ni +k < c h 6 (f3 + k(3 2 ), 
provided the right-hand side is less than 1. 



(2.19) 
(2.20) 



We fix k large enough, and (3o such that c|(/3 + k/3 2 ) < e for all (3 < (3$. From 
f 1 2 . 3 H and the definition of ni, we have r ni+k > 1 + (s/b) k . Let He a fixed (large) 
integer, Chebycheff inequality implies that 

P {Rn 1+k < (l/2)r ni+fc ) < Av ni+k < 4e. (2.21) 

We write ni = n\ + k. Using the fact that i? n > {b — l)/b we have 

E[logi4 2 ] > [logr„ 2 -\og2}F(R n2 > (l/2)r n2 ) + log {R^ < (l/2)r n J 



> (1 - 4e) [log(l + (s/6) fc ) - log 2] - 4elog 



6-1 



(2.22) 



By choosing a suitable k, this can be made arbitrarily large. Taking the log in (11.61) 
and forgetting the {b — 1) term gives 



Elogi? n+ i > sE [\ogR n ] + (s - 1) {h - log M((3) +E[u 1 }) - log b. 



(2.23) 



Therefore, the sequence s n [E [logi? n ] — + ^ ~ logM(/3)] is increasing (recall 
E[co>i] = 0). With our settings we have 



E [log ft 



"2. 



lose b 

> -S- + logM(P)-h, 
s — 1 



therefore 



F(/9,/0 



lim s n 

n—*oo 



E[\ogR n ]-^ + h-\ogM((3) 



> 0. 



(2.24) 

(2.25) 
□ 
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3. The lower bound: Fractional moment and improved shifting method 

In this section, we prove the lower bound by improving the method of measure- 
shifting used in |6_4|] and [46|. Instead of considering an homogeneous shift on the 
environment, we chose to shift more the sites that are more likely to be visited. 

Proposition 3.1. When b = yfs, there exists a constant c s such that for all (3 < 1 
we have 

h c > exp{-c s /f3 2 ). (3.1) 

3.1. Fractional moment. 
Lemma 3.2. Fix 9 £ (0, 1) and set 

x s + (b- if 



— ~ — x f • (3-2) 

(Note that Xg is defined whenever 6 is close enough to 1. When it is defined we have 
Xq < 1 as the inequality cannot be fulfilled for x > 1.) 

IfE [exp (0(/3wi - logM(/3) + h))} < 1, and if there exists n such that E[R e n ] < x e , 
then F((3,h) = 0. 

Proof. Let < 9 < 1 be fixed, an u n = E[i2*] denotes the fractional moment 
of R n . We write a e = E[Af] = E [exp {Qifiux - log M(J3) + h))]. Using the basic 
inequality (Yl x if <J2 x i an d averaging with respect to P, we get from (II .61) 

nfa^ 1 + (b - If 
u l+l < 1 e bd K '-. (3.3) 

With our assumption, ae < 1, so that 



The map 



u? + (b-lf , . 

u i+ i < 1 \ e ■ ( 3 - 4 ) 

x s _|_ (5 _ n« 

5>e : x i— > for x > 0, (3.5) 

is non-decreasing so that if u n < xg for some n, then «j < for every i > n. In 
this case the free energy is as 

F(J3, h) = lim s~ n E log i? n < lim inf — log u n = 0, (3.6) 

n— >oo n— >oo 6'S n 

where the last inequality is just Jensen inequality. □ 

We add a second result that guaranties that the previous lemma is useful. 
Lemma 3.3. 

lim xg = 1. (3.7) 

b-*i- 

Proof. One just has to check that 

Hm g e (l -e)= ( 1 ~ £ ) 8 + ( & - 1 ) < x _ e> (3 . 8) 

if e is small enough. □ 
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3.2. Improved shifting method. In this section, we prove Proposition 13.11 
by estimating the fractional moment of R n by making a measure change on the 
environnement, making u lower. We simply use Holder inequality to estimate the 
cost of the change of measure. For simplicity we first write the proof for gaussian 
environment. 



Proof of Proposition 13.11 Gaussian case. Let e > be small (we will 
fix conditions on it later). We chose 9 < 1 (close to 1) such that xq > 1 — s, 
and some small rj > whose value will depend on e. We consider (for j3 < 1), 
the system of size n = (without loss of generality, we can suppose it to 

be an integer) and h = s~ n = exp \ —z£m). One can check that the condition 



E [exp (9((3u 1 - log M((3) + h))] < 1 is fulfilled for (3 small enough. 
We define sets Vi for < i < n by 

Vj = {j £ {1, . . . , s n — 1} such that s l divides j and s J+1 does not divide j} (3.9) 

Note that \Vi\ = (s - l)^"- 1 ^. 

We slightly modify the measure P of the environment by shifting the value of cuj 

for j G Vi, i < n by 



V s 



/2 



Si and we call P the modified measure. Notice that h 



is small compared to any of the Si. The density of this measure is 

dP, , 



dP 



uj) = exp 



0<i<n-l j£V t 




(3.10) 



In order to estimate u n we use Holder inequality 

E[<] = E 









"/dP\ 1/(1 " 


E 




< ^E 






.dP 




V dpy 



E [R„\ 



(3.11) 



The first term is computed explicitly with the expression of the density and it is 
equal to 



E 



dP 
dP 



1/(1-9) 



exp 




exp 



Tf6(s - 1) 
2(1 -6)8 



(3.12) 



and we can choose 77 to be such that the right-hand side is less than 1 + e/2. 

Therefore in order to get an upper bound for u n we have to estimate E[_R n ]. To 
do this, we write down the recursion giving F; = E[i2^], for % < n — 1. We have 
f = 1 and 

ffexp [( s -l)(-f3S t + h)] + (b-l) 



i+1 



(3.13) 
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Let us look at the evolution of gi — 1 — r t > for i < n. We have 

9i+x = ~ [1 - (1 - 9iYew {{a - 1)(-/^ + ft))] 

f (3-14) 
= - [1 - (1 - + (1 " 9iY (1 " exp ((a - l)(-/% + *)))] . 

We can find C\ such that 1 — (1 — g) s > s(g — Cig 2 ) for all < g < 1. By choosing 
/? sufficiently small, the term in the exponential is small enough and h is negligible 
compared to j3Si so that when g^ < 2e 

(1 - g z ) s (1 - exp (( a - + &))) > ^. (3.15) 

Therefore, as long as gi <2e, we have 

ft+i > pgi - ) + (3.16) 

Lemma 3.4. J/e «s chosen small enough (not depending on (3), g n > 2e. 
Proof. Suppose that g n < 2e. Equation (|3. 14f) implies that 

9i>\[l- (1-^-01, Vz<n. (3.17) 

This is equivalent to 

gi-i < i - (i - &^) 1/s , (3.18) 

so that if gi < 2e and e is small enough, 

9i-i < s~ 1/4 gi. (3.19) 
Using the above equation inductively from % — n to k + 1, one gets 



< 2es (fc - n)/4 , Vfc < n. (3.20) 



9k 

We write = s^ - '^ 2 ^ = fSfi'i, note that g = 0. When gi < 2s, from (13.161) 
and the definition of g«, we have 

g<+i > - ci^i) + ^0^- ( 3 -21) 

Using the fact that < 2e for all k < n, and the above inequality for 1 < k < n — 1 
we get that 

^>^=li(l-c l9k ). (3.22) 

v fc=0 

Now to we use ( 13.201) to get that 

n— 1 n— 1 oo 

n a - c i^) > n ( x - ci2«( fc -^/ 4 ) > n ( x - ci2«- t/4 ) > 1/2, (3.23) 

k=0 k=0 i=l 

where the last inequality holds if e is chosen small enough. Hence 
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and from that we infer that g n > 2e if e < 1 / (86) . □ 

We just proved that r n < 1 — 2e. Using (13.111) . and the bound we have on (I3.12P 
we get 

u n < (1 - 2e) e (l + e/2) < 1 -e < x e . (3.25) 
The last inequality is just comes from our choice for 9, the second inequality is true 
if e is small, and 9 sufficiently close to one. The result follows from Lemma 13721 □ 

Proof of Proposition I3.1L general non-gaussian case. When the en- 
vironment is 

non-gaussian, one can generalize the preceding proof by making a tilt on the measure 
instead of a shift. This means that the change of measure becomes 

^M=exp(- E^ + lo g M (-^)V ( 3 - 26 ) 

\ 0<i<n-lj£Vi J 

Therefore the term giving the cost of the change of measure (cf. (13.111) ) is 



E 



dP 
dP 



V(i-*)' 



cxp 



< exp 




logM 



9 



s-ls 



n—i—l 



1-9 

rfs 1 
s n n 



Si 







exp 



logM(-$, 
1 



e 

V 2 9(s 



[l-9)s 
(3.27) 



Where the inequality is obtained by using that logM(/3) ~ /5 2 /2, so that for x 
small enough, logM(x) < x 2 . 

The second point where we have to look is the estimate of r n . In fact, the term 
exp((s — 1)(— j35i + h)) should be replaced by 

exp [(s - 1) (log M(/3 - St) - log M(f3) - logM(-^) + h)] . (3.28) 

Knowing the behavior of the convex function logM(-) near zero, it is not difficult 
to see that this is less than exp(— c§[35i + (s — l)h) for some constant cq, which is 
enough for the rest of the computations. □ 



CHAPTER 3 



Fractional moment bounds and disorder relevance for pinning 

models 

1. Introduction 

Pinning/wetting models with quenched disorder describe the random interaction 
between a directed polymer and a one-dimensional defect line. In absence of inter- 
action, a typical polymer configuration is given by {(n, S n )} n >o, where {S n } n >o is a 
Markov Chain on some state space £ (for instance, £ = Z d for (1 + <f)-dimensional 
directed polymers), and the initial condition So is some fixed element of £ which 
by convention we call 0. The defect line, on the other hand, is just {(n, 0)}„> . 
The polymer-line interaction is introduced as follows: each time S n = (i.e., the 
polymer touches the line at step n) the polymer gets an energy reward/penalty e n , 
which can be either positive or negative. In the situation we consider here, the e n 's 
are independent and identically distributed (IID) random variables, with positive or 
negative mean h and variance (3 2 > 0. 

Up to now, we have made no assumption on the Markov Chain. The physically 
most interesting case is the one where the distribution K(-) of the first return time, 
call it Ti, of S n to has a power-law tail: K{n) := P(ti = n) ps n~ a ~ 1 , with a > 0. 
This framework allows to cover various situations motivated by (bio)-physics: for 
instance, (1 + l)-dimensional wetting models [57]; S| (« = 1/2; in this case S n > 0, 
and the line represents an impenetrable wall), pinning of (l+<i)-dimensional directed 
polymers on a columnar defect (a = l/2ifd = l and a — d/2 — 1 if d > 2), and 



the Poland-Scheraga model of DNA denaturation (here, a ~ 1.15 84]). This is a 



very active field of research, and not only from the point of view of mathematical 



physics, see . e.g. [33j| and references therein. We refer to [62J, Ch. 1] and references 
therein for further discussion. 

The model undergoes a localization/delocalization phase transition: for any 
given value (3 of the disorder strength, if the average pinning intensity h exceeds 
some critical value h c {(5) then the polymer typically stays tightly close to the defect 
line and the free energy is positive. On the contrary, for h < h c ((3) the free energy 
vanishes and the polymer has only few contacts with the defect: entropic effects 
prevail. The annealed model, obtained by averaging the Boltzmann weight with 
respect to disorder, is exactly solvable, and near its critical point h^ nn {[3) one finds 



that the annealed free energy vanishes like (/i — /i° nn (/3)) max ^ 1,1 / Q ^ ) 55|. In particular, 
the annealed phase transition is first order for a > 1 and second order for a < 1, 
and it gets smoother and smoother as a approaches 0. 

A very natural and intriguing question is whether and how randomness affects 
critical properties. The scenario suggested by the so-called Harris criterion [77|| is 

83 
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the following: disorder should be irrelevant for a < 1/2, meaning that quenched 
critical point and critical exponents should coincide with the annealed ones if (3 is 
small enough, and relevant for a > 1/2: they should differ for every (3 > 0. In 
the marginal case a = 1/2, the Harris criterion gives no prediction and there is 
no general consensus on what to expect: renormalization- group considerations led 



Forgacs et al. [57J] topredict that disorder is irrelevant (see also the recent |59l |) 



while Derrida et al. [49J] concluded for marginal relevance: quenched and annealed 
critical points should differ for every (3 > 0, even if the difference is zero at every 
perturbative order in (3. 

The mathematical understanding of these questions witnessed remarkable progress 
recently, and we summarize here the state of the art (prior to the the present con- 
tribution). 

(1) A lot is now kno wn o n the irrelevant-disorder regime. In particular, it was 
proven in (see 110] for an alternative proof) that quenched and annealed 
critical points and critical exponents coincide for (3 small enough. Moreover, 



m 



7l| a small-disorder expansion of the free energy, worked out in [57 



was 



rigorously justified. 

(2) In the strong-disorder regime, for which the Harris criterion makes nopre- 



llll it 



diction, a few results were obtained recently. In particular, in 
was proven that for any given a > and, say, for Gaussian randomness, 
h c (/3) 7^ h^ nn (f3) for (3 large enough, and the asymptotic behavior of h c {(3) 
for (3 — > oo was computed. These results were obtained through upper 
bounds on fractional moments of the partition function. Let us mention 
by the way that the fractional moment method allowed also to compute 
exactly [11 1| the quenched critical point of a reduced wetting model (which 
somehow has a built-in strong-disorder limit); the same result was obtained 



m 



24j via a rigorous implementation of renormalization-group ideas. Frac- 
tional moment methods have proven to be useful also for other classes of 
disordered models @; i; i; H £j. 

(3) The relevant-disorder regime is only partly understood. In 69| it was proven 
that the free-energy critical exponent differs from the quenched one when- 
ever (3 > and a > 1/2. However, the arguments in (69| do not imply 
the critical point shift. Nonetheless, the critical point shift issue has been 
recently solved for a hierarchical version of the model, introduced i n [491 ] . 
The hierarchical model also depends on the parameter a, and in [64| it 
was shown that h c (l3) — h^ nn (/3) m j3 2a /( 2a - 1 ) for f3 small (upper and lower 
bounds of the same order are proven). 

(4) In the marginal case a = 1/2 it was proven in 0; llld ] that the difference 
h c (/3) — h^ nn {(3) vanishes faster than any power of /3, for j3 — > 0. Before 
discussing lower bounds on this difference, one has to be more precise on 
the tail behavior of K(n), the probability that the first return to zero of the 
Markov Chain {S n } n occurs at n: if K(n) = n~( 1+1 / 2 *> L(n) with L(-) slowly 
varying (say, a logarithm raised to a positive or negative power), then the 
two critical points coincide for (3 small if L(-) diverges sufficiently fast at 
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infinity so that 



£ 

71=1 



1 



nL(n) 2 



< oo. 



'1.11 



The case of the (1 + 1 
to the case where Li 



dimensional wetting model [49| corresponds however 
i behaves like a constant at infinity, and the result 
just mentioned does not apply. 

The case a = 1/2 is open also for the hierarchical model mentioned 
above. 

In the present work we prove that if a G (1/2, 1) or a > 1 then quenched and 
annealed critical points differ for every (3 > 0, and h c (/3) — h^ nn (f3) ps / g 2a /( 2a_1 ) for 
(3 \ (cf. Theorem 12.31 for a more precise statement). For the case a = 1, see the 
note added in proof at the end of this paper. In the case a = 1/2, while we do not 
prove that h c {(3) ^ h^ an {[3) in all cases in which condition (11.11) fails, we do prove 
such a result if the function L(-) vanishes sufficiently fast at infinity. Of course, 



h^ nn ((3) turns out to be exponentially small for (3 \ 0. 



Starting from next section, we will forget the full Markov structure of the poly- 
mer, and retain only the fact that the set of points of contact with the defect line, 
t '■= { n > : S n = 0}, is a renewal process under the law P of the Markov Chain. 



2. Model and main results 

Let r := {r , 7~i, . . .} be a renewal sequence started from r = and with inter- 
arrival law K(-), i.e., {Tj — Ti_i}i e N:={i,2,...} are IID integer- valued random variables 
with law P(tx = n) = K{n) for every n G N. We assume that XmeN-^( n ) = 1 (^ ne 
renewal is recurrent) and that there exists a > such that 



K{n) 



in 



n 



l+a 



(2.1) 



with L(-) a function that varies slowly at infinity, i.e., L : (0, oo) — > (0, oo) is 
measurable and such that L(rx) / L(x) 1 when x — * oo, for every r > 0. We refer 
to [3| for an extended treatment of slowly varying functions, recalling just that 
examples of L(x) include (log(l + x)) b , any 6 6 R, and any (positive, measurable) 
function admitting a positive limit at infinity (in this case we say that L(-) is trivial). 
Dwelling a bit more on nomenclature, x h- > x p L(x) is a regularly varying function 
of exponent p, so K(-) is just the restriction to the natural numbers of a regularly 
varying function of exponent —(1 + a). 

We let j3 > 0, h G M and uj := {uj n } n >i be a sequence of IID centered random 
variables with unit variance and finite exponential moments. The law of u is denoted 
by P and the corresponding expectation by E. 

For a, b G {0, 1, . . .} with a < b we let Z a ^ be the partition function for the 
system on the interval {a, a + l,...,b}, with zero boundary conditions at both 
endpoints: 



J a,b,Lj 



E ( gEn=a+l(^ 6l, i+' l ) 1 {n6r}l 



a G r 



(2.2) 
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where E denotes expectation with respect to the law P of the renewal. One may 
rewrite Z a j> %U3 more explicitly as 

Z a , b ,« = £ £ II - i^)e M+ ^-^ , (2.3) 

1=1 io=a<ii <...<ii=b j=l 

with the convention that Z aaA , = 1. Notice that, when writing n G r, we are 
interpreting r as a subset of N U {0} rather than as a sequence of random variables. 
We will write for simplicity Z^,w for Z 0} n^ (and in that case the conditioning on 
G r in (12.2ft is superfluous since To = 0). In absence of disorder (/3 = 0), it is 
convenient to use the notation 

Z N (h) := E {e h ^^l {NeT} ) = E (e^ 1 '"^^}) , (2-4) 

for the partition function. 

We mention that the recurrence assumption ^2 ne ?qK(n) = 1 entails no loss of 
generality, since one can always reduce to this situation via a redefinition of h (cf. 

0, ch. i]). 

As usual the quenched free energy is defined as 

F(/3,h)= lim ^\ogZ N ^. (2.5) 

N— >oo iv 



It is well known (cf. for instance [62], Ch. 4]) that the limit ( 12 .51) exists P( do>)- 
almost surely and in L X (P), and that it is almost-surely independent of uj. Another 
well-established fact is that F(fl,h) > 0, which immediately follows from Z N ^ > 
K(N) exp(j3uN + h). This allows to define, for a given (3 > 0, the critical point 

h c {(3) as 

h e {/3) := sup{/i G R : f(/5, h) = 0}. (2.6) 

It is well known that h > h c {(3) corresponds to the localized phase where typically 
r occupies a non-zero fraction of {1, . . . , A^} while, for h < h c ({3), r D {1, . . . , N} 
contains with large probability at most O (log AT) points 67|. We refer to [62|, Ch.s 
7 and 8] for further literature and discussion on this point. 

In analogy with the quenched free energy, the annealed free energy is defined by 
F ann (/9, h) := lim llogEZ^ = F(0,/i + logM(/3)), (2.7) 

N^oo iv 

with 

M(J3) :=E(e /3wi ). (2.8) 

We see therefore that the annealed free energy is just the free energy of the pur e 
model (J3 = 0) with a different value of h. The pure model is exactly solvable [551 ] . 
and we collect here a few facts we will need in the course of the paper. 



Theorem 2.1. [62 . Th. 2.1 J For the pure model h c (0) = 0. Moreover, there exists 
a slowly varying function L(-) such that for h > one has 

F (0,/i) = h 1/min{1 ' a) L(l/h). (2.9) 

In particular, 
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(1) if E(ti) = XlneN n K(n) < oo (for instance, if a > 1) then L(l/h) 

1/E(n). 

(2) t/a G (0, 1), i/ten L(l/h) = C a h^l a R a (h) where C a is an explicit constant 
and R a (-) is the function, unique up to asymptotic equivalence, that satisfies 

R a (b a L(l/b)) b. 

As a consequence of Theorem 12. II and (12.71) . the annealed critical point is simply 
given by 

h™ n ((3) := sup{h : F ann (p, h) = 0} = - log M((3). (2.10) 

Via Jensen's inequality one has immediately that F((3,h) < F ann ((3,h) and as a 
consequence h c ((3) > h^ nn (P), and the point of the present paper is to understand 
when this last inequality is strict. In this respect, let us recall that t he fo llowing is 
known: if a G (0, 1/2), then h c (/3) = h° nn ((3) for (3 small enough @; Qjlj. Also for 



a = 1/2 it has been shown that h c {j3) = h1 nn {(3) if L(-) diverges sufficiently fast (see 
below). Moreover, assuming that P(<x>i > t) > for every t > 0, one has th at fo r 



every a > and L(-) there exists /3 Q < oo such that /i c (/3) 7^ h^ nn (/3) for (3 > (3 Q [HI 



quenched and annealed critical points differ for strong disorder. The strategy we 
develop here addresses the complementary situations: a > 1/2 and small disorder 
(and also the case a = 1/2 as we shall see below). 

Our first result concerns the case a > 1: 

Theorem 2.2. Ze£ a > 1. There exists a > suc/i £/ia£ /or ewer?/ f3 < 1 

h c (P)-K nn (P)>aP 2 . (2.11) 
Moreover, h c (/3) > h^ nn ((3) for every (3 > 0. 

Since /i c (/3) < /i c (0) and h« nn ((3) /3 ~° -/5 2 /2, we conclude that the inequality 
(12. lift is, in a sense, of the optimal order in (3. Note that h c {(3) < h c (Q) is just a 
consequence of Jensen's inequality: 

E (e^=^ n+h ^^}l {NeT} ) 
Z N , U = Z N (h) V ' (2.12) 

E ^ e ^E„ =1 l{™ e r}l {JV6r} j 

E(l {wer} e*l^----">ll { „ er} ) ' 



> Z N (h)exp 



from which f(/3, h) > f(0, h) and therefore /i c (/3) < h c (0) immediately follows from 
IE (op = 0. This can be made sharper in the sense that from the explicit bound in 
[62j, Th. 5.2(1)] one directly extract also that h c {(3) < —b(3 2 for a suitable b G (0, 1/2) 
and every /3 < 1, so that —h c (f3)/[3 2 G (6, 1/2 — a). We recall also that the (strict) 
inequality h c {(3) < h c (0) has been established in great generality in 

In the case a G (1/2, 1) we have the following: 
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Theorem 2.3. Let a G (1/2, 1). For every e > there exists a(e) > such that 

h c (/3) - h a c nn ((3) > a(s) /5( 2 °/(2«-i))+ £; (2.13) 
for (3 < 1. Moreover, h c (/3) > h^ nn (f3) for every (3 > 0. 

To appreciate this result, recall that in 0; 1 1 1 ol | it was proven that 



h c (P) - h™ n ((3) < L(l//3)/3 2a/(2Q - 1} , (2.14) 

for some (rather explicit, cf. in particular 0) slowly varying function L(-). Notably, 
L(-) is trivial if L(-) is. The conclusion of Theorem 12.31 can actually be strengthened 
and we are able to replace the right-hand side of (12.131) with L(l/ P)P 2a ^ 2a ~^ with 
L(-) another slowly varying function, but on one hand L(-) does not match the 
bound in (12.141) and on the other hand it is rather clear that it reflects more a limit 
of our technique than the actual behavior of the model; therefore, we decided to 
present the simpler argument leading to the slightly weaker result (12.1 3[) . 

The case a = 1/2 is the most delicate, and whether quenched and annealed 
critic al po ints coincide or not crucially depends on the slowly varying function L(-). 
In 1 1 1 ] it was proven that, whenever 



' nL[n^ z 



n>l 

there exists (3q > such that h c (/3) = h^ nn (P) for (3 < j3o, and that when the same 
sum diverges then h c {[3) — h^ nn (P) is bounded above by some function of (3 which 
vanishes faster than any power for /3 \ 0. For instance, if L(-) is asymptotically 
constant then 

h c {{3)-K nn {{3) < Cl e- c ^\ (2.16) 

for j3 < 1. While we are not able to prove that quenched and annealed critical points 
differ as soon as condition (12.151) fails (in particular not when L(-) is asymptotically 
constant), our method can be pushed further to prove this if L(-) vanishes sufficiently 
fast at infinity: 

Theorem 2.4. Assume that for every n e N 

7,-3/2 

K{n) < c- -, (2.17) 

v ' ~ (logn)"' v ; 

for some c > and r\ > 1/2. Then for every < e < 7] — 1/2 there exists a(e) > 
such that 

h c ((3) - K nn W) > o(e) exp ( \—) . (2.18) 



Moreover, h c ((3) > h® nn (/3) for every f3 > 0. 
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2.1. Fractional moment method. In order to introduce our basic idea and, 
effectively, start the proof, we need some additional notation. We fix some k E N 
and we set for n e N 

h+/3w»_ (2.19) 



Then, the following identity holds for N > k: 

N k-l 



(2.20) 



n=k 



3=0 



This is simply obtained by decomposing the partition function (12. 2ft according to 
the value TV — n of the last point of r which does not exceed N — k (whence the 
condition < N — n < N — k in the sum), and to the value N — j of the first point 
of r to the right of N — k (so that N — k < N — j < N). It is important to notice 



that Z 



N-j,N,uj 



has the same law as Zj tW and that the three random variables Z 



Zjv-i and Z 



N-j,N,w 



are independent, provided that n > k and j < k. 



N -n N - k 



N-j 




J N-n,w 



K(n- j)z N -j Z N-j 



N 



Figure 1. The decomposition of the partition function is simply obtained by 
fixing a value of k and summing over the values of the last contact (or renewal 
epoch) before N — k and the first after N — k. In the drawing the two contacts 
are respectively N—n and N—j and arcs of course identify steps between successive 
contacts. 



Let < 7 < 1 and A N := E[(Z N ^}, with A := 1. Then, from (LCTD and using 
the elementary inequality 

( ai + ... + a n y <aj + ... + al, (2.21) 
which holds for Oj > 0, one deduces 

N k-l 

A N < E[zJ] A N - n K ( n ~ 3V A r (2-22) 



n=k 



j=0 



The basic principle is the following: 



Proposition 2.5. Fix (3 and h. If there exists fcGN and 7 < 1 such that 

00 k— 1 

p := E[*?] E K ^ n ~ 3V A i ^ ( 2 - 23 ) 

n=fc j=0 

then f(/3, h) = 0. Moreover if p < 1 t/iere exists C = C(p, 7, fc, > swc/j that 



A N < C{K{N))' 



(2.24) 



for every N . 
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Of course, in view of the results we want to prove, the main result of Propo- 
sition [2?5] is the first. The second one, namely (12.241) . is however of independent 
interest and may be used to obtain path estimates on the process (using for exam- 
ple the techniques in 67] and [fil, Ch. 8]). 

Proof of Proposition\ZB Let A := max{A , Ai, . . . , A k ^}. From (12T221) it follows 
that for every N > k 

A N < pmax{A , . . . , A N _ k }, (2.25) 

from which one sees by induction that, since p < 1, for every n one has A n < A. 
The statement f(J3, h) = follows then from Jensen's inequality: 

F(P,h)= lim -LE\og(Z N ^y< lim -±-]ogA N = 0. (2.26) 

iV^oo ivy n^oo ivy 

In order to prove ( 12.24ft we introduce 

Qt{n):= [n^^Hn-iYA,, it „>k, 

* V ; [0 if n = l,...k- 1. V ; 

Since p = ^n*?^ 77 -)' the assumption p < 1 tells us that Qk(-) is a sub-probability 
distribution and it becomes a probability distribution if we set, as we do, Qfc(oo) := 
1 — p. Therefore the renewal process r with inter-arrival law Qk(-) is terminating, 
that is t contains, almost surely, only a finite number of points. A particularity of 
terminating renewals with regularly varying inter-arrival distribution is the asymp- 
totic equivalence, up to a multiplicative factor, of inter-arrival distribution and mass 
renewal function (|62l. Th. A. 4]), namely 

u N N ~°° -^±—Q k (N), (2.28) 

where u N := P(N E r) and it satisfies the renewal equation u N = J2n=i u N-nQk( n ) 
for iV > 1 (and u — 1). Since Qk(n) = for n = 1, . . . , k — 1, for the same values of 
n we have u n = too. Therefore the renewal equation may be rewritten, for N > k, 
as 

JV-(fc-l) 

u N = u N . n Q k (n) + uoQk(N). (2.29) 

n=l 

Let us observe now that if we set A N '■— A N ^N>k then (12.22P implies that for 

N > k 

iV-(fc-l) k-l 

A N < Yl A N _ n Q k (n) + P k (N), with P k {N) : = J2 A (™)Qk{N-n), (2.30) 

n=l n=0 

and observe that Pk(N) < cQk(N), with c that depends on p, 7, k and K(-) (and 
on /i and (3, but these variables are kept fixed). Therefore 

N-(k-l) 

An < A N - n Qk(n) + cQ k (N), (2.31) 

n=l 
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for N > k. By comparing (ET291) and (I23TD . and by using (12T281) and Q fe (iV) 

K {NyE[zJ} ^Zq 1 A, , one directly obtains (12T24D . □ 

2.2. Disorder relevance: sketch of the proof. Let us consider for instance 
the case a > 1, which is technically less involved than the others, but still fully 
representative of our strategy. Take (/?, h) such that (3 is small and h = h^ nn (/3) + A, 
with A = aj3 2 . We are therefore considering the system inside the annealed localized 
phase, but close to the annealed critical point (at a distance A from it), and we want 
to show that f(/3, h) = 0. In view of Proposition 12.51 it is sufficient to show that 
p in ( 12.231) is sufficiently small, and we have the freedom to choose a suitable k. 
Specifically, we choose k to be of the order of the correlation length of the annealed 
system: k = 1/F ann ((3,h) = 1/f(0, A) « const. /{a/3 2 ), where the last estimate holds 
since the phase transition of the annealed system is first order for a > 1. Note that 
k diverges for j3 small. 

For the purpose of this informal discussion, assume that K(n) = 

C7l -(i+a) j i.e., 

the slowly varying function L(-) is constant. The sum over n is then immediately 
performed and (up to a multiplicative constant) one is left with estimating 

A 3 

2^ (£_ j)a+a) 7 -r ( 2 - 32 ) 

One can choose 7 < 1 such (1 + 0)7 — 1 > 1 and it is actually not difficult to 
show that snpj <k Aj is bounded by a constant uniformly in k. On one hand in fact 
Aj < [EZ JjaJ ] 7 = [Zj(A)] 7 , where the first step follows from Jensen's inequality and 
the second one from the definition of the model (recall (12.41) ). On the other hand 
for j < k, i.e., for j smaller than the correlation length of the annealed model, one 
has that the annealed partition function Zj(A) is bounded above by a constant, 
independently of how small A is, i.e., of how large the correlation length is. This 
just establishes that the quantity in (12.321) is bounded, so we need to go beyond 
and show that A, is small: this of course is not true unless j is large, but if we 
restrict the sum in (12.321) to j <C k what we obtain is small, since the denominator 
is approximately fc( 1 + a )T- 1 j that is k to a power larger than 1. 

In order to control the terms for which k — j is of order 1 a new ingredient is 
clearly needed, and we really have to estimate the fractional moment of the partition 
function without resortin g to Jensen's inequality. To this purpose, we apply an idea 
which was introduced in "01. Specifically, we change the law P of the disorder in 
such a way that under the new law, P, the system is delocalized and E(Zj )U) ) 7 is 
small. The change of measure corresponds to tilting negatively the law of < j, 
cf. ( 13. A. II) . so that the system is more delocalized than under P. The non-trivial 
fact is that with our choice A = a/3 2 and j < 1/f(0, A), one can guarantee on one 
hand that Zj jUi is typically small under P, and on the other that P and P are close 
(their mutual density is bounded, in a suitable sense), so that the same statement 
about Zj tU holds also under the original measure P. At this point, we have that all 
terms in ( 12.321) are small: actually, as we will see, the whole sum is as small as we 
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wish if we choose a small. The fact that f(/3, h) = then follows from Proposition 

m 

As we have mentioned above, the case a G [1/2, 1) is not much harder, at least 
on a conceptual level, but this time it is not sufficient to establish bounds on A, that 
do not depend on j: the exponent in the denominator of the summand in (12.321) is 
in any case smaller than 1 and one has to exploit the decay in j of Ay. with respect 
to the a > 1 case, here one can exploit the decay of P(j G r) as j grows, while such 
a quantity converges to a positive constant if a > 1. Once again the case of j ; <C k 
can be dealt with by direct annealed estimates, while when one gets close to A; a 
finer argument, direct generalization of the one used for the a > 1 case, is needed. 

3. The case a > 1 

In order to avoid repetitions let us establish that, in this and next sections, 
Ri,i = 1,2,... denote (large) constants, Li(-) are slowly varying functions and C; 
positive constants (not necessarily large). 

Proof of Theorem\23i Fix f3 > and let (3 < f3 , h = h™ n {(3) + a(3 2 and 7 < 1 
sufficiently close to 1 so that 

(l + a)7>2. (3.1) 

It is sufficient to show that the sum in (12.231) can be made arbitrarily small (for 
some suitable choice of k) by choosing a small, since E[^] can be bounded above 
by a constant independent of a (for a small) . 



We choose k = k(f3) = l/(a/5 2 ), so that j3 = 1/yafcp). In order to avoid a 
plethora of [-J , we will assume that k{0) is integer. Note that k(/3) is large if (3 or 
a are small. 

First of all note that, thanks to Eqs. (I3.A.21I ) and (13.A.24I) . the sum in the r.h.s. 
of (I2.23P is bounded above by 



2L, W ) - j)<i+*h-i 



(3.2) 



We split this sum as 

To estimate Si, note that by Jensen's inequality Aj < (EZj^) 1 < C\ with C\ a 
constant independent of j as long as j < k{(3). Indeed, from ( 12.21) and the definition 
of the annealed critical point one sees that (recall (12.41) ) 



Z j (a/5 2 ) = E(e^ 2 l^ 1 '-^l {jer} ), (3.4) 
and the last term is clearly smaller than e. Therefore, using again (13.A.21I) 



c ^ L 2 (Ri) . . 

^ ^ „(l+a) 7 -2 ' y 6 - b > 
R l 
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which can be made small with R± large in view of the choice (13.11) . As for 5*2, one 
has 

5*2 < C*2 max An. (3.6) 

k(P)-Ri<j<HP) 

We apply now Lemma f3-A.ll (note also the definition in ( 13.A.1I) ) with N — j and 
A = 1/ y/j so that we have 

A j < [E jtl/V1 (^)] 7 exp (c 7 /(l - 7 )) , (3.7) 

for < min(l, (1 — 7V7), that is for a sufficiently small, since we are in any 

case assuming j > k([3) — R±. 

We are therefore left with showing that Kj^/^q [Zj t J\ is small for the range of 
j's we are considering. For such an estimate it is convenient to recall ( 12.1 Oft and to 
observe that for any given values of (3, h and A and for any j 



E 



ex V (h-hrm 



M(/3 - A) 



M(/5)M(-A) 

In order to exploit such a formula let us observe that 



\m{i,...,j}\ 



(3.1 



M(P - A) 



exp 



dx / ^ dy — logM(t) 



M(/3)M(-A) 

which holds for < A < (3 < f3 and C 3 
is sufficiently small, for j < k([3) = l/(a[3 2 ) we have 



< e~ c ^\ (3.9) 

t=x+y 

min t6[ _ A)( g o] d 2 (logM(t))/dt 2 > 0. If a 



a/3 2 



VI " HP) 



< 



fa 



< 



As a consequence, 



max E i)1/vy (Z J> ) < e^^'^ 



exp 



2k(P)y/E' 
C 3 



(3.10) 



2^k((3) 



rn {!,..., k((3)}\ 



(3.11) 

The right-hand side in (13.111) can be made small by choosing a small (and this is 
uniform on (3 < (3q) because of 



lim limsupEfe-^ 1 ^ 1 '-^ 1 ) = 0, 



(3.12) 



that we are going to prove just below. Putting everything together, we have shown 
that both Si and S2 can be made small via a suitable choice of R\ and a, and the 
theorem is proven. 

To prove ( 13.121) . since the function under expectation is bounded by 1 it is 
sufficient to observe that 



1 N 

— ^ !{ner 



N^oo 



n=l 



> 0, 



(3.13) 



almost surely (with respect to P) by the classical Renewal Theorem (or by the strong 
law of large numbers). 

The claim h c (f3) > h a ™{fi) for every (3 follows from the arbitrariness of (3q. □ 
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4. The case 1/2 < a < 1 

Proof of Theorem 12.31 To make things clear, we fix now e > small and 

< 7 < 1 such that 

7 {(1 + a) + (1 - e 2 ) [1 - a + (e/2)(a - 1/2)]} > 2, (4.1) 

and 

7 [(1 + a) + (1 - e 2 )(l - a)] > 2 - e 2 . (4.2) 
Moreover we take (3 < (3q and 

h = h a ™{(3) + A := h™ n ([3) + af3^ {1+e) . (4.3) 

We notice that it is crucial that (a — 1/2) > for (14.11) to be satisfied. We will take 
e sufficiently small (so that (14. II) and (14.21) can occur) and then, once e and 7 are 
fixed, a also small. We set moreover 

m == ^ (4.4) 

and we notice that /c(/3) can be made large by choosing a small, uniformly for (3 < (3q. 
As in the previous section, we assume for ease of notation that k{(3) G N (and we 
write just k for k(0)). 

Our aim is to show that f(/3, h) = if a is chosen sufficiently small in ( 14.31) . 
We recall that, thanks to Proposition 12.51 the result is proven if we show that (13.21) 
is o(l) for k large. In order to estimate this sum, we need a couple of technical 
estimates which are proven at the end of this section (Lemma 14.21) and in Appendix 
[3X2] (Lemma gH). 

Lemma 4.1. Let a G (0, 1) . There exists a constant C4 such that for every < h < 

1 and every j < 1/f(0,/i) 

Z A h ) < -1 C r/.V ( 4 - 5 ) 

In view of Zj(h c (0)) = Zj(0) = P(j G r) and (13. A.8[ ) . this means that as long as 
j < 1/f(0, h) the partition function of the homogeneous model behaves essentially 
like in the (homogeneous) critical case. 

Lemma 4.2. There exists Eq > such that, if e < Eq (e being the same one which 
appears in (14.31) ), 

C 

%1/V^>] < jl-a+( e /2) (a -l/2) (4 - 6) 

for some constant C$ (depending on e but not on (3 or a), uniformly in < (3 < (3$ 
and in k <yl ~ e > < j < k. 

In order to bound above (13.211 . we split it as 

t> 3 + t> 4 .- 2^ (k _ 7 -Vl+«) 7 -l + 2^ ( k _ ? -)(l+a) 7 -l- l 4 "^ 
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For 5*3 we use simply A, < (KZj^) 1 = [Zj(A)] 7 and Lemma I4~T1 together with 
(I3.A.21I) and (13.A.24I) : 

° 3 - fc [(l+a) 7 -l] fc (l- e 2)((l-a) 7 -l) ' 

where I^-) can depend on e but not on a. The second condition (14.21) imposed on 
7 guarantees that S3 is arbitrarily small for k large, i.e., for a small. 

As for S4, we use Lemma I3.A. II with N = j and A = to estimate Aj (recall 



the definition in (|3.A.1(1 ). We get 



A j < [E,. 1/v7 (Z, > )] 7 exp( C7 /(l -7)), (4-9) 



provided that < min(l, — which is true for all j > k 1 e if a is small. 

Then, provided we have chosen e < Eq, Lemma [4.21 gives for every k^~ £ ' < j < k, 



C 6 

A 3 - j[l-a+( e /2)( a -l/2)] 7 - ( 4 ' 10 ) 

Note that C 6 is large for e small (since from (14.1l )- (14.2jl it is clear that 7 must be 
close to 1 for e small) but it is independent of a. As a consequence, using (13. A. 22( 1. 

n ^ a ^i( r ) ^ a LAk) 

S 4 < max Aj x > t— \ - < max Aj x - - 

~ fcd- 2 )<j<fc 3 r( 1 +«h" 1 - k a-e2)< j<k 3 fc(i+«)7-2 (4.11) 

< C 6 L 4 (k) fc2-(l+a)7-(l-£ 2 )[l-"+(£/2)(a-l/2)] 7 _ 

Then, the first condition (14.11) imposed on 7 guarantees that S 4 tends to zero when 
k tends to infinity. □ 

Proof of Lemma EOl Using (13.81 ) together with the observation ( 13.91 ). the defi- 
nition of A and of k = k{f3) in terms of f(0, A) (plus the behavior of f(0, A) for A 
small described in Theorem 12.11 (2)) one sees that for j < k{(3) 

%,i/v^>] < E (e- C ^ {1 -™ l { , er} ) , (4.12) 

uniformly for < (3 < Pq. If moreover j > k^ l ~ £ ^ one has 

JL > 9* > 9* u 13) 

- J l/2+( Q -l/2)(l+2 £ 2)/(i +e ) - ja-(e/2)(a-l/2) ' ^ LO ) 

with Cg independent of a for a small. The condition that e is small has been used, 
say, to neglect e 2 with respect to e. Going back to (14.12(1 and using Proposition 
!3.A.2l one has then 

with Cg depending on e but not on a. □ 
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5. The case a = 1/2 

Proof of Theorem \2.4[ The proof is not conceptually different from that of 
Theorem l2.3l but here we have to carefully keep track of the slowly varying functions, 
and we have to choose 7(< 1) as a function of k. Under our assumption (12. 17ft on 
L(-), it is easy to deduce from Theorem 12.11 (2) that (say, for < A < 1) 

f(0, A) = A 2 L(1/A) > C(c, rj) A 2 1 log A| 2 ". (5.1) 

We take (3 < /3 and 

h = h™ n ({J) + A := h™ n (p) + aexp (-/T 1/(,? - 1/2 - £) ) ? ( 5 2 ) 

and, as in last section, k = 1/f(0, A) = A _2 /L(l/A). We note also that (for a < 1) 

13 > |logA|- r ' +1 / 2+£ . (5.3) 

We set 7 = •y(k) = 1 — l/(log/c). As 7 is fc-dependent one cannot use ( 13.A.21I) 
and (13. A. 241) without care to pass from ( 12.231) to (13.21) . since one could in principle 
have 7-dependent (and therefore /c-dependent) constants in front. Therefore, our 
first aim will be to (partly) get rid of 7 in (I2.23P . We notice that for any j < k — 1, 
for k such that 'j(k) > 5/6, 

00 k 6 00 

J2 K ( n ~ JV < -^( n ) ex P [(3/2 log n — log L(n))/ log A;] + [ K i n )? /6 - 

n=k n=k—j n=fc 6 +l 

(5.4) 

Now, properties of slowly varying functions guarantee that the quantity in the ex- 
ponential in the first sum is bounded (uniformly in j and k). As for the second sum, 
(13. A. 211) guarantees it is smaller than k~ 6 ^ 5 for k large. Since by Lemma |4~T1 the Aj 
are bounded by a constant in the regime we are considering, when we reinsert this 
term in (|2.23l) and we sum over j < k we obtain a contribution which vanishes at 
least like k~ l / b for k — > 00 . We will therefore forget from now on the second sum 
in (EI). 

Therefore one has 



00 k—1 k—1 



P < C10 E E * (" " M < On E L (k-!$ > (5 - 5) 

n=k j=0 j=Q ^ J > 

where we have safely used (13. A. 211) to get the second expression and now 7 appears 
only (implicitly) in the fractional moment Aj but not in the constants Cj. 
Once again, it is convenient to split this sum into 

s 1 s ._ k ^ A jL (k-j) ^ A jL (k-j) 

3=0 y JJ j=(k/R 2 )+l y JJ 
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with R 2 a large constant. To bound S 5 we simply use Jensen inequality to estimate 
Aj. Lemma |4~T1 gives that for all j < k, 

where the second inequality comes from our choice 7 = 1 — l/(log/c). Knowing this, 
we can use (|3.A.21l) to compute S5 and get 

C u L(k(l - 1/R 2 )) 

Ss - 7m ■ (5 - 8) 

We see that S5 can be made small choosing R 2 large. It is important for the following 
to note that it is sufficient to choose R 2 large but independent of k\ in particular, 
for k large at R2 fixed the last factor in ( 15.81 ) approaches 1 by the property of slow 
variation of L(-). As for 56, 

S G < C15 max AiXy/kLik). (5.9) 

k/R 2 <j<k 

In order to estimate this maximum, we need to refine Lemma \4.2[ 

Lemma 5.1. There exists a constant C\q := C\q(R2) such that for 7=1 — l/(log k) 

and k/R 2 < j < k 

A s < C w (L(j)y/j (log 3)^ . (5.10) 
Given this, we obtain immediately 



S(y < Cl 7 (R 2 ) 



k^- 2£ 



(5.11) 



It is then clear that S& can be made arbitrarily small with k large, i.e., with a 
small. □ 

Proof of Lemma 1 5. 1 1 Once again, we use Lemma 15. A. II with N = j but this time 
A = (j log j)~ 1//2 . Recalling that 7 = 1 — l/(log/c) we obtain 

A J < [%(iiogi)-V 2 (^>)] 7 exp ^c^j , (5.12) 

for all j such that (j log j) 1 ^ 2 > log k. The latter condition is satisfied for all k/R 2 < 
j < k if k is large enough. Note that, since j > k/R 2 , the exponential factor in 
(I5.12p . is bounded by a constant Cis '■= Ci$(R 2 ). 

Furthermore, for j < k, Eqs. (13.81) . (13.91) combined give 

E ;,(;iogi)-v 2 [^>] < Zj (-C 19 /3(jlogjr 1/2 ) , (5-13) 

for some positive constant C19, provided a is small (here we have used (15.11) and the 
definition k = 1/f(0, A)). 

In view of j > k/R 2 , the definition of k in terms of (3 and assumption (12.171) . we 
see that 

P > C 20 {\ogj)^ +1 / 2+ ^ > ^iL(j)(logj) 1/2+£ , (5-14) 
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so that the r.h.s. of (15.131) is bounded above by 



7 21 ^4(io gJ ; 



< a 



-2: 



(5.15) 



where in the last inequality we used Lemma I3.A.21 The result is obtained by re- 

□ 



injecting this in (15.121) . and using the value of 7(fc). 



3. A. Frequently used bounds 

3.A.I. Bounding the partition function via tilting. For AgI and JVgN 
consider the probability measure Pjy a defined by 



dP 



AT, A , 



1 



iV 



dP 



M(-A) 



N 



cxp 



(3.A.1) 



where M(-) was defined in (12. 8K . Note that under Pjv,a the random variables are 
still independent but no more identically distributed: the law of LO^i < N is tilted 
while u)i,i > N are distributed exactly like under P. 



Lemma 3.A.I. There exists c > such that, for every N G N and 7 G (0, 1), 



E[(^) 7 ] < [Eat a (^)f exp ( c (73^) 
/or |A| < min(l, (1 - 7)/7). 
Proof. We have 



A 2 iV 



(3.A.2) 



E[(Z 



AT,< 



E 



AT, A 



dP 



JV,< 



dP;v,A 

< [Ejv,a (Zn^)} 1 I Ejv,A 



dP 



dP 



AT, A 



1/(1-7)' 



1-7 



(3.A.3) 



[Ea, a (^v, J] 7 (M(-A)fM (A 7 /(l - 7)) 1 " 7 ) 



A 



where in the second step we have used Holder inequality and the last step is a direct 
computation. The proof is complete once we observe that < logM(x) < cx 2 for 
\x\ < 1 if c is the maximum of the second derivative of (1/2) logM(-) over [—1,1]. 

□ 

3. A. 2. Estimates on the renewal process. With the notation (12.41) one has 



Proposition 3. A. 2. Let a G (0, 1) and r(-) be a function diverging at infinity and 
such that 

r(N)L(N) , . , 

lim v ; v ; = 0. 3.A.4 

jV^oo N a 



3.A. FREQUENTLY USED BOUNDS 



For the homogeneous pinning model, 



N a-1 



Z N (-N-°L(N)r(N)) "V £( ^ r(Af)3 - 



To prove this result we use: 



Proposition 3. A. 3. (\5n . Theorems A & Bj) Let a G (0, 1). There exists a function 
er(-) satisfying 

lim a(x) = 0, (3.A.6) 



x— >+oo 



and such that for all n,N G N 



P(r n = N) 



nK(N) 



<a(^L\, (3.A.7) 



a In] 



where a(-) is an asymptotic inverse of x i— > x a /L(x) 
Moreover, 



P„ eT) -^_. p.A.8) 

We observe that by 0, Th. 1.5.12] we have that a(-) is regularly varying of 
exponent l/a, in particular lim n ^oo a{n)/n b = if b > 1/a. We point out also that 
(I3.A.8I) has been first established for a G (1/2, 1) in 6l| . 



a sinfvra) \ A^ a 1 



Proof of Proposition I3.A.21 We put for simplicity of notation v(N) :-- 
N a /L(N). Decomposing Z N with respect to the cardinality of r n {1, . . . , N}, 



TV 

nr(N)/v(N) 



Z N (-r(N)/v(N)) = ^P(|rn{l,...,JV}|=n,iVer)e 

n=l 

N 



n=l 

n(iV) 



_ . r(N) x _ r(JV) 

= ^ P(r n = N)e~ n ^o + P(r n = N)e~ n ^o. 

n=l n=^L+l 

(3.A.9) 

Observe now that one can rewrite the first term in the last line of (13.A.9I) as 

v(N)/y/HN) 

(l + o(l))K(N) ne~ nr{N)/v{N \ (3.A.10) 

71=1 

and o(l) is a quantity which vanishes for N —> oo (this follows from Proposition 
I3.A.31 which applies uniformly over all terms of the sum in view of lim^ r(N) = oo). 
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Thanks to condition (I3.A.4I ). one can estimate this sum by an integral: 



v(N)/y/r(N) 



E 

n=l 



n e 



-nr(N)/v(N) 



r(NY 



(l + o(l)) 



dxxe~ 



r(NY 



(l + o(l)). 



As for the second sum in (I3.A.9I ). observing that ^ neN P(i~ra = N) = P(N G r), we 
can bound it above by 

P(iV G T)e~V^~). (3.A.11) 

In view of (|3.A.8l) . the last term is negligible with respect to iV Q_1 / \L(N) r(N) 2 ) 
and our result is proved. □ 

Proof of Lemma \J^T\ Recalling the notation (|2.4p . point (2) of Theorem 12.11 (see in 
particular the definition of L(-)) and (I3.A.8I) . we see that the result we are looking 
for follows if we can show that for every c > there exists C 2 3 = C 2 3(c) > such 
that 



E 



3 c|Tn{l,...,Af}|L(Af)/Af Q 



Net 



< ^23) 



(3.A.12) 



uniformly in N. Let us assume that N/4 G N; by Cauchy-Schwarz inequality the 
result follows if we can show that 



E 



D 2c\Tr\{l,...,N/2}\L{N)/N a 



N G 



< a 



21- 



(3.A.13) 



Let us define Xn '■= max{n = 0, l,...,A r /2 : n G r} (last renewal epoch up to 
N/2). By the renewal property we have 



E 



3 2c|m{l,...,JV/2}|Z,(jV)/JV Q 



N/2 



N G r 



n=0 



^ E e 2c|rn {1 ,... 



N/2]\L{N)/N° 



X N = n 



P (X N = n\N Gr) . (3.A.14) 



If we can show that for every n = 0, 1, . . . , N/2 

P (X N = n\ N G t) < C 25 P (X N = n) , (3.A.15) 

then we are reduced to proving (I3.A.13I) with E[-|iV G r] replaced by E[-]. 
Let us then observe that 
P (X N = n, N E r) = P(n G r)P (n > (iV/2) — n, N — n E r) 

N-n 

= P{n Er) P ( r i = J') p (N — n — j E t) . 

j=(N/2)-n+l 

(3.A.16) 

We are done if we can show that 

N—n oo 

E P(Ti=i)P(iV-n-jGr) < C 26 P(iVGT) ^ P(ri=j), 

j=(JV/2)-n+l j=(A r /2)-n+l 

(3.A.17) 
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because the mass renewal function P(N £ r) cancels when we consider the condi- 
tioned probability and, recovering P(n £ r) from (I3.A.16I) we rebuild P(Xn = n). 
We split the sum in the left-hand side of (I3.A.17I) in two terms. By using (I3.A.8I) 
(but just as upper bound) and the fact that the inter-arrival distribution is regularly 
varying we obtain 

N—n 

P(ri=j)P(iV-n-j£r) 

j=(3N/4)-n+l 

< c hn) v l - 

- 27 Ni+a fN-n-j + lV^LiN-n-j + l) 

j=(3N/4)-n+l K J ' V 

-c L{N) V 1 < C28 rs a i8i 

" < • (3-A.18) 

Since the right-hand side of (13.A.17I) is bounded below by 1/N times a suitable 
constant (of course if n is close to N/2 this quantity is sensibly larger) this first term 
of the splitting is under control. Now the other term: since the renewal function is 
regularly varying 

(3JV/4)-ti (37V/4)-n 

P(n=j)P(N-n-jeT)<C 29 -p(Ner) p ( r i=^), 

j=(N/2)-n+l j=(N/2)-n+l 

(3.A.19) 

that gives what we wanted. 

It remains to show that ( 13.A.13I ) holds without conditioning. For this we use the 

asymptotic estimate — logE[exp(— Ati)] A ~° c a X a L(l/ A), with c a = J °°r~ 1 " a (l — 
exp(— r)) dr = T(l — a) /a, and the Markov inequality to get that if x > 

P (\t n {1, . . . , N}\L(N)/N a > x) = P (r n < N) < exp (-^c a \ a L(l/ \)n + XN^j , 

(3.A.20) 

with n the integer part of xN a / L(N) and A £ (0, Ao) for some Ao > 0. If one chooses 
A = y/N, y a positive number, then for x > 1 and N sufficiently large (depending 
on Ao and y) we have that the quantity at the exponent in the right-most term in 
(I3.A.20I) is bounded above by —(c a /3)y a x + y. The proof is then complete if we 
select y such that (c a /3)y a > 2c (c appears in (I3.A.13I) ) since if X is a non-negative 
random variable and q is a real number E[exp(gX)] = 1 + q J °° e qx P(X > x) dx. 

3. A. 3. Some basic facts about slowly varying functions. We recall here 
some of the elementary properties of slowly varying functions which we repeatedly 



use, and we refer to 16] for a complete treatment of slow variation. 



The first two well-known facts are that, if U(-) is slowly varying at infinity, 

E M^ ff( ^, (3.A.21; 

Z-^/ r,m > m _ 1 ' ^ > 



m 

n>N 
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N , N 1 



ym^U(N)^, (3.A.22) 

n=l 



if m > 1 and 



if m < 1 (cf. for instance [62j, Sec. A. 4]). The second two facts are that (cf. [1 
Th. 1.5.3]) 

inf U{n)n m N ~°° U{N) N m , (3.A.23) 

n>N 

if m > 0, and 

sup U{n)n m N ~°° U{N) N m , (3.A.24) 

n>N 

if m < 0. 

□ 

Note added in proof. After this work has appeared in preprint form (larXiv:0712.2515l 
[math. PR]), the results have been improved [8||. It has been shown in particular that 
when L(-) is trivial, then e in Thereom l2.3l can be chosen equal to zero, with a(0) > 0. 
The case a = 1 is also treated in (§]. The method we have developed here may be 
adapted to deal with the a = 1 case too: this has been done in lfj, where a related 
model is treated. 



CHAPTER 4 



Marginal relevance of disorder for pinning models 

1. Introduction 

1.1. Wetting and pinning on a defect line in (1 + l)-dimensions. The 

intense activity aiming at understanding phenomena like wetting in two dimensions 



1] and pinning of polymers by a defect line 56] has led several people to focus on a 
class of simplified models based on random walks. In order to describe more realistic, 
spatially inhomogeneous situations, these models include disordered interactions. 
While a very substantial amount of work has been done, it is quite remarkable that 
some crucial issues are not only mathematically open (which is not surprising given 
the presence of disorder), but also controversial in the physics literature. 

Let us start by introducing the most basic, and most studied, model i n the clas s 



we consider (it is the case considered in [57|;l49|, but also in 



up to some inessential details, although the notations used by the various authors 
are quite different). Let S = {So, Si, . . .} be a simple symmetric random walk on Z, 
i.e., So = and {S n — S n -i} n ^ is an IID sequence (with law P) of random variables 
taking values ±1 with probability 1/2. It is better to take a directed walk viewpoint, 
that is to consider the process {(n, 5 , n )} n=0 ,i i .... This random walk is the free model 
and we want to understand the situation where the walk interacts with a substrate 
or with a defect line that provides disordered (e.g. random) rewards/penalties each 
time the walk hits it (see Fig. Q]). The walk may or may not be allowed to take 
negative values: we call pinning on a defect line the first case and wetting of a 
substrate the second one. It is by now well understood that these two cases are 
equivalent and we briefly discuss the wetting case only in the caption of Figure CD 
the general model we will consider covers both wetting and pinning cases. The 
interaction is introduced via the Hamiltonian 



N 



Hn^S) := - + h- logE(exp(M))) l {Sn =o } , {1.1) 



where iV G 2N is the system size, h (homogeneous pinning potential) is a real 
number, lu := {ooi, uj 2 , . . .} is a sequence of IID centered random variables with finite 
exponential moments (in this work, we will restrict to the Gaussian case), (3 > 
is the disorder strength and E denotes the average with respect to w. It will be 
soon clear what is the notational convenience in introducing the non-random term 
logE(exp(/5ci;i)) (which could be absorbed into h anyway). 
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u) n := (3u n + h - logEexp(/?u;^ 



LO\2 ^14 ^16 




Nn 

trajectory of the wetting model 
trajectory of the pinning model 



rof=0)?T 



-o— 

To 



-o— 

T 3 



O 



t 4 r 5 (= N/2) 



Figure 1. In the top a random walk trajectory, pinned at N, which is not allowed 
to enter the lower half-plane (the shadowed region should be regarded as a wall). 
The trajectory collects the charges oj n when it hits the wall. The question is 
whether the rewards/penalties collected pin the walk to the wall or not. The 
precise definition of the wetting model is obtained by multiplying the numerator 
in the right-hand side of (|1.2p by the indicator function of the event {Sj > 0, j = 
1, . . . , N} (and consequently modifying the partition function Z^ }U1 ). This model 
is actually equivalent to the model (|1.2p without a wall, whose trajectories (dashed 
line) can visit the lower half plane, provided that h is replaced by h — log 2 (see 
jil, Ch. 1]). The bottom part of the figure illustrates the simple but crucial point 
that the energy of the model depends only on the location of the points of contact 
between walk and wall (or defect line); such points form a renewal process, giving 
thus a natural generalized framework in which to tackle the problem. In order 
to circumvent the annoying periodicity two of the simple random walk we set 
t = and Tj+i := inf{n/2 > tj : S n = 0}. From the renewal process standpoint, 
introducing a wall just leads to a terminating renewal (see text). 



The Gibbs measure Pn,u for the pinning model is then defined as 



dP 



dP 



{S N =0} 



(1.2) 



and of course Z N)UJ := E[exp(— H N ^(S))l{s N =o}}, where E denotes expectation with 
respect to the simple random walk measure P. Note that we imposed the boundary 
condition Sn = = S (just to be consistent with the rest of the paper). It is well 
known that the model undergoes a localization/delocalization transition as h varies: 
if h is larger than a certain threshold value h c (j3) (quenched critical point) then, 
under the Gibbs measure, the system is localized: the contact fraction, defined as 



N 



E 1 

71=1 



{Sn=0} 



(1.3) 



tends to a positive limit for N — > oo. On the other hand, for h < h c {0) the system 
is delocalized, i.e., the limit is zero. 
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The result we just stated is true also in absence of disorder (/? = 0) and a 
remarkable fact for the homogeneous (i.e. non-disordered) model is that it is exactly 
solvable ([Kl; [62| and references therein). In particular, we know that h c (0) = 0, 
i.e., an arbitrarily small reward is necessary and sufficient for pinning, and that 
the free energy behaves quadratically close to criticality. If now we consider the 
annealed measure corresponding to (11.21) . that is the model in which one replaces 
both exp(— Hn,uj(S)) and Z^ )UJ by their averages with respect to o>, one readily 
realizes that the annealed model is a homogeneous model, and precisely the one we 
obtain by setting (3 = in ( 11.21) . Therefore one finds that the annealed critical point 
hc(/3) equals for every (3, and that the annealed free energy F a (/3, h) behaves, for 
h\0, like F a ((3, h) ~ const x h 2 , while it is zero for h < 0. 

Very natural questions are: does h c (/3) differ from h^{(3)l Are quenched and 
annealed critical exponents different? As we are going to explain, the first question 
finds contradictory answers in the literature, while no clear-cut statement can really 
be found about the second. Below we are going to argue that these two questions are 
intimately related, but first we make a short detour in order to define a more general 
class of models. It is in this more general context that the role of the disorder and 
the specificity of the simple random walk case can be best appreciated. 

1.2. Reduction to renewal-based models. As argued in the caption of Fig- 
ure [U the basic underlying process is the point process r : = {r , r l5 . . .}, which is a 
renewal process (that is {r n — r n _i} ng N is an IID sequence of integer-valued random 
variables). We set K{n) := P(ti = n). It is well known that, for the simple ran- 
dom walk case, ^ ngN K{n) = 1 (the walk is recurrent) and K{n) n ~°° 1/(v^47t?t, 3 / 2 ). 
This suggests the natural generalized framework of models based on discrete renewal 
processes such that 



K(n) < 1 and K(n) ™ -^f- (1.4) 



with Ck > and a > 0. We are of course employing the standard notation a n ~ b n 
for \\ma n /b n = 1. The case J2 n &N^^ n ) < ^ re f ers to transient (or terminating) 
renewals (of which the wetting case is an example), see also Remark 13.21 below. 
This framework includes for example the simple random walk in d > 3, for which 
^2 ne ^K(n) < 1 and a = (d/2) — 1, but it is of course much more general. We 
will come back with more details on this model, but let us just say now that the 
definition of the Gibbs measure is given in this case by (11.1I) - (11.2I) . with S replaced 
by r in the left-hand side and with the event {S n = 0} replaced by the event 
{there is j such that r,- = n}. 

1.3. Harris criterion and disorder relevance: the state of the art. The 

questions mentioned at the end of Section 11.11 are typical questions of disorder rel- 
evance, i.e., of stability of critical properties with respect to (weak) disorder. In 
renormalization group language, one is asking whether or not disorder drives the 
system towards a new fixed point. A heuristic tool which was devised to give an 



answer to such questions is the Harris criterion [T7Q , originally proposed for random 
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ferromagnetic Ising models. The Harris criterion states that disorder is relevant 
if the specific heat exponent of the pure system is positive, and irrelevant if it is 
negative. In case such critical exponent is zero (this is called a marginal case), the 
Harris criterion gives no prediction and a case-by-case delicate analysis is needed. 
Now, it turns out that the random pinning model described above is a marginal 
case, and from this point of view it is not surprising that the question of disorder 
relevance is not solved yet, even on heuristic grounds: in particular, the authors of 
13] (and then also fM : 0] and, very recently, [H^|) claimed that for small (3 the 



quenched critical point coincides with the annealed one (with our conventions, this 
means that both are zero), while in [H] it was concluded that they differ for every 
P > 0i and th at their difference is of order exp(— const/ (3 2 ) for (3 small (we mention 



108l : 1 1 09t ] which support this second possibility). Note that such a quantity is 



smaller than any power of (3, and therefore vanishes at all orders in weak-disorder 
perturbation theory (this is also typical of marginal cases). 

In an effort to reduce the problem to its core, beyond the difficulties connected 
to the random walk or renewal structure, a hierarchical pinning model, defined on 



a diamond lattice, was introduced in [49fl. In this case, the laws of the partition 



functions for the systems of size N and 2iV are linked by a simple recursion. The 
role of a is played here by a real parameter B G (1,2), which is related to the 
geometry of the hierarchical lattice. Also in this case, the Harris criterion predicts 
that disorder is relevant in a certain regime (here, B < B c := \/2) and irrelevant 
in another (B > B c ), while B = B c is the marginal case where the specific heat 
critical exponent of the pure model vanishes. Again, the authors of [49|| predicted 
that disorder is marginally relevant for B = B c , and that the difference between 
annealed and quenched critical point behaves like exp(— const/ (3 2 ) for (3 small (they 
gave also numerical evidence that the critical exponent is modified by disorder). 

Let us mention that hierarchical models based on diamond lattices have played 
an important role in elucidating the effect of disorder on various statistical mechanics 



models: we mention for instance 45 



The mathematical comprehension of the question of disorder relevance in pin ning 
models has witnessed remarkable progress lately. First of all, it was proven in [69j 
that an arbitrarily weak (but extensive) disorder changes the critical exponent if 
a > 1/2 (the analogous result for the hierarchica l mo del was proven in 93|). Results 
concerning the critical points came later: in 0; 1 1 1 cJ ] it was proven that if a < 1/2 
then h c {(3) = (and the quenched critical exponent coincides with the annealed 
one) for /3 sufficiently small (the analogous result for the hierarchical model was 
given in [64j). Finally, the fact that h c ((3) > for every (3 > (together with the 
correct small-/5 behavior) in the regime where the Harris criterion predicts disorder 
relevance was proven in (64| in the hierarchical set-up, and then in (461 : @| in the 
non-hierarchical one. One can therefore safely say that the comprehension of the 
relevance question is by now rather solid, except in the marginal case (of course some 
problems remain open, for instance the determination of the value of the quenched 
critical exponent in the relevant disorder regime, beyond the bounds proved in 69|). 



1. INTRODUCTION 



107 



1.4. Marginal relevance of disorder. In this work, we solve the question of 
disorder relevance for the marginal case a = 1/2 (or B = B c in the hierarchical situ- 
ation), showing that quenched and annealed critical points differ for every disorder 
strength (3 > 0. We also give a quantitative bound, h c (f3) > exp(— const/ (5 A ) for (3 
small, which is however presumably not optimal. The method we use is a non-trivial 
extension of the fractional moment - change of measure method which already al- 
lowed to prove disorder relevance for B < B c in [64] or for a > 1/2 in [46]. A few 



words about the evolution of this method may be useful to the reader. The idea of 
estimating non-integer moments of the partition function of disordered systems is 
not new: consider for instance [26j] in the context of directed polymers in random 
environment, or (H in the context of Anderson localization (in the latter case one 
deals with non-integer moments of the propagator). However, the po wer of non- 



integer moments in pinning/ wetting models was not appreciated until where 
it was employed to prove, among other facts, that quenched and annealed critical 
points differ for large /?, irrespective of the value of a G (0, oo). The new idea which 
was needed to treat the case of weak disorder (small /?) was instead introduced in 



64j; l46|, and it is a change-of-measure idea, coupled with an iteration procedure: 
one changes the law of the disorder u in such a way that the new and the old laws 
are very close in a certain sense, but under the new one it is easier to prove that 
the fractional moments of the partition function are small. In the relevant disorder 
regime, a > 1/2 or B < B c , it turns out that it is possible to choose the new law so 
that the u; n 's are still IID random variables, whose law is simply tilted with respect 
to the original one. This tilting procedure is bound to fail if applied for arbitrarily 
large volumes, but having such bounds for sufficiently large, but finite, system sizes 
is actually sufficient because of an iteration argument (which appears very cleanly 
in the hierarchical set-up). 

In order to deal with the marginal case we will instead introduce a long-range 
anti-correlation structure for the cu-variables. Such correlations are carefully chosen 
in order to reflect the structure of the two-point function of the annealed model 
and, in the non-h ierarchical case, they are restricted, via a coarse-graining procedure 
inspired by 112l |. only to suitable disorder pockets. 

We mention also that one of us [9(| proved recently that disorder is marginally 
relevant in a different version of the hierarchical pinning model. What simplifies the 
task in that case is that the Green function of the model is spatially inhomogeneous 
and one can take advantage of that by tilting the (^-distributions in a inhomoge- 
neous way (keeping the uj's independent). The Green function of the hierarchical 
model proposed in [49| is instead constant throughout the system and inhomoge- 
neous tilting does not seem to be of help (as it does not seem to be of help in the 
non-hierarchical case, since it does not match with the coarse graining procedure). 



The paper is organized as follows: the hierarchical (resp. non-hierarchical) pin- 
ning model is precisely defined in Section [2] (resp. in Section [3]), where we also state 
our result concerning marginal relevance of disorder. Such result is proven in Section 
[4] in the hierarchical case, and in Section [5] in the non-hierarchical one. 
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In order not to hide the novelty of the idea with technicalities, we restrict our- 
selves to Gaussian disorder and, in the case of the non-hierarchical model, we do not 
treat the natural generalization where K(-) is of the form K{n) = L(n)/n 3 ^ 2 with 
L(-) a slowly varying function [54|, VIII. 8]. We plan to come back to both issues in 
a forthcoming paper [66| . 



2. The hierarchical model 

Let 1 < B < 2. We study the following iteration which transforms a vector 
{R$} im G (R+) N into a new vector {R^he® G (M + ) N : 



for n G N U {0} and % G N. 

In particular, we are interested in the case in which the initial condition is random 
and given by R$ = e^ - ^ 2 l 2+h , with u := {cjj}j 6 N a sequence of IID standard 
Gaussian random variables and h G R, /3 > 0. We denote by P the law of u; and by 
E the corresponding average. In this case, it is immediate to realize that for every 
given n the random variables {R$} ie ® are IID. We will study the behavior for large 
n ofX n := R { n\ 

It is easy to see that the average of X n satisfies the iteration 

w _ , (EX n ) 2 + (B-l) , , 

E(X n+1 ) = ± L } (2.2) 

with initial condition E(X ) = e h . The map (|2.2p has two fixed points: a stable one, 
KX n = (5 — 1), and an unstable one, KX n = 1. This means that if < KX < 1 
then KX n tends to (B — 1) when n — * oo, while if EX > 1 then EX n tends to +oo. 



Remark 2.1. In [49| and [6J|, the model with B > 2 was considered. However, 
the cases B G (1,2) and B G (2, oo) are equivalent. Indeed, if R$ satisfies (12.11) 
with B > 2, it is immediate to see that W := I$/(B-i) satisfies the same 
iteration but with £? replaced by B := B/(B — 1) G (1,2). In this work, we prefer 
to work with B G (1, 2) because things turn out to be notationally simpler (e.g., the 
annealed critical point (defined in the next section) turns out to be rather than 



\og(B — 1)). In the following, whenever we refer to results from [6j| we give them 
for B G (1,2). 

2.1. Quenched and annealed free energy and critical point. The ran- 
dom variable X n is interpreted as the partition function of the hierarchical random 



pinning model on a diamond lattice of generation n (we refer to 49] for a clear 



discussion of this connection) . The quenched free energy is then defined as 



F(j3,h):= lim -ElogX n . (2.3) 

n— >oo Z 
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In [64], Th. 1.1] it was proven, among other facts, that for every (3 > 0, h £ M 
the limit (12.30 exists and it is non-negative. Moreover, f(/3, •) is convex and non- 
decreasing. On the other hand, the annealed free energy is by definition 

F a ((3,h) := lim 4 lo S E ^- (2.4) 

Since the initial condition of (12.11) was normalized so that EX = e h , it is easy to see 
that the annealed free energy is nothing but the free energy of the non-disordered 
model: 

F a (/3, h) = f(0, h). (2.5) 

Non-negativity of the free energy allows to define the quenched critical point in a 
natural way, as 

h c {(3) := inf{/i £ R : f(J3, h) > 0}, (2.6) 

and analogously one defines the annealed critical point h^{(3). In view of observation 
(12 .51) . one sees that h^{[3) = h c (0). Monotonicity and convexity of f(/3, •) imply that 
f(J3, h) = 0forh< hjj3). 

For the annealed system, the critical point and the critical behavior of the free 



energy around it are known (see |49|| or [64j, Th. 1.2]). What one finds is that for 



every B £ (1, 2) one has h c (0) = 0, and there exists c := c(£>) > such that for all 
< h < 1 

c(B)' 1 h 1 ^ a < f(0, h) < c(B)h 1/a , (2.7) 

where 

a:= M?M e( 0,l). ,2.8) 
log 2 

Observe that a is decreasing as a function of B, and equals 1/2 for B = B c := a/2- 

2.2. Disorder relevance or irrelevance. The main question we are interested 
in is whether quenched and annealed critical points differ, and if yes how does their 
difference behave for small disorder. Jensen's inequality, ElogX„ < logEX n , implies 
in particular that f(/3, h) < f(0, h) so that h c {[3) > h c (0) = 0. Is this inequality 
strict? 

In [64J a quite complete picture was given, except in the marginal case B = B c 
which was left open: 



Theorem 2.2. \6i, Th. 1.4] If 1 < B < B c , h c {(3) > for every (3 > and there 
exists C\ > such that for < (3 < 1 

If B = B c there exists c 2 > such that for < (3 < 1 

h c {(3) < exp(-c 2 //5 2 ). (2.10) 
If B c < B < 2 there exists /3q > such that h c (f3) = for every < (3 < (3$. 



The main result of the present work is that in the marginal case, the two critical 
points do differ for every disorder strength: 



110 



4. MARGINAL RELEVANCE OF DISORDER FOR PINNING MODELS 



Theorem 2.3. Let B = B c . For every < ft < oo there exists a constant < 
c 3 := C 3(A)) < 00 suc -h that for every < ft < fto 

h c {(3) >exp(-c 3 //3 4 ). (2.11) 

3. The non-hierarchical model 

We let t := {tq,Tx, . . .} be a renewal process of law P, with inter-arrival law 
K(-), i.e., t = and {t^ — Tj_i} ig N is a sequence of IID integer-valued random 
variables such that 

P(ti = n) =: K(n) n ~°° (3.1) 

with Cr- > and a > 0. We require that iT(-) is a probability on N, which amounts 
to assuming that the renewal process is recurrent. We require also that K{n) > 
for every nGN, but this is inessential and it is just meant to avoid making a certain 
number of remarks and small detours in the proofs to take care of this point. 

As in Section [2, u := {cui,u>2, ■ • •} denotes a sequence of IID standard Gaussian 
random variables. For a given system size N G N, coupling parameters h G M, ft > 
and a given disorder realization u the partition function of the model is defined by 



e E^ =1 (/3^n+^-/3 2 /2)<5n 5Ar 



(3.2) 



where 5 n := l{„ er }, while the quenched free energy is 



F(ft,h) := lim i-ElogZ^, (3.3) 
(we use the same notation as for the hierarchical model, since there is no risk of 



confusion). Like for the hierarchical model, the limit exists and is non-negative [62j, 
Ch. 4], and one defines the critical point h c (ft) for a given ft > exactly as in (12.61) . 
Again, one notices that the annealed free energy, i.e., the limit of (1/N) logEZjv^, 
is nothing but f(0, h), so that the annealed critical point is just h c (0). 

Remark 3.1. With respect to most of the literature, our definition of the model is 
different (but of course completely equivalent) in that usually the partition function 
is defined as in ( 13.21) with h — ft 2 /2 replaced simply by h. 

The annealed (or pure) model can be exactly solved and in particular it is well 
known [fil, Th. 2.1] that, if a ^ 1, there exists a positive constant Ck (which 
depends on K(-)) such that 

f(0,/i) h ~° C/ ^ max{1 ' 1/a) . (3.4) 

In the case a = 1, (13.41) has to be modified in that the right-hand side becomes 
<f)(l/h)h for some slowly- varying function </>(•) which vanishes at infinity [si, Th. 
2.1]. In particular, note that h c (0) = so that h c (ft) > by Jensen's inequality, 
exactly like for the hierarchical model. 

Remark 3.2. The assumption of recurrence for r, i.e., X^neN-^'( n ) = ^ ^ s by 110 
means a restriction. In fact, as it has been observed several times in the literature, if 
:= ^2 n& ^K(n) < 1 one can define K{n) := K(n)/HK, and of course the renewal 



3. THE NON-HIERARCHICAL MODEL 



111 



r with law P(ti — n) — K(n) is recurrent. Then, it is immediate to realize from 
definition (13.31) that 

F{f3,h) = F{(3,h + logE K ), (3.5) 
F being the free energy of the model defined as in (|3.2p - (l3.3l) but with P replaced 
by P. In particular, h^(P) = — logS^. This observation allows to apply Theorem 
13.51 below, for instance, to the case where r is the set of returns to the origin of 
a symmetric, finite-variance random walk on Z 3 (pinning of a directed polymer in 
dimension (3 + 1)): indeed, in this case (13.11) holds with a = 1/2. For more details 



on this issue we refer to [62|, Ch. 1] 



3.1. Relevance or irrelevance of disorder. Like for the hierarchical model, 
the question whether h c (/3) coincides or not with h c (0) for (3 small has been recently 
solved, except in the marginal case a = 1/2: 

Theorem 3.3. If < a < 1/2, there exists (3$ > such that h c ((3) = for every 
< f3 < (3 . If a = 1/2, there exists a constant c 4 > such that for f3 < 1 

h c (f3) < exp(-c 4 //5 2 ). (3.6) 

If a > 1/2, h c (/3) > for every (3 > and, if in addition a / 1, there exists a 
constant c$ > such that if [3 < 1 

C5/3 max(2 Q /(2a-l),2) < h ^ < c -l^max(2a/(2a-l),2) _ (3 ^ 

If a = 1 there exist a constant c 6 > and a slowly varying function ijj(-) vanishing 
at infinity such that for (3 < 1 

c 6 [3 2 ^(l/(3) < h c {(3) < c^^l/P). (3.8) 

The results for a < 1/2 together with t he c ritical point upper bounds for a > 
1/2, have been proven in [q], and then in |lld |: the lower bounds on the critical 
point for a > 1/2 have been proven in [ifl] (the result in |j46| is slightly weaker than 
what we state here and the case a = 1 was not treated) and then in (with the 
full result cited here). 

The case a = has also been considered, but in that case (13.11) has to be replaced 
by K{n) = L(n)/n, with L(-) a function varying slowly at infinity and such that 
J2neN K(n) = 1. For instance, this corresponds to the case where r is the set of 
returns to the origin of a symmetric random walk on Z 2 . In this case, it has been 
shown in jl] that quenched and annealed critical points coincide for every value of 
(3 > 0. 



Remark 3.4. Let us recall also that it is proven in 69] that, for every a > 0, we 
have 

HP,h) < ^(h-h c (P)f, (3.9) 

for all (3 > 0, h > h c (f3): this means that when a > 1/2 disorder is relevant also in 
the sense that it changes the free-energy critical exponent (cf. ( 13 Ah ). The analogous 
result for the hierarchical model, with (1 + a) replaced by some constant c(B) in 



( 13.91) , is proven in [93J . 
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In the present work we prove the following: 



Theorem 3.5. Assume that (13.1ft holds with a = 1/2. For every (3q > there exists 
a constant < Cj := c^fio) < oo such that for (3 < (3q 



h c (J3) > e"^ 4 . 



(3.10) 



4. Marginal relevance of disorder: the hierarchical case 

4.1. Preliminaries: a Galton- Watson representation for X n . One can 

give an expression for X n which is analogous to that of the partition function (13.21) 
of the non-hierarchical model, and which is more practical for our purposes. This 
involves a Galton- Watson tree [78|| describing the successive offsprings of one indi- 
vidual. The offspring distribution concentrates on (with probability (B — l)/B) 
and on 2 (with probability l/B). So, at a given generation, each individual that 
is present has either no descendant or two descendants, and this independently of 
any other individual of the generation. This branching procedure directly maps to 
a random tree (see Figure [2j) : the law of such a branching process up to generation 
n (the first individual is at generation 0) or, analogously, the law of the random tree 
from the root (level n) up to the leaves (level 0), is denoted by P n . The individ- 
uals that are present at the n th generation are a random subset lZ n of {1, . . . , 2 n }. 
We set Sj := ljsn n - Note that the mean offspring size is 2/B > 1, so that the 
Galton- Watson process is supercritical. 

The following procedure on the standard binary graph of depth n+1 (again, 
the root is at level n and the leaves, numbered from 1 to 2 n , at level 0) is going to 
be of help too. Given X C {1, . . . , 2 n }, let 7^ be the subtree obtained from by 
deleting all edges except those which lead from leaves j G X to the root. Note that, 
with the offspring distribution we consider, in general Xj is not a realization of the 
n-generation Galton- Watson tree (some individuals may have just one descendant 
in Tj n \ see Figure EJ). 

Let v(n,X) be the number of nodes in 7% 
not counted as nodes, while the root is. 



(n) 



with the convention that leaves are 



Proposition 4.1. For every n > we have 



Xn 



For every n > and X C {1, . . . , 2 n }, one has 



E, 



(4.1) 



(4.2) 



In particular, E n [5j] = B n for every i = l,...,2 n , i.e., the Green function is 
constant throughout the system. 
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Figure 2. The thick solid lines in the figure form the tree Tu g 13}) which is 
a subtree of the binary tree T^> (n = 4). Note that 13 \ is not a possible 
realization of the Galton-Watson tree, while it becomes so if we complete it by 
adding the thin solid lines. At level there are the leaves; the nodes of T^' g 13 j are 

marked by dots. Tj 4 4 ' 6 13 , contains v(4, {4, 6, 13}) = 9 nodes. In terms of Galton- 
Watson offsprings, for the (completed) trajectory above IZ4 = {3,4,5,6,13,14}. 
Moreover, computing the average in l|4.2p means computing the probability that 
the realization of the Galton-Watson tree contains T^ n ' as a subset: but this simply 

means requiring that the individuals at the nodes of Tj have two children and 
the expression (|4.2p becomes clear. 



Proof of Proposition 14.11 The right-hand side in fliHl for n = is equal to 
exp(/i — /3 2 /2 + (3uJi). Moreover, at the {n + l) th generation the branching process 
either contains only the initial individual (with probability (B — 1)/B) or the initial 
individual has two children, which we may look at as initial individuals of two 
independent Galton-Watson trees containing n new generations. We therefore have 
that the basic recursion (12.11) is satisfied. 

The second fact, (I4.2H . is a direct consequence of the definitions (see also the 
caption of Figure [2]). □ 

Remark 4.2. The representation we have introduced in this section shows in par- 
ticular that KX n is just the generating function of \TZ n \ and the free energy f(0, h) 
is therefore a natural quantity for the Galton-Watson process: and in fact 1/a (a 
given in (12.81) ) appears in the original works on branching processes by T. E. Harris 
(of course not to be confused with A. B. Harris, who proposed the disorder relevance 
criterion on which we are focusing in this work). 

4.2. The proof of Theorem [2. 3L While the discussion of the previous section 
is valid for every B G (1,2), now we have to assume B = B c = y/2. However some of 
the steps are still valid in general and we are going to replace B with B c only when 
it is really needed. The proof is split into three subsections: the first introduces the 
fractional moment method and reduces the statement we want to prove, which is a 
statement on the limit n — > 00 behavior of X n , to finite-n estimates. The estimates 
are provided in the second and third subsection. 
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4.2.1. The fractional moment method. Let Un denote the quantity [B$ — (B — 
1)]+ where [x] + = max(i, 0). Using the inequality 

[rs + r + s] + < [r] + [s} + + [r}+ + [s} + , (4.3) 

which holds whenever r, s > — 1, it is easy to check that (12.11) implies 

(E/f-^ + E/^XB-l) 



jrii) < 
u n+l — 



TT {2i-l) T j{2i) 



B 



Given < 7 < 1, we define A n := E([X n - (B - 1)] J + ] 
using the fractional inequality 

which holds whenever Oj > 0, we derive 

^ + 2(B - \yA n 



A n+ i < 



B~< 



(4.4) 

From (14. 4p above and by 
(4.5) 

(4.6) 



One readily sees now that, if there exists some integer k such that 

A k < B~< - 2{B - 1)\ (4.7) 

then A n tends to zero as n tends to infinity (this statement is easily obtain by 
studying the fixed points of the function x 1— > (x 2 + 2(B — I) 1 x) / B 1 ) . On the other 
hand, 

E [XI] < E {[X n -{B- 1)] + + (5 - l)) 7 < (S - l) 7 + A n , (4.8) 
and therefore (|4.7p implies that f(/3, h) — since, by Jensen inequality, we have 



— ElogX n < — logE[X 7 ] 
2« on — 2™7 



(4.9) 



Note that, to establish f(/5, /i) = 0, it suffices to prove that limsup n 2~ n logA n < 0, 
hence our approach yields a substantially stronger piece of information, i.e. that the 
fractional moment A n does go to zero. 

In order to find a k such that ( 14 .71) holds we introduce a new probability measure 
P (which is going to depend on k) such that P and P are equivalent, that is mutually 
absolutely continuous. By Holder's inequality applied for p = I/7 and q = 1/(1—7) 
we have 

1-7 



E 



dP 
dP 



< E 



dP \ ^ 

dP. 



E[[X k -(B-l)} + ) 



and a sufficient condition for (14.71) is therefore that 



E[[X k -(B-l)} + ] < E 



/ dP'\ 
VdP. 



(5 7 - 2{B - 1)' 



(4.10) 



(4.11) 



Let x^ be obtained applying n times the annealed iteration x 1— > (x 2 + (B — 1))/B 



to the initial condition x 



(0) 



0. One has that x^ 1 approaches monotonically the 
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stable fixed point (B — 1). Since the coefficients in the iteration (12.11) are positive, 

(0) n ^°° 

one has for every h, p, u that X n >x ( n' / B-l (this is a deterministic bound) 
and therefore, for any given £ > 0, one can find an integer such that if n > 
we have 

c 



E [[X n -(B- 1)] + ] < E [X n - (5 - 1)] + 



4 



(4.12) 



Moreover, since (I? 7 — 2(5 — l) 7 ) 7 — (2 — B) ~ — cg(l — 7) for some cb > 0, one 
can find 7 = 7£such that (5 7 - 2(B - I) 7 ) 7 > 2-B-C/4. At this point, if 7 = 7 C , 
k > and if P is such that 

l-i 

c 



E 



dP 
dP 



1-7 



> 1 



4' 



(4.13) 



(recall that P depends on k) and E[X k ] < l-( then ( 14. lip is satisfied and f(/3, /i) = 0. 
We sum up what we have obtained: 

Lemma 4.3. Let £ > anc? choose j(= 7^) and as above. If there exists k > 
and a probability measure P (such that P and P are equivalent probabilities) such 
that 



E 



/dP 
V dP 



1-7 



> 1 - 



and 



nx k ] < 1 - c, 

then the free energy is equal to zero. 



(4.14) 



(4.15) 



4.2.2. The change of measure. In order to use wisely the result of the previous 
section, we have to find a measure E := E n on the environment which is, in a sense, 
close to E (cf. (14.14p ). and that lowers significantly the expectation of X n . In 
we introduced the idea of changing the mean of the u- variables, while keeping their 
IID character. This strategy was enough to prove disorder relevance for B < B c , 
but it is not effective in the marginal case B = B c we are considering here. Here, 
instead, we choose to introduce weak, long range negative correlations between the 
different uJi without changing the laws of the 1-dimensional marginals. As it will be 
clear, the covariance structure we choose reflects the hierarchical structure of the 
model we are considering. 

In the sequel we take h > h c (0) = 0. 

We define P„ by stipulating that the variables Ui, i > 2", are still IID standard 
Gaussian independent of Ui, . . . , LO2*., while lo\, . . . , cj 2 n are Gaussian, centered, and 
with covariance matrix 

C:=I-eV, (4.16) 
where / is the 2 n x 2 n identity matrix, e > and V is a symmetric 2 n x 2 n matrix with 
zero diagonal terms and with positive off-diagonal terms (e and V will be specified 
in a moment). 
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The choice Vu = implies of course Trace(V) = 0, and we are also going to 
impose that the Hilbert-Schmidt norm of V verifies ||V|| 2 := Ylij Vjfj = Trace(V 2 ) = 

1. This in particular implies that C is positive definite (so that P n exists!) as soon 
as e < 1: this is because ||V||, being a matrix norm, dominates the spectral radius 
of V. 

Now, still without choosing V explicitly, we compute a lower bound for the 
left-hand side of (14.141) . The mutual density of P n and P is 



dP n 

dP 



-1/2{{C- 1 -I)lo,lu) 



VdetC 



(4.17) 



with the notation (Av,v) := X)i<j ) j<2» ■^ij v i v ji an d therefore a straightforward 
Gaussian computation gives 



E 



/ dP 
VdP n 



7/(l- 7 )' 



1-1/7 



(det[/-(e/(l-7))y])( 1 -T f )/( 2 ^ 
(det C)V(27) 



(4.18) 



If we want to prove a lower bound of the type 1 )4.141) . a necessary condition is of 
course that the numerator in (14.181) is positive: this is ensured by requiring e < 1 — 7. 
For the next computation we are going to require also that ej (1 — 7) < 1/2: we are 
going in fact to use that log(l + x) > x — x 2 if x > —1/2, and TvaceiV) = to 
obtain that 



det [I - (e/(l - i))V\ = exp (Trace(log(J - (e/(l - 7))^))) 



> 



exp 



7 )i 



V\Y , (4.19) 



while log(l + x) < x and the traceless character of V directly imply detC < 1 so 
that finally 



E 



dP 

dP„ 



7/(1-7) 



1-1/7 



> 



exp 



27(1-7); ' 



(4.20) 



Next, we estimate the expected value of X n under the modified measure: from 
( 14.11) we see that 



E n X n 



E, 
E, 



; (M/3 2 /2)) £-=i s t g e Ei=i P"i s i 



- £ (/3 2 /2)(V5,5)+E? = i hSi 



< e 



2 n h 



E, 



-e(/3 2 /2)(VS,5) 



(4.21) 



Finally we choose V. From (14.211) . it is not hard to guess that the most convenient 
choice, subject to the constraint ||^|| 2 = 1, is 



i<*^i<2 n 



(4.22) 
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for i 7^ j, while we recall that Va = 0. The normalization in (14.221) can be computed 
with the help of Proposition l4.lt 



Y (E„[^]) 2 = 2" (E„[M,]) 2 = 2" 



ia— 1 



R 2(n+(o-l)) 

l<*7^i<2™ Kj'<2 n l<a<n. -° c 



(4.23) 



In the second equality, we used the fact that there are 2 a_1 values of 1 < j < 2 n such 
that the two branches of the tree Xnjx join at level a (cf. the notations of Section 
I4.ip . and such tree contains n + a — 1 nodes. 

As a side remark, note that if B c < B < 2 (irrelevant disorder regime) the left- 
hand side of (14.231) instead goes to zero with n, while for 1 < B < B c (relevant 
disorder regime) it diverges exponentially with n. 

So, in the end, our choice for V is: 



Vi 



'j 



E n [5 i 5 i ]/ v / ri if 

if i = j. 



(4.24) 



4.2.3. Checking the conditions of Lemma \4-3[ To conclude the proof of Theorem 
12.31 we have to show that if (3 < (3q and h < exp(— C3//3 4 ) (and provided that 
C3 = 03(^0) is chosen large enough) the conditions of Lemma l4~3l are satisfied. The 
main point is therefore to estimate the expectation of X n under P n . 

Recalling that (cf. (I4T2T1) ) 



E n X n < E r 



-(/3 2 /2)e£i 



Oidj J — 



we define 



Y n := Y S & 



E n [5i5j 



71 



(4.25) 



(4.26) 



Thanks to (14.231) . we know that Fj n (Y n ) = 1, so that the Paley-Zygmund inequality 

gives 



Pn {Y n > 1/2) = P n {Y n > (l/2)E n (Y n )) > 



(E ra (F n )) 2 _ 1 
4E„K) 4E„(F n 2)- 



(4.27) 



We need therefore the following estimate, which will be proved at the end of the 
section: 



Lemma 4.4. We have: 

(1 <) K :=supE n [F n 2 ] < 00. 

n 

Together with (14.270 this implies 



Pn[Y n > 1/2] > 



4/C : 



(4.28) 



(4.29) 
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so that, for all n > 0, 



E r 



-(/^Ei<^< 2 «^^§^ 



■/n£*£ V 



E, 



< l-^( 1-4/Cexp 



(4.30) 



We fix C : = l/(40/C) and we choose 7 — 7^ (cf. Lemma 14731 and £ in (14. 161) small 
enough so that (cf. (14.201) ) 



E 



dP 
dP„ 



7/(1-7)' 



1-1/7 



> exp 



,>!-£. 

27(1-7 y- 4 



Then one can check with the help of (14.301) that for n > bOK/ (f3 A s 2 ^ 



E, 



We choose n = rip in 



-(/3 2 /2) £ Ei<^< 2 n Wi^g^ 



< 1 - 3C 



(4.31) 



(4.32) 



50/C 50/C + x J and h = ^ 2 -n j f £ hag been chosen small 



/3 4 e 2 ' /3 4 e : 

enough above (how small, depending only on (3q), this guarantees that n > n^, 
where was defined just before Lemma [4731 Injecting (|4.32l) in (14.251) finally gives 

E[X n ] < (1 - 3C)e c < 1 - C- (4.33) 

The two conditions of Lemma [4.31 are therefore verified, which ensures that the 
free energy is zero for this value of h. In conclusion, for every {3 < (3q we have proven 
that 

1 / 50/C log 2 



K(f3) > (2- n ? > 



exp 



(4.34) 
□ 



80/C ~" r V /? 4 £ 2 

for some £ = e(/5o) sufficiently small but independent of (3. 
Proof of Lemma 14.41 We have 

E n (F n 2 ) = ^ Yl E re ^^]E n [4^]E re [5^^ fe ^]. (4.35) 

l<i^i<2' 1 l<fc^«<2" 

We will consider only the contribution coming from the terms such that i k,l and 
j 7^ k, I. The remaining terms can be treated similarly and their global contribution 
is easily seen to be exponentially small in n. (For instance, when i = k and j = I 
one gets 

\ V E n [<^] 3 < -E n {Y n ) max E„[^], (4.36) 

i<^i<2™ 

which is exponentially small in n, in view of Theorem 14.11 ) 

From now on, therefore, we assume that i,j,k,l are all distinct. Two cases can 
occur: 

(1) the tree 7^™- fe n (it is better to view it here has the backbone tree, not as 
the Galton- Watson tree, see Figure W) has two branches, which themselves 
bifurcate into two sub-branches, cf. Fig. [3](a) for an example. We call 
c the level at which the first bifurcation occurs (c = n in the example of 



n- 
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Figure 3. The two different possible topologies of the tree 7j>"j k „. Case (b) is 
understood to include also the trees where the branch which does not bifurcate 
is the one on the left, or where the sub-branch which bifurcates is the right de- 
scendent of the node v. We consider only trees where the four leaves are distinct, 
since the remaining ones give a contribution to E„(Y^) which vanishes for n — ► oo. 



Fig. E](a)), and a, b the levels at which the two branches bifurcate. One has 
clearly 1 < a < c < n and 1 < b < c < n. All trees of this form can be 
obtained as follows: first choose a leaf fa, between 1 and 2 n . Then choose 
fa among the 2 a ~ 1 possible ones which join with fx at level a, fa among the 
2 C_1 which join with fx at level c and finally f± among the 2 b ~ 1 which join 
with f% at level b. Clearly we are over-counting the trees (note for example 
that already in the choice of fx and fa we are over-counting by a factor 2), 
but we are only after an upper bound for E n (Y^) (the same remark applies 
to case (2) below). We still have to specify how to identify (fx, fa, fa, fa) 
with a permutation of k, I). When (fx, f2, fz, fi) = (i,j, k, I) we get the 
following contribution to (14.351) : 

I nn+a+b+c— 3 

— V" - (4 37) 

n 2 L^i /-^ fin+a+b+c-3 Jjn+a-l Jjn+b-l ' V • / 

l<a<c<n l<b<c<n c c c 

where we used Theorem 14. II to write, e.g., Ei n [5i5j] = B~ n ~ a+1 . Since B c = 
\/2 we can rewrite ( 14.371) as 

-L- 2 J2 (c-l) 2 2-^ 2 , (4.38) 

* Kc<n 

which is clearly bounded as n grows. 

If instead (fx, fc, h, fa) = (i,k,j,l) or (fx, f 2 , fs, fa) = (i,k,l,j), one 
gets 

^ Qn+a+b+c— 3 

^2 J^n+a+b+c-3 £>n+c-l gn+c-l ' (4.39) 

l<a<c<n l<b<c<n c c c 

which is easily seen to be 0(l/n 2 ). 

All the other permutations of (i,j, k, I) give a contribution which equals, 
by symmetry, one of the three we just considered. 
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(2) the tree n has two branches: one of them does not bifurcate, the other 
one bifurcates into two sub-branches, one of which bifurcates into two sub- 
sub-branches, cf. Figure [3](b). Let 01,02,03 be the levels where the three 
bifurcations occur, ordered so that 1 < a 4 < a 2 < a 3 < n. This time, we 
choose fi between 1 and 2 n and then, for i = 1,2,3, fi + i among the 2 ai_1 
leaves which join with f\ at level a^. If (fi, f 2 , j'3, f±) = k, I) one has in 
this case 

^ 2 n + a l+ Q 2+ a 3~ 3 

n 2 ^ ; gn+ai +02+03— 3^n+ai — l^n+03 — 1 

I<ai<a2<a3<n c c c 

^_ E 2 -<»-«,/, (4 . 40) 

I<ai<a2<a3<n 

which is 0{l/n). Finally, when (f\, fz, h, fi) is equal to (i,k,j,l) or to 
(2, /c, /, j) one gets 

^ 2 n + a l+ a 2+ a 3-3 

^2 ^ ; ^n+ai+a2+a3— 3 jz>n+a2-l j^n+a,3~l 

I<ai<a2<a3<n c c c 

^_ E (4 . 41) 

I<ai<a2<a3<n 

which is 0(l/n 2 ). 

□ 

5. Marginal relevance of disorder: the non-hierarchical case 

Here we prove Theorem 13.51 and therefore we assume that ( 13. 1R holds with a = 
1/2. 

We choose and fix once and for all a 7 G (2/3, 1) and set for h > 

1 



k(h) :-- 



(5.1) 



Remark 5.1. In 4f| the choice k{h) = |1/f(0, h)\ was made and it corresponds to 
choosing k{h) equal to the correlation length of the annealed system. In our case 

1/f(0,/i) ~ l/(c K h 2 ) (cf. (E3D) and therefore (EE]) may look surprising. However, 
there is nothing particularly deep behind: for a = 1/2, due to the fact that we have 
to prove derealization for h < exp(— c 7 //3 4 ), choosing k{h) that diverges for small 
h like 1/h instead of 1/h 2 just leads to choosing c 7 different by a factor 2 (and we 
do not track the precise value of constants). We take this occasion to stress that 
it is practical to work always with sufficiently large values of k(h), and this can be 
achieved by choosing C7 sufficiently large. 

We divide M into blocks 

Bi := {(i - l)k + 1, (i - l)k + 2, . . . , ik} with % = 1, 2, . . . . (5.2) 
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From now on we assume that (N/ k) is integer, and of course it is also the number 
of blocks contained in the interval {1, . . . , iV}. 

We define, in analogy with the hierarchical case, 

A N := E (ZIJ , (5.3) 

and we note that, as in (14.91) . Jensen's inequality implies that a sufficient condition 
for F(P,h) = is that A N does not diverge when N — > oo. Therefore, our task is 
to show that for every (3q > we can find c-j > such that for every j3 < (3q and h 
such that 

< h < exp(-c 7 //3 4 ), (5.4) 

one has that sup^ A N < oo. 

5.1. Decomposition of Zn,lj and change of measure. T he fi rst step is a 
decomposition of the partition function similar to that used in [112| . which is a 
refinement of the strategy employed in [46|. For < i < j we let Z i; j := Z^^^, 
with (0 l u)) a '■= uj i+a , a G N, i.e., 9 % u is the result of the application to of a shift by 
i units to the left. We decompose Z N)UJ according to the value of the first point (ni) 
of r after 0, the last point (ji) of r not exceeding ri\ + k — 1, then the first point 
(712) of r after ji, and so on. We call i r the index of the block in which n r falls, and 
£ : = maxjr : n r < N}, see Figure BJ Due to the constraint Net, one has always 
it=(N/k). 

In formulas: 

where 



ni+fc— 1 



N/k 

E E a 

£=1 i :=0<ii<...<i e =N/k 



(5.5) 



U2+k— 1 

E 

niS-Bjj Ji=ni n 2 GBi 2 : h= n 2 
W2>n\-\-k 



E E E 



E E E 

n f -ieB 1 : ( ,_ 1 : j f _i=n f _i n e £B N / k : 
n e _ 1 >n e _2+k nt>ni-i+k 



and z„ 



Zn\ ,ji z n2 K{n 2 - ji) Zn t K(m ji—\)Z n . 

,/3uj n +h-l3 2 /2 



,N, 



(5.6) 



Then, from inequality (14.51) . we have 

N/k 

^«<E E 



E 



1=1 i :=0<i 1 <...<i l =N/k 

and, as in ( 14.101 ). we apply Holder's inequality to get 



(5.7) 



E 



E 



E 



dipy 



7/(1-7)' 



1-7 



(5.1 
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Figure 4. A typical configuration which contributes to Z^' '"' H> . In this exam- 
ple we have N/k = 14, I = 4, h = 3, i 2 = 9, i 3 = 10 and i 4 = N/k = 14 (by 
definition it = N/k, cf. (|5,5p ). Contact points are only in black and grey blocks: 
the blocks By, j = are black and they contain one (and only one) point 

m. To the right of a black block there is either another black block or a grey block 
(except for the last black block, B ie , that contains the end-point N of the system). 
The bottom part of the figure zooms on black and grey blocks. We see that to the 
right of rii (big black dots) there are renewal points before rij + k; for i < £, ji is 
the rightmost one and it is marked by a big empty dot (even if it is not the case 
in the figure, it may happen that there is none: in that case ji = rn). Therefore, 
between empty dots and black dots there is no contact point (the origin should 
be considered an empty dot too). Note that ji can be in Bi, as it is the case for 
j2, or in Bi + \, as it is the case for j± and j 3 . Going back to the figure on top, we 
observe that the set M of (|1.5p is {3, 4, 9, 10, 11, 14}, that is the collection of black 
and grey blocks. We point out that it may happen that a grey block contains no 
point, but it is convenient for us to treat grey blocks as if they always contained 
contact points. It is only to the charges w in black and grey blocks that we apply 
the change-of-measure argument that is crucial for our proof. 



The new law P := P^ 1 ' will be taken to depend on the set (ii, 
to define it, let first of all 



). In order 



M := M{i x , . . . , U) := i 2 , . . . , i e } U {h + 1, i 2 + 1, . . . , it-i + 1}. (5.9) 

Then, we say that under P the random vector to is Gaussian, centered and with 
covariance matrix 



E(uiUj) = l i=j - Cij :-- 
and 



l i= j — Hij if there exists u G M such that i,j G B u , 



otherwise, 



(5.10) 
(5.11) 



(l-7)/V9fcQogfc) ifi^j, 
jfi = j. 

Note that all the dj's are non-negative. It is immediate to check that the k x k 
symmetric matrix H := {Hij}\, =1 satisfies 



\H\ 



(5.12) 
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for k sufficiently large. In words: w n 's in different blocks are independent; in blocks 
B u with u ^ M they are just IID standard Gaussian random variables, while if 
u 6 M then the random vector {uJ n } ne B u has covariance matrix I — H, where / is 
the k x k identity matrix. Note that, since dominates the spectral radius of 
H, (15.121) guarantees that / — H is positive definite (and also that I — (1 — 7) _1 i/ 
is positive definite, that will be needed just below). 

The last factor in the right-hand side of (15 . 8f) is easily obtained recalling (I4.18P 
and independence of the u n 's in different blocks, and one gets 



E 



dpy/d-r) 
dP/ 



1-7 



det(/ - H) 



\M\/2 



(det^-lAl-T)^)) 1 - 



(5.13) 



Since H has trace zero and its (Hilbert-Schmidt) norm satisfies (15 . 1 2j) . one can apply 
det(J - H) < exp (- Trace (H)) = 1 and (l4~T9l) (with V replaced by H and e by 1) 
to get that the right-hand side of (15.131 ) is bounded above by exp(|M|/2), which in 
turn is bounded by exp(£). Together with ( 1 5 . 3 [) and (15.71) . we conclude that 



N/k 



£=l i :=0<i 1 <...<i e =N/k 



(5.14) 



5.2. Reduction to a non-disordered model. We wish to bound the right- 
hand side of (15.14p with the partition function of a non-disordered pinning model 
in the delocalized phase, which goes to zero for large N. We start by claiming that 

E^'-*) < ■■■ E K(n 1 )K(n 2 - 3l )...K(n i - 3e . 1 ) 



n e eB N/k : 



x U(h - m)U{j 2 - n 2 ) . . . U(N - m), (5.15) 



where 



U(n) = c 8 P(n e r)E 



~0 2 Ei<i<j<«/2 HijSiSj 



(5.16) 



and eg is a positive constant depending only on K(-). This is proven in Appendix 
I4.A.21 We are also going to make use of: 



Lemma 5.2. There exists C 2 = C 2 (i^(-)) < oo such that if, for some T] > 0, 

k-\ 

J2u(j)<vVk (5.17) 

3=0 



and 



k-i 



^^t/(j)A>-j)<^ 

j=0 n>k 



(5.18) 
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then there exists C\ = Ci(r),k,K(-)) such that the right-hand side of (15.151) is 
bounded above by 

r=l 

It is important to note that Ci d oes n ot depend on r\. 



Lemma l572~l is a small variation on [11 2 . Lemma 3.1], but, both because the model 



we are considering is somewhat different and for sake of completeness, we give the 
details of the proof in Appendix I4.A.21 

Now assume that conditions (15 . lTf l- f!5. 18f l are verified for some r\. Collecting 
( 15.141) . (15.150 and Lemma [5721 we have then 



N/k 

An<CJJ2 J2 WCleYH 1 (5.20) 

1=1 i :=0<h<...<i e =N/k r=l K 



In the right-hand side we recognize, apart from the irrelevant multiplicative constant 
CJ, the partition function of a non-random (/3 = 0) pinning model with N replaced 
by N/k, K(-) replaced by 



K ^ = n (3/2 h y ,-(3/2) 7 ' ( 5 - 21 ^ 



and h replaced by 



\ neN / 



fc:=log . (5.22) 



Note that K(-) is normalized to be a probability measure on N, which is possible 
since (by assumption) 7 > 2/3, and that it has a power-law tail with exponent 
(3/2)7 > 1. Thanks to Lemma T4.A.1I below, one has that the right-hand side of 
(I5.20p tends to zero for — > 00 whenever 

h < 0. (5.23) 

Therefore, if 77 is so small that (15.231) holds, we can conclude that An tends to zero 
for A^ — > 00 and therefore f(/3, h) = 0. 

The proof of Theorem 13.51 is therefore concluded once we prove 

Proposition 5.3. Fix 77 > such that (15.230 holds. For every f3 Q > there exists 
< c 7 < 00 such that if (3 < /3 and < h < exp(— c 7 //5 4 ), conditions (15.171) - (15.181) 
are verified. 



Proof of Proposition 15.31 We need to show that the two hypotheses of 
Lemma [5721 hold and for this we are going to use the following result: 
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Lemma 5.4. Under the law P, the random variable 

W L := {VZlog LY 1 SiSj/y/j^i, (5.24) 

±<i<j<L 

converges in distribution, as L tends to oo, to c\Z\ (Z ~ N(0, 1) and c a positive 
constant). 

This lemma, the proof of which may be found just below (together with the 
explicit value of c), directly implies that, if we set S(a,L) := E [exp (— aW^)], we 
have lim a ^oo lirn^oo S(a, L) = and, by the monotonicity of S(-, L), we get 

lim S(a,L) = 0. (5.25) 

a,L— >oo 

Let us verify (1517)1 . Note first of all that (cf. (l516|) and {EH])) 

= : c 8 P(n G T)sf){k,n). (5.26) 

We recall also that ((EH, Th. B]) 

and therefore there exists Cg > such that for every n G N 

P(n G t) < —7=. (5.28) 



Split the sum in (15.171) according to whether j < 5k or not (5 = 5(rj) G (0, 1) is 
going to be chosen below). By using S(a, L) < 1 (in the case j < 5k) and (15 . 281) we 
obtain 

fe— 1 5k j ft— 1 j 

< c 8 + c 8 c 9 ^^= + c 8 c 9 ^ Sf3 (k,j). (5.29) 
Since if C7 is chosen sufficiently large 



(3 2 y/togk > v / c 7 -/3 4 log2 > v^7/2, (5.30) 



and since may be made large by increasing C7, we directly see that (15.251) implies 
that sp(k,j) may be made smaller than (say) 5 for every 5k < j < k by choosing c-j 
sufficiently large. Therefore (15.291) implies 

fe-i 

J2 U (ti - 4c 8 c 9 (V5 + 5)Vk. (5.31) 

3=0 

By choosing 5 = 5(rj) such that 4c 8 c 9 (\/5 + 5) < rj, we have (15.171) . The proof of 
(15.181) is absolutely analogous to the proof of (I5.17P and it is therefore omitted. □ 
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5.3. Proof of Lemma 15. 4L We introduce the notation 

L c- L-1 



Y, 



(0 



E 

j=i+i 



6 



j 



so that Wl 



L log L 



E 5 ^ 



(0 



(5.32) 



i=l 



1), Y, 



(i) 



) L 



Let us observe that, thanks to the renewal property of r, under P(-|5j 
is distributed like Y L _i := (under P). The first step in the proof is observing 
that, in view of (15.281) . 



E 



1 



L-1 



\[L logL 



E w 



i=(l-e)L 



1 



L-1 



log L\fZ 



E E 



P(i G r)P(j - i e r) 



O(e), (5.33) 



i=(l-e)Lj=i+l 

uniformly in L, so we can focus on studying Wl,s, defined as Wl, but stopping the 
sum over i at (1 — e)L. At this point we use that 

lim = =: c K , (5.34) 

L^oo log L 2%Ck 

in £ 2 (P) (and hence in L X (P)). We postpone the proof of (]5.34l) and observe that, 
thanks to the properties of the logarithm, it implies that for every e > 

J_ - 



lim sup E 



L— >oo 



?e[e,l] 



o. 



(5.35) 



(5.36) 



Let us write 

~ (l-e)L 

v 1=1 

and note that L" 1 / 2 YH=i )L ^ converges m law toward - e)/{2iiC 2 K ) \Z\. This 
follows directly by using that the event Y^i=i Si > m is the event r m < L (r m is of 
course the m-th point in r after 0) and by using the fact that T\ is in the domain 
of attraction of the positive stable law of index 1/2 [5J, VI. 2 and XI. 5]. It suffices 
therefore to show that E[|i?x|] tends to zero. We have 



(l-e)L 

EM < ^= E E ^ E 



i=l 



Y, 



(0 



logL 



(l-e)L 



Si 



7z S E| « E 

v «=i 



V) 



L-i 



logL 



o(l), (5.37) 



where in the last step we have used (I5.35P and (|5.28j) . 

Note that we have also proven that c = (27r) _3 / 2 0^ 2 in the statement of Lemma 

El 
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We are therefore left with the task of proving (15.341) . This result has been 
already proven (30l . Th. 6] when r is given by the successive returns to zero of a 
centered, aperiodic and irreducible random walk on Z with bounded variance of the 
increment variable. Note that, by well established local limit theorems, for such 
a class of random walks we have (j5.27j) . Actually in |3(| it is proven that (15.341) 
holds almost surely as a consequence of varp(Y^) = O(logL). What we are going 
to do is simply to re-obtain such a bound, by repeating the steps in [301 and using 
(l5.27p -( l5T28l) . for the general renewal processes that we consider (as a side remark: 
also in our generalized set-up, almost sure convergence holds). 

The proof goes as follows: by using (15.271) it is straightforward to see that 
lim^oo E[Yj,/ logL] = ck, so that we are done if we show that varp(Yz,/logL) 
vanishes as L — >• oo. So we start by observing that 



varp(li) 



Eft]Eft 



L-l 



2 E E 

i=l j=i+l 



EfoSj] - Eft]Eft 



0(1), 
(5.38) 



by (15.28R . Now we compute 

E[SiSj] - Eft]Eft] 



L-l L 

EE 

i=l j=i+l 



L-l 

= E 

i=l 
L-l 

SE 

i=l 
L-l 



Eft 



j2 E ^ 

.r- 

L 



E 



Eft-] 



< 



E 

i=i 



Eft 



Eft] 



E 

L 

E 

j=i+i 



Eft] 

i vs_ 

Eft] 



VT+i 



E 



< 



^Eft 



L-l 



2y 

i=l 



i=i 



JJ — c 9 



y—y— 

L^i ,'3/2 jl/2 
i=l j=l J 



O(logL), 

(5.39) 



where, in the last line, we have used (15.281) . In view of (15.381) . we have obtained 
varp(Yk) = O(logL) and the proof H5.34j) . and therefore of Lemma HT4l is complete. 

□ 



4. A. Some technical results and useful estimates 

4.A.I. Two results on renewal processes. The first result concerns the non- 
disordered pinning model and is well known: 



Lemma 4.A.I. Let K(-) be a probability on N which satisfies (13.11) for some a > 0. 
If h < 0, we have that 



N I 
1=1 i :=0<ii<...<i e =N r=l 



-i r -i) — > o. 



(4.A.1) 
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This is implied by |62|, Th. 2.2], since the left-hand side of ( 14. A. II) is nothing 
but the partition function of the homogeneous pinning model of length N, whose 
critical point is h c = (cf. also (13. 4ft ). 



The second fact we need is 

Lemma 4. A. 2. There exists a positive constant c, which depends only on K(-), 
such that for every positive function /jv(t) which depends only on rfl {1, . . . , N} 
one has 

7V>0 tj[f N {T)\ 



Proof. The statement follows by writing /jv(t) as /jv(r) J2n=o ^-{x N =n}i where 
Xn is the last renewal epoch up to (and including) N, and using the bound 

P(X N = n\2N G r) 



sup max 
JV n=0,...,N P(X N = n) 



--: c < oo, 



which is equation (A. 15) in [Ifl] (this has been proven also in |l!2| . where the proof 
is repeated to show that c can be chosen as a function of a only). □ 



4. A. 2. Proof of (15.151) . Defining the event 



n 



11:1 



{N G r and {j r -i, ■ ■ ■ , n r } D r = {j r -i, n r } for all r = 1 



? * * * 5 J ? 



with the convention that jo : = 0, we have 



niSSi 1 n e eB N / k : 
n£>ni_i+k 



(4.A.3) 



(4.A.4) 



Since P is a Gaussian measure and 5f = 5i for every i, the computation ofEZw 1 ''"'**' 
is immediate: 



n 1 eB il n e £B N/k : 
ri£>ni_i+k 



(4.A.5) 



In view of Cy > 0, we obtain an upper bound by neglecting in the exponent the 
terms such that n r < i < j r and n r > < j < j r > with r ^ r'. At that point, the E 
average may be factorized, by using the renewal property, and we obtain (recall that 
Cu = 0) 



jg^w.) < ■■■ Yl K(n l )...K(n i -j i - 1 ) 



ni£B il n e £B N/k : 
ri£>ni_i+k 



X 



f[ E [e h Stn, <^ 2 E„ r <i<j<j r <Wj lover} 

r=l 



(4.A.6) 



n r £ t 
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with the convention that je := N. We are left with the task of proving that 



E 



<i<j<3r C '^ 5 n {jr£T} 



n r E r 



< U(jr 



(4.A.7) 



with U(-) satisfying ( 15.161) . We remark first of all that the left-hand side of (14. A. 71) 
equals 



PO'r - n r E r)E 



Since by construction j r — n r < k(h) = \ l/h\, one has 

e -t 



n r E T,j r E T 



(4.A.8) 



(4.A.9) 



As for the remaining average, assume without loss of generality that \{n r ,n r + 
1, . . . , j r } H Bj r | > (j r — n r )/2 (if this is not the case, the inequality clearly holds 
with B ir replaced by B ir+ i and the arguments which follow are trivially modified). 
Then, 



E 



g ^2n r <i<j<jr ^ij u i u j 



E 



n r e T, j r E T J < 
exp I -i? Y, 

0<i<j<(j r -n r )/2 



j r -n r Er 



. (4.A.10) 



Finally, the conditioning in (I4.A.10I) can be eliminated using Lemma I4.A.21 and 
( 15.151) is proved. □ 



4. A. 3. Proof of Lemma 15. 2L In this proof (and in the statement) two positive 
numbers C\ and C2 appear. C\ is going to change along with the steps of the proof: 
it depends on r/, k and on K(-). C2 instead is chosen once and for all below and it 
depends only on K(-). We start by giving a name to the right-hand side of (|5.15p : 



ni+fc— 1 



n 2 +fc— 1 



ril_i+k— 1 

E E E 

n|_i6Bi < _ 1 : 3t-i=nt-i n e £B N/k : 

Kin,) . . . K(n, - } t -i)U(ji - »i) • • • Cfe-i - n,^)U(N - n,). (4.A.11) 



Q = E E E E 

"•lS-Bij ji=m n 2 eBi 2 : ji=ni 



Since N — ri£ < k, we can get rid of U(N — rig) (< csP(A — rie E r)) and of the 
right-most sum (on ng), replacing rii by N, by paying a price that depends on k and 
K(-) (this price goes into C\). Therefore we have 

ri£_i+k— 1 

<3 < Ci X) ■ ■ ■ Z • • • K ^ ~ it-iMji - ni) . . . f/(^-x - n,_0, 

nieBjj j«-i=i£-i 

(4.A.12) 

where by convention from now on rig := N. Now we single out the long jumps. The 
set of long jump arrival points is defined as 

J = J(ii, z 2 , . . . , i e ) := {r : 1 < r < i r > i r -i + 2} , (4. A. 13) 
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and the definition guarantees that a long jump {j r -i, ■ ■ ■ ,n r } contains at least one 
whole block with no renewal point inside. For r G J we use the bound 

% - jrfl$ Fqpp- (4A - 14) 

and we stress that we may and do choose C 2 depending only on K(-). For later use, 
we choose C 2 > 2 3//2 . This leads to 



Q < C.k-^l 



i r - i r -i) 3/2 



r<=J 

x ■■■ Yl II K(n r -jr-i)\u(ji-ni)...U(j e - 1 -m-i). 

n 1 eB h i/_i=iii_i y-re{i,.../}\j J 

(4.A.15) 

Now we perform the sums in ( 14. A. 151) and bound the outcome by using the assump- 
tions (15T71 ) and ( IBTTSl ). 

We first sum over j r -i, r G J, keeping of course into account the constraint 

< jr-i — Ti r -i < k. By using (15.170 such sum yields at most (t7v^)' j ' if 1 ^ J. If 

1 G J, for r = 1 then j = and there is no summation: we can still bound the sum 
by (?7V / fc)' J ', provided that we change the constant C\. 

Second, we sum over j r -i,n r for r G {1, . . . , £} \ J and use ( 15.181) . Once again 
we have to treat separately the case r = 1, as above. But if 1 ^ {1, ...,£} \ J we 
directly see that the summation is bounded by ?/~' J '. 

Finally, we have to sum over n r , for re J. The summand does not depend on 
these variables anymore, so this gives at most fcl J L 

Putting these estimates together we obtain 

Q ~ Cl ¥m 11(^-^)3/2 < ^^11(— — ^ ( 4 - A - 16 ) 

where, in the last step, we have used C 2 > 2 3 / 2 . The proof of Lemma [5T21 is therefore 
complete. □ 



CHAPTER 5 



Disorder relevance at marginality and critical point shift 



1. introduction 

1.1. Relevant, irrelevant and marginal disorder. The renormalization group 
approach to disordered statistical mechanics systems introduces a very interesting 
viewpoint on the role of disorder and on whether or not the critical behavior of 
a quenched system coincides with the critical behavior of the corresponding pure 



system. The Harris criterion [22] is based on such an approach and it may be sum- 
marized in the following way: if the specific heat exponent of the pure system is 
negative, then a small amount of disorder does not modify the critical properties 
of the pure system (irrelevant disorder regime) , but if the specific heat exponent of 
the pure system is positive then even an arbitrarily small amount of disorder may 
lead to a quenched critical behavior different from the critical behavior of the pure 
system. 

A class of disordered models on which such ideas have been applied by several 



authors is the one of pinning models (see e.g. [53; |49j] and the extensive bibliography 



m 



62|;|65|]). The reason is in part due to the remarkable fact that pure pinning models 



are exactly solvable models for which, by tuning a parameter, one can explore all 



possible values of the specific heat exponent [55J. As a matter of fact, the validity of 
Harris criterion for pinning models in the physical literature finds a rather general 
agreement. Moreover, for the pinning models the renormalization group approach 
goes beyond the critical properties and yields a prediction also on the location of 
the critical point. 

Recently, the Harris criterion pre dicti ons for pinning models have been put on 
firm grounds in a series of papers 

0; Eland some of these rigorous results 



go even beyond the predictions. Notably in [69j] it has been shown that disorder 
has a smoothing effect in this class of models (a fact that is not a consequence of 
the Harris criterion and that does not find unanimous agreement in the physical 
literature). 

However, a substantial amount of the literature on disordered pinning and Harris 
criterion revolves around a specific issue: what happens if the specific heat exponent 
is zero (i.e. at marginality)! This is really a controversial issue in the physical liter- 
ature, started by the disagreement in the conclusions o f (57| and [iH]. In a nutshell, 
the disagreement lies on the fact that the authors of [57| predict that disorder is 
irrelevant at marginality and, notably, that quenched and annealed critical points 
coincide at small disorder, while the authors of [491 claim that disorder is relevant for 



arbitrarily small disorder, leading to a critical point shift of the order of exp(— c[3 2 ) 
(c > 0) for P \ (P 2 is the disorder variance). 
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Recently we have been able to prove that, at marginality, there is a shift of the 
critical point induced by the presence of disorder at least for Gaussian disorder. 
We have actually proven that the shift is at least exp(— C/3 -4 ). The purpose of the 
present work is to go beyond [f35| in three aspects: 

(1) We want to deal with rather general disorder variables: we are going to 
assume only that the exponential moments are finite. 

(2) We are going to improve the bound exp(— c/3~ b ), b = 4, on the critical point 
shift, to6 = 2 + e(e>0 arbitrarily small, and c = c(b)). 

(3) We will prove our results for a generalized class of pinning models. Pinning 
models are based on discrete renewal processes, characterized by an inter- 
arrival distribution which has power-law decay (the exponent in the power 
law parametrizes the model and varying such parameter one explores the 
different types of critical behaviors we mentioned before). The generalized 
pinning model is obtained by relaxing the power law decay to regularly 
varying decay, that is (in particular) we allow logarithmic correction to 
power-law decay. This, in a sense, allows zooming into the marginal case 
and makes clearer the interplay between the underlying renewal and the 
disorder variables. 

1.2. The framework and some basic facts. In mathematical terms, disor- 
dered pinning models are one-dimensional Gibbs measures with random one-body 
potentials and reference measure given by the law of a renewal process. Namely, 
pinning models are built starting from a (non-delayed, discrete) renewal process 
t = {r n } n =o,i,..., that is a sequence of random variables such that To = and 
{t j+ i — Tj}j =0) i v .. are independent and identically distributed with common law 
(called inter-arrival distribution) concentrated on N := {1,2, . . .} (the law of r is 
denoted by P): we will actually assume that such a distribution is regularly varying 
of exponent 1 + a, i.e. 

K(n) : = P(n = n) = for n = 1, 2, . . . , (1.1) 

where a > and L(-) is a slowly varying function, that is L : (0, oo) — > (0, oo) is 
measurable and it satisfies linx^^ L(cx)/L(x) = 1 for every c > 0. There is actually 
no loss of generality in assuming L(-) smooth and we will do so (we refer to [3| for 
properties of slowly varying functions). 

Remark 1.1. Examples of slowly varying functions include logarithmic slowly vary- 
ing functions (this is probably not a standard terminology, but it will come handy), 
that is the positive measurable functions that behave like a(log(x)) b as x — > oo, 
with a > and bel. These functions are just a particular class of slowly varying 
functions, but it is already rich enough to appreciate the results we are going to 
present. Moreover we will say that L(-) is trivial if lim^oo L(x) = c G (0, oo). The 
general statements about slowly varying function that we are going to use can be 
verified in an elementary way for logarithmic slowly varying functions; readers who 
feel uneasy with the general theory may safely focus on this restricted class. 
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Without loss of generality we assume that ^ ngN K{n) = 1 (actually, we have 
implicitly done so when we have introduced r). This does not look at all like an 
innocuous assumption at first, because it means that r is persistent, namely t, < oo 
for every j, while if J2 n K{n) < 1 then r is terminating, that is \{j : Tj < oo}| < oo 
a.s.. It is however really a harmless assumption, as explained in detail in [gl, Ch. 1] 
and recalled in the caption of Figure [D 

The disordered potentials are introduced by means of the IID sequence {a> n }n=i,2,... 
of random variables (the charges) such that M(t) := E[exp(ta>i)] < oo for every t. 
Without loss of generality we may and do assume that Eftui] = and varp(cJi) = 1. 

The model we are going to focus on is defined by the sequence of probability 
measures PN,u,/3,h = Pjv,w 5 indexed by iV G N, defined by 

:= ^— exp (fan + h-\og M(/3)) 5 n ) 5 N , (1.2) 

where (3 > 0, h G M., 5 n is the indicator function that n = Tj for some j and Z^,ui is 
the partition function, that is the normalization constant. It is practical to look at 
r as a random subset of {0} U N, so that, for example, S n = l neT . 

Remark 1.2. We have chosen M(t) < oo for every t only for ease of exposition. 
The results we present directly generalize to the case in which M(t ) + M(— to) < oo 
for a t > 0. In this case it suffices to look at the system only for (5 G [0,t )- 

Three comments on (11.21) are in order: 

(1) we have introduced the model in a very general set-up which is, possibly, 
not too intuitive, but it allows a unified approach to a large class of models 



[5 a ; |62j. It may be useful at this stage to look at Figure [T] that illustrates 
the random walk pinning model; 

(2) the presence of — logM(/3) in the exponent is just a parametrization of the 
problem that comes particularly handy and it can be absorbed by redefining 

h; 

(3) the presence of Sn in the right-hand side means that we are looking only 
at trajectories that are pinned at the endpoint of the system. This is just 
a boundary condition and we may as well remove 5^ for the purpose of the 
results that we are going to state, since it is well known for example that 
the free energy of this system is independent of the boundary condition 



(e.g. [62|, Ch. 4]). Nonetheless, at a technical level it is more practical to 



work with the system pinned at the endpoint. 

The (Laplace) asymptotic behavior of Z NiW shows a phase transition. In fact, if 
we define the free energy as 

F(/3,h) := lim — ElogZj^, (1.3) 

N— >oo iv 

where the limit exists since the sequence {E\og Zn^}n is super- additive (see e.g. 



621 . Ch. 4], where it is also proven that f(/3, h) coincides with the P( da;)-almost sure 
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To Ti r 2 r 3 r 4 

Figure 1. A symmetric random walk trajectory with increments taking values 
in { — 1, 0, +1} is represented as a directed random walk. On the cc-axis, the defect 
line, there are quenched charges ui that are collected by the walk when it hits 
the charge location. The energy of a trajectory just depends on the underlying 
renewal process r. For the case in the figure, K(n) := P(Yi = n) ~ const.n~ 3 / 2 
for n — > oo (e.g. [fH, App. A. 6]). Moreover the walk is recurrent, so J^n K{ n ) = 1- 
There is however another interpretation of the model: the charges may be thought 
of as sticking to S, not viewed this time as a directed walk. If the walk hits 
the origin at time n, the energy is incremented by (f3u) n + h — log M (/?)). This 
interpretation is particularly interesting for a three-dimensional symmetric walk 
in Z 3 : the walk may be interpreted as a polymer in d = 3, carrying charges on 
each monomer, and the monomers interact with a point in space (the origin) via 
a charge-dependent potential. Also in this case K{n) ~ const.n~ z / 2 , but the 
walk is transient so that ^2 n K(n) < 1 (e.g. (HI . App. A. 6]). It is rather easy to 
see that any model based on a terminating renewal with inter-arrival distribution 
K(-) can be mapped to a model based on the persistent renewal with inter- arrival 
distribution K(-)/J2 n K(n) at the expense of changing h to h + \og^2 n K(n). For 
much more detailed accounts on the (very many!) models that can be directly 
mapped to pinning models we refer to 55; 62| , 



limit of (l/N) \ogZ N ^, so that f(/3, h) is effectively the quenched free energy), then 
it is easy to see that f(/3, h) > 0: in fact, 




= lim !((/>- log M(/3)) + log P(7i = iV)) = 0. (1.4) 

N— >oo iV 

The transition we are after is captured by setting 

h c (P) := sup{/i : f(P, h) = 0} = in£{h : f(/3, h) > 0}, (1.5) 

where the equality is a direct consequence of the fact that f((3, ■) is non-decreasing 
(let us point out also that the free energy is a continuous function of both arguments, 
as it follows from standard convexity arguments). We have the bounds (see point 
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(2) just below for the proof) 

f(0, h - log M(f3)) < f(/3, h) < f(0, h) , (1.6) 

which directly imply 

h c (0) < h c {(3) < /i c (0)+logM(/3). (1.7) 

Two important observations are: 

(1) the bounds in (11.61) are given in terms of f(0, •), that is the free energy of 



the non-disordered system, which can be solved analytically (e.g. [55l; l62|). 
In particular h c (0) = for every a and every choice of L(-) (in fact h c (0) = 
— l°g K{n) and we are assuming that r is persistent). We will keep in 
our formulae h c {0) both because we think that it makes them more readable 
and because they happen to be true also if r were a terminating renewal). 
(2) The upper bound in (11.61 ). that entails the lower bound in (11.71 ). follows 
directly from the standard annealed bound, that is ElogZjv,^ < logEZjv,^, 
and by observing that the annealed partition function EZjv,^ coincides with 
the partition function of the quenched model with {3 = 0, that is simply the 
non-disordered case (of course, the presence of the term — logM(/5) in (}1.2j) 
finds here its motivation). The lower bound in <\1M . entailing the upper 



bound in (jl.7)l . follows by a convexity argument too (see [62j, Ch. 5]). 



Remark 1.3. It is rather easy (just take the derivative of the free energy with 
respect to h) to realize that the phase transition we have outlined in this model is 
a localization transition: when h < h c ({3), for N large, the random set r is almost 
empty, while when h > h c ((3) it is of size const. N (in fact const. = c^f(/?, h)). Very 



sharp results have been obtained on this issue: we refer to [62|, Ch.s 7 and 8] and 
references therein. 

1.3. The Harris criterion. We can now make precise the Harris criterion 
predictions mentioned in § 11.11 As we have seen, in our case the pure (or annealed) 
model is just the non-disordered model, and the latter is exactly solvable, so that 



the critical behavior is fully understood, notably [62|, Ch. 2] 



km : = max 1,- =: is puTe . (1-8) 

a\o log a V a ) 

The specific heat exponent of the pure model (that is the critical exponent associated 
to 1/<9^f(0, h)) is computed analogously and it is equal to 2 — z/ pure . Therefore the 
Harris criterion predicts disorder relevance for a > 1/2 (2 — z/ pure > 0) and disorder 
irrelevance for a < 1/2 (2 — z/ pure < 0) at least for (3 below a threshold, with a = 1/2 
as marginal case. So, what one expects is that impure = ^quenched (with obvious 
definition of the latter) if a < 1/2 for (3 not too large and z/ pure ^ ^quenched if a > 1/2 
(for every (3 > 0). 

While a priori the Harris criterion attacks the issue of critical behavior, it turns 
out that a Harris-like approach in the pinning context 57; 49| yields information 



also on h c ((3), namely that h c ((3) = h c (0) if a < 1/2 and (3 again not too large, while 
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h c (/3) > h c (0) as soon as f3 > 0. For the sequel it is important to recall some aspects 



of the approaches in [57J; |4 



The main focus of 57; 4§], is on the case a = 1/2 and trivial L(-). In fact they 
focus on the interface wetting problem in two dimensions, that boils down to directed 
random walk pinning in (1 + l)-dimensions. In this framework the conclusions of 
the two papers differ: 57] stands for h c {(3) = h c (0) for (3 small, while in [49] one 



finds an argument in favor of 

/i c (/3)-/i c (0)^exp(-c/r 2 ), (1.9) 

as (3 \ (with c > an explicit constant) . 

We will not go into the details of these arguments, but we wish to point out why, 
in these arguments, a = 1/2 plays such a singular role. 



(1) In the approach of [57J an expansion of the free energy to all orders in the 

variance of exp(/M - logM(/3)), that is (M(2/5)/M 2 (/3)) - 1 /? ~° /? 2 , is 
performed. In particular (in the Gaussian case) 

F(/3,/i c (0) + a) = F(0,/i c (0) + a)-^(exp(/3 2 )-l)(9 a F(0,/i c (0)+o)) 2 + ... (1.10) 

and, when L(-) is trivial, d a F(0,h c (0) + a) behaves like (a constant times) 
a (i- a )/a f or a e (0, 1) (this is detailed for example in \&^) and like a constant 
for a > 1. This suggests that the expansion (11.101) cannot work for a > 1/2, 
because the second-order term, for a \ 0, becomes larger than the first 
order term (a max ( 1 / a > 1 )). The borderline case is a = 1/2, and trust in such 
an expansion for a = 1/2 may follow from the fact that f3 can be chosen 
small. In conclusion, an argument along the lines of [H3| predicts disorder 
relevance if and only if a > 1/2 (if L(-) is trivial). 

(2) The approach of (49j instead is based on the analysis of vsi^Zn^) at the 
pure critical point h c (0). This directly leads to studying the random set 
t := t H t' (it appears in the computation in a very natural way, we call 
it intersection renewal), with t' an independent copy of r (note that r is 
still a renewal process): in physical terms, one is looking at the two-replica 
system. It turns out that, even if we have assumed r persistent, r may not 
be: in fact, if L(-) is trivial, then r is persistent if and only if a > 1/2 (see 
just below for a proof of this fact). And [49] predicts disorder relevance if 
and only if a > 1/2. 

Some aspects of these two approaches were made rigorous mathematically: The 



expansion of the free energy (11.101) was proved to hold for a < 1/2 in [7jJ], an d th e 
second moment analysis of |49l| was used to prove disorder irrelevance in 0; 110 ]. 
making it difficult to choose between the predictions. 

We can actually find in the physical literature a number of authors standing for 
one or the other of the two predictions in the marginal case a = 1/2 (the reader 
can find a detailed review of the literature in [fil]). But we would like to go a step 
farther and we point out that, by generalizing naively the approach in [49j], one is 
tempted to conjecture disorder relevance (at arbitrarily small (3) if and only if the 
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intersection renewal is recurrent. Let us make this condition explicit: while one does 
not have direct access to the inter-arrival distribution of r, it is straightforward, by 
independence, to write the renewal function of r: 

P(n Ef) = P(n G r) 2 . (1.11) 

It is then sufficient to use the basic (and general) renewal process formula J2 n P( n ^ 
t) — (1 — 5Z n P(Ti = n ))~ 1 t° realize that r is persistent if and only if J^ n P(^ G 
t) = oo. Since under our assumptions for a G (0, 1) jEH, Th. B] 

™ asinfra) 1 

we easily see that the intersection renewal r is persistent for a > 1/2 and terminating 
if a < 1/2 (the case a = can be treated too and r is terminating). In the 
a — 1/2 case the argument we have just outlined yields 

r H t' is persistent -<=>- — — . . = oo. (1.13) 

n v ' 

Roughly, this is telling us that the intersection renewal r is persistent up to a slowly 
varying function L(x) diverging slightly less than (logo;) 1 / 2 . In particular, as we 
have already pointed out, if L(-) is trivial, r is persistent. 

Let us remark that the expansion (11.101) has been actually made rigorous in (7l| . 
but only under the assumption that the intersection renewal r is terminating (that 
is, b > 1/2 for logarithmic slowly varying functions). 

Remark 1.4. In view of the argument we have just outlined, we introduce the 
increasing function L : (0, oo) — > (0, oo) defined as 

^ - 1' (Trkw dy - (L14) 



that is going to play a central role from now on. Let us point out that, by [R 
Th. 1.5.9a], L(-) is a slowly varying function which has the property 

lim L(x)L(xf = +oo, (1.15) 

x— >oo 

which is a non-trivial statement when L(-) does not diverge at infinity. Of course 
we are most interested in the fact that, when a = 1/2, L{x) diverges as x — > oo if 
and only if the intersection renewal r is recurrent (cf. (11.131) ). For completeness we 
joint out that L(-) is a special type of slowly varying function (a den Haan function 



16l . Ch. 3]), but we will not exploit the further regularity properties stemming out 



of this observation. 



1.4. Review of the rigorous results. Much mathematical work has been 
done on disordered pinning models recently. Let us start with a quick review of the 
1/2 case: 



138 5. DISORDER RELEVANCE AT MARGINALITY AND CRITICAL POINT SHIFT 



If a > 1/2 disorder relevance is established. The positivity of h c {f3) — h c (0) 



(with precise asymptotic estimates as j3 \ 0) is proven [46j;|8j]. It has been 
also shown that disorder has a smoothing effect on the transition and the 
quenched free energy critical exponent differs from the annealed one (69| . 
If a < 1/2 disorder irrelevance is established, along with a number of sharp 
results saying in particular that, if j3 is not too large, h c {(3) = h c (0) and 
that the free e nergy critical behavior coincides in the quenched and annealed 



tnat tne tree e nergy critic* 
framework @; [Hfl; Ej Q . 



In the case a = 1/2 results are less complete. Particularly relevant for the sequel 
are the next two results that we state as theorems. The first one is taken from [1] 
(see also [69]) and uses the auxiliary function a (-) defined by 

a ((3) := C\L (C7 2 //5 2 )) / (C 2 //3 2 )V ' with d > and C 2 > 0, 

(1.16) 

if lim^oo L(x) = oo, and ao(-) = otherwise. 

Theorem 1.5. Fix u\ ~ A/"(0, 1), a = 1/2 and choose a slowly varying function 
L(-). Then there exists (3q > and a\ > such that for every e > there exist C\ 
and C*2 > such that 

1 - e < - 1 f° r a > a o(/9), a < ai and (3 < fa. (1.17) 

implies for j3 < (3$ 

h c (/3)-h c (0) < aa(j3f). (1.18) 

It is worth pointing out that Theorem 11.51 yields an upper bound matching (}1.9j) 
when L(-) is trivial. 

The next result addresses instead the lower bound on h c (/3) — h c (0) and it is 
taken from [6J 



Theorem 1.6. Fixuj 1 ~ Af(0, 1) anda = 1/2. IfL(-) is trivial, then h c ((3)—h c (0) > 
for every f3 > and there exists C > suc/t iAat 

h c (/3)-h e (0) > exp (-C7//5 4 ) , (1.19) 

/or < 1. 



It should be pointed out that [65| has been worked out for trivial L(-), address- 
ing thus precisely the controversial issue in the physical literature. The case of 
linxj.^00 L(x) = has been treated [s| (see (H] for a weaker result) where h c {(3) — 
h c (0) > has been established with an explicit but not optimal bound. We point 
out also that a result analogous to Theorem 11.61 has been proven for a hierarchical 



version of the pinning model (see [65| for the case of the hierarchical model proposed 
in H). 

The understanding of the marginal case is therefore still partial and the following 
problems are clearly open: 
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(1) What is really the behavior of h c {(3) — h c (0) in the marginal case? In 
particular, for L(-) trivial, is (11.91) correct? 

(2) Going beyond the case of L(-) trivial: is the two-replica condition (11.131) 
equivalent to disorder relevance for small /3? 

(3) What about non-Gaussian disorder? It should be pointed out that a part 
of the literature focuses on Gaussian disorder, notably Theorem 11.51 but 
this choice appears to have been made in order to have more concise proofs 
(for example, the results in 46| are given for very general disorder distri- 
bution) . Theorem 11.61 instead exploits a technique that is more inherently 
Gaussian and generalizing the approach in 65] to non-Gaussian disorder is 
not straightforward. 

As we explain in the next subsection, in this paper we will give almost complete 
answers to questions (1), (2) and (3). In addition we will prove a monotonicity result 
for the phase diagram of pinning model which holds in great generality. 

1.5. The main result. Our main result requires the existence of e G (0,1/2] 
such that 

L(x) = o ((log(x)) (1/2) ^) as i^oo, (1.20) 

that is lim^oo L(x)(\og(x))~^ 1 ^ 2 ^ +e = 0. Of course, if L(-) vanishes at infinity, ( 11.201) 
holds with e = 1/2. Going back to the slowly varying function L(-), cf. Remark fl~4l 
we note that, under assumption (11.201) . we have 

l(x) ° T l'^yy^ dv = ^ (logl)2e - ^ (log2)2 ' (1 ' 21) 

Therefore, under assumption (11. 201 ). we have that if q > (2e)~ x then 

lim L^JFD = °°' (1.22) 



x— >oo 



which guarantees that given q > (2e) 1 (actually, in the sequel q G N) and A > 0, 

A(/3; q, A) := (mf G N : L{n) / L{n) 2/{q ~ 1] > AP~ 2q/( - q ~ 1) ^ 1 (1.23) 
is greater than for every (3 > 0. 



Our main result is 



Theorem 1.7. Let us assume that a = 1/2 and that 111. 201 ) holds for some e G 
(0, 1/2]. For every (3$ and every integer q > (2e) _1 there exists A > such that 

h c (P)-h c (0) > A(P;q,A) > 0, (1.24) 

for every (3 < (3q. 



The result may be more directly appreciated in the particular case of L(-) of loga- 
rithmic type, cf. Remark [TTTl with b < 1/2, so that (11 . 20f) holds with e < min((l/2) — 
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b, 1/2). By explicit integration we see that L(x) ~ (a 2 (l — 2b)) 1 (log(a;)) 1 2b so that 

- L{x) a-W<^) (log(i))1 _ 2l , (j _ ir , 



L(x) 2 /^ 1 ) (1 - 2b) 



and in this case 



A(/3; g, A) ^° exp (-c(b, A, g)/?" 6 ) , (1.26) 

where c(b,A,q) := ((1 - 2b)a. 2q /^A)^ c and 6 := 2q/((q - 1)C) with C := 1 - 
2bg(g — 1) . In short, by choosing q large the exponent b > 2/(1 — 2b) becomes 
arbitrarily close to 2/(1 — 2b), at the expense of course of a large constant c(b, A, q), 
since A will have to be chosen sufficiently large. 

We sum up these steps into the following simplified version of Theorem 11.71 

Corollary 1.8. If a — 1/2 and L(-) is of logarithmic type with b G (— oo, 1/2) (cf. 
Remark m]) then h c {(3) > h c (0) for every [3 > and for every b > 2/(1 — 2b) there 
exists c > such that, for (3 sufficiently small 

hM-h c (0) > exp(-c/r 6 )- (1.27) 

This result of course has to be compared with the upper bound in Theorem 11.51 
that for L(-) of logarithmic type yields for b < 1/2 

hc{P) - h c (0) < Cx/r 2 ^ 1 - 2 ^ exp (-C 2 p- 2 ^- 2h A , (1.28) 



where C\ and Gi are positive constants that depend (explicitly) on a, b and on the 
two constants C\ and C 2 of Theorem 11.51 (we stress that C\ > and C 2 > for 
every a > and b < 1/2). 

The main body of the proof of Theorem 11.71 is given in the next section. In the 
subsequent sections a number of technical results are proven. In the last section 
(Section [6]) we prove a general result (Proposition 16.11) for the models we are con- 
sidering: the monotonicity of the free energy with respect to j3. This result, proven 
for other disordered models, appears not to have been pointed out up to now for the 
pinning model. We stress that Proposition 16. II is not used in the rest of the paper, 
but, as discussed in Section [6j one can find a link of some interest with our main 
results. 



2. Coarse graining, fractional moment and measure change arguments 

The purpose of this section is to reduce the proof to a number of technical 
statements, that are going to be proven in the next sections. In doing so, we are 
going to introduce the quantities and notations used in the technical statements 
and, at the same time, we will stress the main ideas and the novelties with respect 
to earlier approaches (notably, with respect to 

We anticipate that the main ingredients of the proof are (like in [65j|) a coarse 
graining procedure and a fractional moment estimate on the partition function com- 
bined with a change of measure. However: 
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(1) In [65J] we have exploited the Gaussian character of the disorder to intro- 
duce weak, long-range correlations while keeping the Gaussian character of 
the random variables. In fact, the change of measure is given by a density 
that is just the exponential of a quadratic functional of u>, that is a measure 
change via a 2-body potential. In order to lower the exponent 4 in the right- 
hand side of (11.191 ) we will use g-body potentials q = 3, 4, . . . (this is the q 
appearing in Theorem 11.71) . Such potentials carry with themselves a num- 
ber of difficulties: for example, when the law of the disorder is Gaussian, 
the modified measure is not. As a matter of fact, there are even problems in 
defining the modified disorder variables if one modifies in a straightforward 



way the procedure in [65| to use g-body potentials, due to integrability is- 
sues: such problems may look absent if one deals with bounded to variables, 
but they actually reappear when taking limits. The change-of-measure pro- 
cedure is therefore performed by introducing g-body potentials and suitable 
cut-offs. Estimating the effect of such q-body potential with cut-off change 
of measure is at the heart of our technical estimates. 
(2) The coarse-graining procedure is different from the one used in (113; M 



since we have to adapt it to the new change of measure procedure. However, 
unlike point (1), the difference between the previous coarse graining proce- 
dure and the one we are employing now is more technical than conceptual. 

2.1. The coarse graining length. Recall the definition (11.141) of L(-). We are 
assuming (11.201) . therefore linx^oo L(x) = +oo. Chosen a value of q G {2, 3, . . .} (q 
is kept fixed throughout the proof) and a positive constant A (that is going to be 
chosen large) we define 

k = k(P;q,A) := inf \n G N : Z(n)/L(n) 2/( * -1) > Af3~ 2q/ ( q ~ r> \ . (2.1) 



Since we are interested also in cases in which L(-) diverges (and possibly faster than 
!/(•)) it is in general false that k < oo. However, the assumption (11.201) guarantees 
that, for q > (2e)~\ L(x) / L(x) 2 ^ q ~ l) -> oo for x — > oo and therefore k < oo. 

Moreover, if L(-) is of logarithmic type (Remark II. ip with b < 1/2, then for 
q > 1/(1 - 2b) the function L(-)/£(-) 2/( " _1) is (eventually) increasing. 

Of course k(fl;q, A) is just l/A(/3;q, A), cf. ( 11.231) . and the reason for such a 
link is explained in Remark 12.51 Note by now that k is monotonic in both j3 and A. 
Since (3 is chosen smaller than an arbitrary fixed quantity /?o, in order to guarantee 
that k is large we will rather play on choosing A large. 

Remark 2.1. For the proof certain monotonicity properties will be important. No- 



tably, we know [la, § 1.5.2] that l/(y/xL(x)) is asymptotic to a monotonic (decreas- 
ing) function and this directly implies that we can find a slowly varying function 
L(-) and a constant c L G (0, 1] such that 

x i — > ^J~\j( ) lS decreasing and clL(x) < L(x) < L(a;) for every x G (0, oo). 

(2.2) 
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Given the asymptotic behavior of the renewal function of r (a special case of ( 11.121 )) 

(2.3) 



P (n G t) ~ 



and the fact that P (n G r) > for every n G N, we can choose L(-) and Cl such 
that we have also 

-i 



1 



VnTlL(n + l) 



< Pfn G r) < 



V / ^TlL(r2 + 1) 



n = 0,1,2, 



(2.4) 



It is natural to choose L(-) such that ]xm x - too h(x)/L(x) G [1, l/c L ) exists, and we 
will do so. For later convenience we set 

1 



Ri(x) := 



(2.5) 



2.2. The coarse graining procedure and the fractional moment bound. 

Let us start by introducing for < M < N the notation (s) 



J M,N 



j M,N,uj 



E 



e En=M+l (^n+h-log M(/?))<5„ Sn I ^ 



1 



(2.6) 



and Z M)M := 1 (of course Z N ^ = Zq )N ). We consider without loss of generality a 
system of size proportional to k, that is N = km with m G N. For X C {1, . . . , m} 
we define 

(2.7) 



where := {r D (U ieZ 5i) = r \ {0}}, and 

B i := {(i- l)jfe+ 1 



(2.8) 



that is £x is the event that the renewal r intersects the blocks (B,i) i( zj and only 
these blocks over {1, . . . , N}. It follows from this definition that 



zn,u — zi 

Zc{l,...,m} 



(2.9) 



Note that Z^ = if m £ X. Therefore in the following we will always assume m G X. 
For X — {ii, . . . (ii < ■ ■ ■ < ii, ii — m), one can express Z^ in the following way: 



E E -E 



d±<h d 2 <h 



K(d 1 )z dl Z dlJl K(d 2 - fi)Z d2j2 . . . K(di - fi-^z^Z, 



d,,N, 



(2.10) 



with z n : = exp(/3u; n + h — log M (/?)). Let us fix a value of 7 G (0, 1) (we actually 
choose 7 = 6/7, but we will keep writing it as 7). Using the inequality (X]aj) 7 < 
a] (which is valid for aj > and an arbitrary collection of indexes) we get 



XC{l,...,m} 



(2.11) 
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An elementary, but crucial, observation is that 

F(frh) = lim -i-ElogZ^ < liminf-LlogEZ^, (2.12) 

so that if we can prove that lim sup^ EZj w < oo for h = h c (0) + A(/3; g, A) we are 
done. 




iV 



o fc 2A- 3k 4k 5k 6k 7k 8k = N 

Figure 2. The figure above explains our coarse graining procedure. Here N = 
8k, 1 = {2,5,6,8}. The drawn trajectory is a typical trajectory contributing to 
Zn,u> di an d /ij 1 < i < 4, correspond to the indexes of (|2 . 10(1 - The shadowed 
regions represent the sites on which the change of measure procedure (presented 
in S l2~3]) acts. 



2.3. The change of measure. We introduce 

X j ■= E (2.13) 

where Bj is the Cartesian product of Bj with itself q times and u)i_ = Y[l=i u i a ■ The 
potential Vfc(-) plays a crucial role for the sequel: we define it and discuss some of 
its properties in the next remark. 

Remark 2.2. The potential V is best introduced if we define the sorting operator 
s(-): if i G M 9 (q — 2, 3, . . .), s(£) e R 9 is the non-decreasing rearrangement of the 
entries of i. We introduce then 

i 

U(i) := J] Ri (s(i) a - sOQa-x) , (2.14) 

a=2 

The potential V is defined by renormalizing C/ and by setting to zero the diagonal 
terms: 

^ ^ ( g !)l/2]fel/2L(Jfc)fa-l)/2 t/(i)1 ^^ fOT -*>' (2 - 15) 

where L(-) is defined as in fll.141) . with L(-) replaced by L(-). By exploiting the fact 
that for every c > we have J2i< C N -^i/2(0 2 Ar ~°° L(iV) one sees that 

E ^(0 2 = rTf^T- E f[ - ^-0) 2 1- (2-16) 

idBl MM'vJ 0<ii<...<i 9 <fca=2 

Therefore 

E ^ ^ 2 ' ( 2 - 17 ) 
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for k sufficiently large. 

Let us introduce, for K > 0, also 



g T {uj) := exp (^fxiXj^j 
g(u) := exp(f K (Xi)). 



(2.18) 



We are now going to replace, for fixed X, the measure P( da;) with gj(u)F( da;). The 
latter is not a probability measure: we could normalize it, but this is inessential 
because we are directly exploiting Holder inequality to get 

1-7 



E 



< E 



g x {uj) 1-7 



E 



(2.19) 



The first factor in the right-hand side is easily controlled, in fact 



E 



1-7 



E 



exp 



- lj P(Xi > exp (K 2 )) + 1 

(2.20) 

and since X\ is centered and its variance coincides with the left-hand side of (12.171) . 
by Chebyshev inequality the term exp (K^/(l — 7)) P (X 1 > exp (K 2 )) can be made 
arbitrarily small by choosing K large. Therefore for K sufficiently large (depending 
only on 7(= 6/7)) 



E 



< 2 7|x| [ E 



(2.21) 



Estimating the remaining factor is a more involved matter. We will actually 
use the following two statements, that we prove in the next section. Set Pj := 
P(E r ,5 N = l). 



Proposition 2.3. Assume that a = 1/2 and that (11.201) holds for some e e (0,1/2]. 
For every r\ > and every q > (2e) _1 we can choose A > such that if (3 < (3q and 
h < A(/3; q, A), for every I C {1, . . . , m} with m Gl we have 



E 



(2.22) 



The following technical estimate controls Pj (recall that X = . . . , i\x\})- 

Lemma 2.4. Assume a = 1/2. There exist C\ = Cx(L(-),k), C 2 = C 2 (L(-)) and 
ko — ko(L(-)) such that (with i := 0) 



Pi < CxCf 1 



(2.23) 



for k > k 
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Note that in this statement k is just a natural number, but we will apply it with 
k as in (12. II) so that k > k is just a requirement on A. Note also that the choice of 
7/5 is arbitrary (any number in (1,3/2) would do: the constants C\ and Ci depend 
on such a number). 

Let us now go back to (12.21D and let us plug it into (12.111) and use Proposition [231 
and Lemma [231 to get: 



Xc{l,...,m} j=l 



But 77/5 = 6/5 > 1, so we can choose 

V ■■= TT^ ( 2 - 25 ) 

and this implies that n 1— > (2C2?7) 7 n _77 / 5 is a sub-probability, which directly entails 
that 

E < ^ (7 = 6/7) (2.26) 

for every N, which implies, via ( 12. 12ft . that f(/3, h) — and we are done. 

It is important to stress that C\ may depend on k (we need ( 12.261) uniform in 
TV, not in k), but C2 does not (C2 is just a function of £(•), that is a function of the 
chosen renewal), so that 77 may actually be chosen a priori as in (12.251) : it is a small 
but fixed constant that depends only on the underlying renewal r. 



Remark 2.5. In this section we have actually hidden the role of A(/3; q, A) in the 
hypotheses of Proposition 12.31 which are the hypotheses of Theorem 11.71 Let us 
therefore explain informally why we can prove a critical point shift of A = 1/k. 

The coarse graining procedure reduces proving derealization to Proposition 12.31 
As it is quite intuitive from ( 1 2 . 9 h ( T2T2~TTl and Figure one has to estimate the expec- 
tation, with respect to the g(c<j)-modified measure, of the partition function Z^, h f i 
(or, equivalently, Zd j j j /P(fj — dj G r)) in each visited block (let us assume that 
fj — dj is of the order of k, because if it is much smaller than k one can bound this 
contribution in a much more elementary way). The Boltzmann factor in Z^ jj is 

ex P(En=(i +i(^ w n — log M(/3) + h)5 n ) which can be bounded (in an apparently very 
rough way) by exp(52^_ d . +1 (/3a; n — logM(/?))5 n ) exp(hk), since fj — dj < k. There- 
fore, if h < A(P;q,A) ~ 1/k we can drop the dependence on h at the expense of the 
multiplicative factor e that is innocuous because we can show that the expectation 
(with respect to the (7(kj)-modified measure) of Zd h fJ~P{fj — dj G r) when h — 
can be made arbitrarily small by choosing A sufficiently large. 



Remark 2.6. A last observation on the proof is about (3q. It can be chosen ar- 
bitrarily, but for the sake of simplifying the constants appearing in the proofs we 
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choose (3q G (0, oo) such that 

\ - W 2logU{p) - 2 ' (2 ' 27) 

for j3 G [0,/3 ]. Choosing /3 arbitrarily just boils down to changing the constants in 
the right-most and left-most terms in (12.271) . 

3. Coarse graining estimates 

We start by proving Lemma l2~4l namely (12 .231) . The proof is however more clear 
if instead of working with the exponent 7/5 we work with 3/2 — £ (£ G (0, 1/2), in 
the end, plug in £ = 1/10). 

Proof of Lemma \2.J\ First of all, in the product on the right-hand side of (12 . 231) 
one can clearly ignore the terms such that ij — ij_\ = 1. We then express X in 
a more practical way by observing that we can define, in a unique way, an integer 
p < I :— \T\ and increasing sequences of integers {a>j}j=i,...,p, {bj}j=i,..., P with b p = m, 
a j > frj-i + 2 (for j > 1) and 6j > such that 

x=Uh^]nN. (3.i) 

With this definition, it is sufficient to show 

1 P_1 1 
Pj < C X C 2 . \\- . 3/2 , • (3.2) 

a] 1 5 J=i ( a i+! _ 6 i) 7 ? 

We start then by writing 
Px< Yl ■ ■ E E K(d 1 )P(f 1 -d 1 er)...K(d p -f p . 1 )P(N-d p er), 

diGB ai dp-iGB ap _ 1 dpGBap 

(3.3) 

where the inequality comes from neglecting the constraint that r has to intersect 
B a . +1 , . . . B{, -l. Note that the meaning of the d and / indexes is somewhat different 
with respect to (|2.10l) and that in the above sum we always have 

d\ G B ai , 

(aj - bj-i - l)k < dj - fj_i < (aj - bj-i + l)k, (3.4) 
(bj - aj - l)k V < fj - dj < (bj - aj + l)k. 

In particular, fj > dj is guaranteed by the fact that P(fj — dj G r) = otherwise. 
Observe now that for k sufficiently large 

v( \ s J 1 ifai = l, L(aifc) 
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where c\(k) := max(10, k 1 / 2 / L{k)). Moreover there exists a constant c 2 depending 
on L(-) such that for j > 1 



V" Kin* < n HHaj-bj-l)) 

x=(o^-6,-_i-l)fc V 3 3 ' 

(bj-dj+l)k y 2 



(3.6) 



J2 p (x e r) < c 2 - 



The first inequality is obtained by making use of dj > + 2. Neglecting the last 
term which is smaller than one, we can bound the right-hand side of (13.31) and get 

p < r (lcV 2 P L(Qlfc) ff ( L W a 3+l- h i)) \ ( 1 ^ 

X ~ 11 J 2 k^aT \\ V - h?> 2 ) ~ ^ + l)WL (k^ - a, + 1))) " 

(3.7) 

Notice now that since L(-) grows slower than any power, sup ai L{aik)/{k l / 2 a\ ) is 
o(l) for k large. To control the other terms we use the Potter bound [la, Th. 1.5.6]: 
given a slowly varying function L(-) which is locally bounded away from zero and 
infinity (which we may assume in our set up without loss of generality), for every 
a > there exists c a > such that for every x, y > 

' < c a max (- V -\ . (3.8) 



L(y) \2/'a: 
This bound implies that for large enough k 

L(k) L(kx) , x 

8 ?? TELob - 2 and - 2 - (3 - 9) 

In fact consider the second bound (the argument for the first one is identical): by 
choosing a = (/2 we have L{kx) /(L(k)x^) < c^/2X~^ 2 < 2 and the second inequality 
holds for x larger than a suitable constant C$. For x(> 1) smaller than C% instead 
it suffices to choose k sufficiently large so that L{kx)/L{k) < 2 for every x G [1, Cy . 
Using the two bounds (13.90 in fl3.7j) we complete the proof. □ 

The proof of Proposition 12.31 depends on the following lemma that will be proven 
in the next section. 



Lemma 3.1. Set h = 0, fix q G N, q > (2e) 1 as in Theorem and recall the 
definition of k = k({3;q,A) (12.11) . For every e and 5 > there exists A > such 
that for A > A 

E[g(uj)z d Z d j} < SP(f-der), (3.10) 
for every d and f such that 0<d<d + ek<f<k and [3 < (3q. 
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Proof of Proposition 12.31 Recalling (12.101) and the notations for the set J 
in there, we have 



[flr( 

5^ E ' ' ' E A '( rf l) E [^( w )^i-*(u-l)^i-fc(ii-l),/i-fc(*i-l)] K ( d, i ~ h) ■ ■ ■ 



di<h d 2 <h 



K(di - /i_i)E [^(u;)2 ( i ; _ fc ( m _i)Z (i; _ fc ( m _i) ifc ] 

^ e ' E E • • • E + l {/ 1 -di<^>) p (/i - rf i e r )^( rf 2 - a) • • ■ 



di<h d 2 <h 



K{dt - /,_!)(* + l {JV _ d! < £fc} )P(iV - d l G r), (3.11) 



where the factor e l in the last expression comes from bounding the contribution due 
to h (recall that hk < 1). We now consider as the union of two sub-blocks 

B® := {(ij - l)k, l)k + [k/2\} , 

If G then if e is sufficiently small (e < 1/10 suffices) we have that for 
sufficiently large (i.e. > ko(L(-),e)) 

dj+ek / ke \ 

^ P(/ _ d . e r )K(rf J+1 -/)<4 £p(ier) # - ii)). (3.13) 

f=dj \x=l J 

This can be compared to 

fcij /Lfc/4J \ 

£ P(/ _ d . e r )A^ +1 -/)>- JP^er) - (3-14) 

/=d,- \ x=l / 

that holds once again for fc large. By using that Ylx=i P( x ^ T ) behaves for n large 
like y/n times a slowly varying function (cf. ( 12.31) ) we therefore see that given 5 > 
we can find £ such that for any dj G we have 

dj +ek kij 

P(/ - d j G r)if(d i+1 - /) < 5 ^ P(/ - d, G r)K(d j+1 - f). (3.15) 

/=dj f=dj 

Using the same argument in the opposite way one finds that if fj G B\, 

fi Si 

Kid-f^Mfr-der) < 6 K(d-fj-iMfj-der). (3.16) 

d=fj—ek d=k(ij — l) 
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Since either dj G or f) G Bj?' , we conclude that 



Yl Mfi-d^keyKidj - fj-i)P(fj - dj G r)K{d j+1 - fj 

d j<f] 



<5 Yl ^i-/i-i)P(/i-^Wi+i-/i). (3-17) 



dj,fj£B ik 
d j<fj 



The analog estimate can be obtained for the sum over di in ( 13.111) (rather, it is 
easier). Using this inequality j — 1 . . .1 we get our result for rj = 2e5. 

□ 

4. The g-body potential estimates (proof of Lemma 13.11) 

In what follows X = X x and we fix 5 G (0, 1). The positive (small) number e is 
fixed too, as well as q > (2e)~\ where e is the same which appears in the statement 
of Theorem O 



Proof of Lemma \3.1[ We start by observing that, since h = 0, 

g(u) exp (j^i^n ~ logM(/3))tf n 



E = E, 



dj 



E 



K n=d 



P(f-der) 



(4.1) 

where P^,/ is the law of r fl [d, /], conditioned to f,d E r. Given the random set (or 
renewal trajectory) r we introduce the probability measure 



F T (dco) := exp - logM(/3))^ P(dw). 

\n=d / 



(4.2) 



Note that cj, under P r , is still a sequence of independent random variables, but they 
are no longer identically distributed. We will use that, for d < n < /, 

~E T u n = mp5 n /3 ~° j38 n (so that f3/2 < < 2/3 ) and var^ (uv) < 2, (4.3) 

where the inequalities hold for j3 < j3 (recall (12.270 ) and all relations hold uniformly 
in the renewal trajectory r. On the other hand, for n ^ {d, . . . , /} the u; n 's are IID 
exactly as under P. We have: 

E [g{u)z d Z dJ } _ ~ 
P(/-d€r) " E * /Er [ ^ )] " 

exp(-iT)E di/ P T [X > exp(X 2 )] + E dJ P T [X < exp(A 2 )] < 

exp(-A~) + E di/ P T [X < exp(X 2 )] < ^ + E d>/ P r [X < exp(X 2 )] , (4.4) 

where in the last step we have chosen K such that exp (—A') < 5/3. We are now 
going to use the following lemma: 
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Lemma 4.1. If d and f are chosen such that f — d > ek and X(= Xi) is defined 
as in (12.131) . that is X = Yli£B q we have that for every ( > we can find 

a > and A such that 



P dJ (e t X > aAW 1 ") > 1 - C, 



(4.5) 



for P<p andA> A . 



We apply this lemma by setting ( = 5/3 (so a is fixed once 5 is chosen) so that, 
if we choose K such that 2exp(if 2 ) = aA^ q ~ 1 ^ 2 (note that, by choosing A large we 
make K large and we automatically satisfy the previous requirements on K), we 

have P d j \E T X < 2exp(X 2 )) < 5/3, so that, in view of ( |4~4l ). we obtain 



E[g(uj)z d Z dJ } 25 ~ 

P(f-der) " T + Ed > fK 



X -E T X < -exp^ 2 



< 



25 



— ErfjE T 



X -E T X 



(4.6) 



3 a?A*- 

The conclusion now follows as soon as we can show that the second moment 
appearing in the last term of (14.61) is o(A q ~ l ) for A large. But this is precisely what 
is granted by the next lemma: 



Lemma 4.2. There exist A > such that 



E dJ E T 



X -E T X 



< A^ 2 '\ 



(4.7) 



for every (3 < (3q and every A > A . 



Proof of Iemma \4-%\ We start by introducing the notation uj n := u n — mj35 n l{ d < n <fj 
and by observing that 



X-E^X 



E T 



Y V kd) II + m /3 5 ^!{rf<ia</}) - m ^ Y V k (i)5i 

<Le Bl a=l ie{d,...,f}l 

2- 



<C{q) E T 



q-l 



Y m ^ Y Y v k(u)^i s i 



9-1 



<C{q)Y4"Y E Mi3)V k {im)5 L 5 n 

i=0 i&Br 1 i,rne{d,...jy 



(4.8) 



where ij e B\ is the concatenation of i and j and in the last step we have first used 
the Cauchy-Schwarz inequality, the fact that the u variables are independent and 
centered and (14.31) . 
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Remark 4.3. Here and in the following, we adopt the convention that C(a,b, . . .) 
is a positive constant (which depends on the parameters a, 6, . . .), whose numerical 
value may change from line to line. 



Therefore 



E d)/ E T 



X -E T X 



9-1 



<C(q)J2^J2 E MU)V k (irn)E djf 



1=0 



(4.9) 

Let us point out immediately that we know how to deal with the t = case: it 
is simply C(q) J2ieB q ^(i) 2 and it is therefore bounded by 2C(q) (cf. (12.171 )). By 
using the notation and the bounds in Remarks 12 . 1 1 and [272l toget her with the renewal 
property, we readily see that 



E 



d,f 



SjSm 



< 



P(f-der) 



-(2£+l) 2£+l 



a=l 



fl. (/ - d) ii 



i [r a - r a _i 



(4.10) 

for j,m e {d, . . . , r = s(jm), r := d and r 2 £+i := /. A notational simplifica- 
tion may be therefore achieved by exploiting further Remark 12.21 namely by using 
( 12T41) . so that ( T4T3XI becomes 



E 



d,f 



< C 



-(2£+l) 



-(2m) 



-Ri {f — d) 1 .Ri (min(j m) — d)U(j m)Ri (f — max(j m)) 
tf-<£)- x U{djmf). 



(4.11) 



By inserting (14. lip and (12.151) into (i4~9l) we get to 

2" 



E,,.,E T 



X -E T X 



q-l 



<C 1 + 



kL(k)i-iRi(f - d) ^ 



E< E E U(UMzm)U(d3_mf) 



ieBf- e im£{d,-jy 



q-l 



< C 1 



(4.12) 

where of course s({l, . . . , a} n ) = {i G {l,...,a}™ : ii < z 2 < . . . < and 
C = C(g, L(-)), with the convention of Remark [4731 

The rest of the proof is devoted to bounding 

T ** '■= E E U(ii)U(im)U(dimf). (4.13) 

ies(Br e )i,in£s({d,...,fy) 

This is relatively heavy, because, while i, j and m are ordered, zj, im and j m 
are not. We have therefore to estimate the contributions given by every mutual 
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arrangement of i, j and m. This will be done in a systematic way with the help of 
a diagram representation (the diagrams will correspond to groups of configurations 
i, j and m that have the same mutual order). 

Fix q and £ and choose i G s({l, . . . , k} q ~ l ) and j,m G s(g {d, . . . , /}*). The 
construction of the diagram of i, j and m is done in steps: 

(1) Mark with D's on the horizontal axis (the dotted line in Figure [3j) the 
positions i\ < ii < ■ ■ • < i q ~£. Do the same for j (using o) and m (using •). 
As explained in Remark 14.41 below, we may and do assume that symbols 
do not sit on the same position (this amounts to assuming strict inequality 
between all indexes). 

(2) Consider the set of CD's and o's, and connect all nearest neighbors with a 
line (the line may be straight or curved for the sake of visual clarity). 

(3) Do the same for the set of CD's and »'s. 

(4) Do the same for the set of o's and »'s. 

(5) Consider the set of o's and «'s and connect the element that is closest to 
d with d. Do the analogous action with the element which is closest to /. 
The point d is always to the left of o's and »'s and the point / is always to 
the right. 

We have now a graph with vertex set {d, f,i,j,m}. Vertices have a type (□, o 
and •): d and / have their own type too, graphically this type is |. We actually 
consider the richer graph with vertex set given by the points and the type of the 
point. The edges are the ones built with the above procedure; note that there may 
be double edges: we keep them and call them twin edges. Two indexes configurations 
are equivalent if they can be transformed into each other by translating the indexes 
without allowing them cross (and, of course, keeping their type; the vertices d and 
/ are fixed). This leads to equivalence classes and a class is denoted by Q\ we split 
the sum in (|4.13p according to these classes, that is T qi = J2g T q /,g- The bound we 
are going to find is rather rough: we are going in fact to bound maxgT q ^g. 

Remark 4.4. We have built equivalent classes of non-superposing points only. How- 
ever in estimating T q ^g we will allow the index summations to include coinciding 
indexes so in the end we include (and over-estimate) the contributions of all the 
configurations of indexes. 

In order to estimate T q ^g we proceed to a graph trimming procedure that will 
be then matched to successive estimates on T q ^g. 
The trimming procedure is the following: 

(1) If there are □ vertices that are left of leftmost element of the set of o and 
• vertices (we may call these □ vertices external vertices), we erase them 
and we trim the edges linking them. Note that if we do this procedure left 
to right, we erase one vertex and two edges at a time: at each step we trim 
a couple of twin edges, except at the last step in which the edges are not 
twin. We do the same with the □ vertices that are right of the rightmost 
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h 

1 □= 
Start 




Trim step 1 



Trim step 2 



Trim step 3 



Trim step 4 

Figure 3. A diagram arising for q = 7 and 1 = 2 and the successive trimming 
procedure explained in the text 

element of the set of o and • vertices (if any, of course). The trimming 
procedure goes this time right to left. We call internal the vertices that are 
left. 

Now we start (say) right and we erase the rightmost internal vertex (in this 
first step is necessarily a o or a •, later it may be a □; we do not touch 
d and /). Note that it has two edges (linking to vertices on the left) and 
one edge linking it with /: we trim these three edges and we add an edge 
linking the rightmost vertex (it can have any type among □, o and •) that 
is still present to / with an edge. 

We repeat step (2) till one is left with only four vertices (among them, only 
one may be a □) and three edges. Trim step 4 in Figure [3] is a possible fully 
trimmed configuration. 

Let us now explain the link between the trimming procedure and quantitative 
estimates on T q ^ g. Also this is done by steps corresponding precisely to the three 
steps of the trimming procedure: 

(1) Consider the external □ vertices connected to the rest of the graph by twin 
edges, if any. We start by the leftmost (if there is at least one on the left: 
the procedure from the right is absolutely analogous) and notice that we 
can sum over the index, that is ii, and use that, thanks to (12.21) (recall 
(11.141) and frXSl) ). there exists C L such that for < n < k 

n 

J2(R^-*)) 2 < C L L(k). (4.14) 

i=0 





ji k 
-o — □ 



(2) 



(3) 
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We are of course over-estimating the real sums that are, in most cases, 
restricted to small portions of B\ . This estimate allows trimming T q ^g in 
the sense that it gives the bound T q ^g < C£L(k) r T q - r ^ t gi , where r is the 
number of twin edges and Q' is the graph, with q — r + £ vertices that is left 
after this procedure. This step can be repeated also for the last external 
□ 's (there are at most two, one on the left and one on the right). In these 
cases we simply use that Ri(-) is decreasing so that if < n < n' 

n n 

jT,R h {n-i)R h (ri-i) < ^(i?i(n-^)) 2 , (4.15) 

i=0 i=0 

and then ( 14.141) applies. So this extra trimming yields again CiLik) to the 
power of half the number of edges trimmed, that is, to the power of the 
number of the external vertices. 

(2) We are left with the internal vertices and we start erasing the vertex (it 
is necessarily o or • at this stage) which is most on the right. So we sum 
over its index and use the bound: there exists a constant Cl such that for 
(0 <)d < n' < n < /(< k) we have 

/ f-n 

j2 Rl _(j-n)R h (j-n')Ri(f-j) < 5>|(j) 2 #| ((/ - n) - j) 

j=n j=0 

< C L L(f-n)Ri(f-n) < C L L(k)Ri(f - n), (4.16) 

where in the first inequality we have used the monotonicity of Ri(-), in 
the second we have explicitly estimated the sum by using standard results 
on regularly varying function and (11.151) . The last inequality is just the 
monotonicity of L(-). This means that this trimming step brings once again 
a multiplicative factor CiL(k): of course this time we have trimmed three 
edges, but we have also the extra factor R±(f — n) which is precisely the 
contribution of a longer edge that we rebuild (see Figured]). 

(3) Keep repeating the previous step (the type of the vertices is not really 
important), trimming each time three edges, but rebuilding one too (so, in 
total, minus two edges), till the graph with four vertices and three edges. 

In order to evaluate the contribution of all the trimming procedure we just need 
to count the number of vertices that we have erased: q + £ — 2. We are now left 
with the contribution given by the last diagram (four points, three edges: see for 
example trim step 4 in Figure times of course {CLL(k)) q+l ~ 2 : we bound the last 
diagram using 

^/7^rf kRi(f-d) 

ZE R & * ° L i(hw - ( ' L • (417) 

where Cl is once again a constant that depends only on L(-), while in the last step 
we have used k > f — d > ek and (12.41) . Going back to ( 14.121) we see that there 
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ai ^0,2 a 3 / 




Figure 4. The second step of the trimming procedure corresponding to the 
estimate <|4. 16[) . The symbol o may represent □, o and •: the choice is not fully 
arbitrary, in the sense that for example before starting the trimming procedure 
there is no edge between / (or d) and a □. However the estimate is independent 
of the type of symbols. 



exists C = C(e,q, L(-)) such that (with the convention of Remark l4~3l) 

2" 



X -E T X 
7IH 



< 



L{k) q+l ~ 2 k Ri(f - d) 



max 



=1,2,...,9-1 jfcL(jfe)9-ii2i(/-d) 



L(ky 



-m 



2C 



C 1 



max 



l,2,...,q-X L(fc) 



max 



(4.18) 



where in the last line we have used nig < 2/?, for (3 < (3q (cf. (14.31) ). We now recall 
( 12. ip that guarantees that 

^/(^i) < ^4 go that — ^/fa-D < 2A, (4.19) 



- l) 2 /(9-l) 



L(Jfe) 2 /fe-i)' 



where the second inequality is a consequence of the slowly varying character of L( 
and !/(•) and it holds for k sufficiently large. But this implies 



£g_> < (M) (HX„ (L(fc)L(fc)^" 1+(</,) 



(4.20) 



so that, by (11.151) . by choosing A large we can make the quantity in (14.201) arbitrarily 
small (recall that £ — 1, . . . ,q — 1), so that going back to (14.181) . we see that 

2" 



X -E T X 



< 



C(e,q,L(-)) [l + Ato- 1 ?'* i jnsx ^{L{k)L{kf 



< A ( - q ~ 1 f/ q , (4.21) 
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where in the last step we have used that, by fl 1 . 1 5H . the maximum in the intermediate 
term can be made arbitrarily small, by choosing k large (that is, A larger than a 
constant depending on e, q and L(-)). This completes the proof of Lemma l4~2l □ 



5. Some probability estimates (Proof of Lemma 14.11 ) 

The proof is done in four steps. 

Step 1: reduction to an asymptotic estimate on a constrained renewal. In this step 
we show that it is sufficient to establish that for every ( > there exists g > and 
N ( E N such that 



L(N) 



V ^ 6 i ^ ? 



Net] > 1-C, 



(5.1] 



for N > N ( . 

Notice in fact that K T X = ^\ Vk(i)5i, where i E {d, . . . , f} q . Since I4(i) 
is invariant under the transformation i = (z'i, . . . , i q ) \— > (z'i + n, . . . , i q + n) (any 
n 6 Z), we may very well work on {0, ...,/ — d}, that is on an interval {0, . . . , N} 
(ek < N < k) and r is a renewal with r = and conditioned to N G r. With this 
change of variables, (14.51) reads 



ie{0,...,N}i 



Net] > 1-C 



(5.2) 



Now two observations are in order: 

• V k (i)/V N (i) = (N/ky/^Li^/Lik)}^- 1 ^ 2 so that for k sufficiently large 
(that is for A larger than a constant depending on e and £(•)) we have 



V k (f) > s 



1/2 



V N (i) - 2 
• By IjPjl . (|23|| and (Q we see that 

m* > T^A^I 2 . ' U "~~ > 2-"c L A^ 2 



(5.3) 



L(N) 



L(k - l)(«-l)/2 



L(AT)(9-i)/2 



(5.4) 



These two observations show that for A sufficiently large (15.21) is implied by 



v ^ |e{o,...,Ar}« 



1/2 



iVGr > 1-C- (5.5) 



Therefore, at least if A is larger than a suitable constant depending on e and L(-), 
it is sufficient to prove (15.11) . 
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lb- 



Step 2: removing the constraint. In this step we claim that there exists a positive 
constant c, that depends only on L(-), such that if 



L(N) 



L(N)( 



q-l)/2 



v N{0k > q) > i - cC, 



(5.6) 



ie{i,...,[N/2\}i 



then (15.11 ) holds. Note first of all that the random variable that we are estimating 
is smaller (since Vjv(-) > 0) than the random variable in f l5.ll ). for every given r- 
trajectory. It is therefore sufficient to bound the Radon-Nykodym derivative of the 
law of r fl [0, L^/2J] without constraint N G r with respect to the law of the same 
random set with the constraint. Such an estimate can be found for example in [65j, 
Lemma A. 2]. 

Step 3: reduction to a convergence in law statement. For p := 1/ (2(q— 1)) we define 
the subset S P (N) of s({0, 1, . . . , N} q ) (recall that the latter is the set of increasingly 
rearranged i vectors) such that ij < N((j — l)p + (1/2)) for j = 1, 2, . . . , q. 
The claim of this step is that (15.61) follows if 

L(N) v- 



Vn 



V N (i)8i 77^ with r/oo > a.s. 



L(jV)(«z-i)/2 



iGS p (N) 



(5.7) 



where =^> denotes convergence in law. 

In order to see why ( 15 .71) implies ( 15.61) it suffices to observe that replacing N 
with |_7V/ 2J in ( 15.61) (except when it already appears as [N/2\) introduces an error 
that can be bounded by a multiplicative constant (say, 2) for N sufficiently large, 
so that it suffices to show that P(r] N > 2g) > 1 — c(. But (15.71) yields lim^r P(vn > 
2q) > P(r]oo > 3g). At this point if we choose g := g(() such that P(?7oo > 3^») = 
1 — (cC/2), we are assured that for N sufficiently large (how large depends on Q 
P{Vn > 2g) > 1 — c( and we are reduced to proving (15.71 ). 

Step 4-' proof of the convergence in law statement (15 .7p . This step depends on the 
following lemma, that we prove just below: 



Lemma 5.1. For every 6q G (0, 1) we have 



lim sup E 

N ->°° 0e[0 o ,i] 



/ 1 L<wj 

U — YRmWj 



(5.8) 



with c := Hindoo L(x)/L(x)(G [1, c L 1 ]). 



For p=l,2,...,gwe introduce the random variables 

Vn, p ■ = 

27i\ p ~ q L(N)_ 

il=0 i2=ii+l ip=i p -i+l 



A^ 1 /2 L (iV)J 



[AT/2] [(p+(l/2))7V] [ { (p_l)p+(l/2))7V] p 



r=2 



(5.9) 
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where the product in the right-hand side has to be read as 1 if p = 1 and, in this case, 
there is only the sum over z'i. First of all remark that r)N, q = y/q^-VN (recall (12.151) ) 
and that r]N,p-i is obtained from 7]n, p by removing the last term in the product, the 
corresponding sum and by multiplying by 27rL(iV) / c. We now claim that Lemma lSTTl 
implies that for p = 2,3, ... ,q 

lim E[\t] NjP -t] NjP -iW = 0, (5.10) 

which clearly reduces the problem of proving t]n r/^ to proving 77.^,1 r/^, 
and r/oo has to be a positive random variable. But in fact we have 

The convergence in ( I5.11|) is a standard result that we outline briefly. First of all 
for every choice ofn,mGNwe have 

Y^Si < mj = {r m > n} , (5.12) 

so that the asymptotic law of the normalized local time of r up to n, i.e. L(n)rT l l 2 Ym=\ ^ 
is directly linked to the domain of attraction of the random variable T\. Explicitly, 
one directly verifies that for A > 

E [(1 - exp(-Ar 1 ))] 2 V ^FL(1/A)v / A, (5.13) 

so that, if a(-) is the asymptotic inverse of the regularly varying function r(-), defined 
by r{x) := ^fx/L{x) for x > 0, that is a(r(x)) ~ r(a(x)) ~ x for x — > oo, we have 

lim E [exp (-Xr N /a(N))} = exp (-2V^\) = E [exp(-AF)] , (5.14) 

where Y is a positive random variable with density fy(y) equal to y~ 3 ^ 2 exp(— w/y) 
(for y > 0). On the other hand for t > by (15.121) we have 

^ E ^ < *J re ~°° P ( T ltV^/L(n)i > n) . (5.15) 

Therefore if we observe that a{t\/n / L(n)) ~ t 2 a(^fn/ L{n)) ~ t 2 n, for n — * oo, we 
directly obtain that 



By using the (explicit) density of Y, one directly verifies that P(Y > 1/t 2 ) coincides 
with P(|Z|/v27T < t) for every t > 0, that is (15.111) is established (recall that in 
( I5.1ip the summation is up to N/2). 



5. SOME PROBABILITY ESTIMATES (PROOF OF LEMMA EJ 



159 



We are therefore left with proving ( 15.101) . This follows by observing that for 
P = 3,4, ...,q 



E [\rj N ,p - 77at, p -i|] < 



2lT 



p-q 



UN) 



p-2 



\_N/2\ L(p+(l/2))iVj L((p-2)p+(l/2))iVJ 



p-1 



EE E E 

il=0 12=U+1 «p-l=«p-2 + l L r=2 

L((p-l)p+(l/2))ATj 

5^ Rl/2 (i P ~ ip-l) S ip - — 



L(7V) 



<*< 1 = 1 

1 



, (5.17) 



and the same expression holds if p — 2 but in this case the external summation is 
only over %\ and Yll=l -^1/2 — V-i) &i r is replaced by 1. The bound (15.171) follows 
from the triangular inequality and from the renewal property of r. Next, note that 



E 



L((p-l)p+(l/2))2Vj 

~— - E Rl / 2 & 'ip-J 6 *p 

M iv J i v =i v - 1+ l 



2tt 



£* , = 1 

1 



E 



L((p-l)p+(l/2))JVJ-ip- 



L(7V) 



E 

i=i 



#1/2 (i) <5» 



2tt 



0, (5.18) 



uniformly in the choice of i p _i G {z p _2 + l, • • • , |_((P — 1)/0+ (l/2)iVj )-. This is because 
the summation in (I5.18P contains at least [pN] terms (and no more than N) so that 
we can apply Lemma IBTTl The fact that E [\rjN, P — t]n, p -i\} = o(l) as N — > 00 is 
therefore a consequence of the following explicit estimate: 



L(N) 



[N/2] L(p+(1/2))JVJ L((P"2)P+(1/2))JVJ 



E E 



E E 

ip— i=ip— 2+1 



p-1 



r=2 



< 



N l ' 2 UNy~ 2 f- n 

\ / ll=U 12=11 + 1 

.(p_l) LJV/2J L(p+(1/2))7VJ L((P-2)P+(1/2))ATJ p-1 

E E ■■■ E ^mo II(^/2(v-v-i)) 2 



L(iV) c - 



V / 11=0 «2=«1 + 1 



ip-l=ip-2+l 



r=2 



N— >oo 



V^cT^, (5.19) 



where we have used the definition ( 11.141) of the slowly varying function L(-) and 
the fact that /^(y 1 / 2 !^?/)) -1 dy rr ~°° 2x 1 ^ 2 /L(x). This completes the proof of 
Lemma |4~T1 □ 



Proof of Lemma l5A[ This is very similar to the proof of Lemma 5.4 in [65J] (that, 
in turn generalizes a result of K. L. Chung and P. Erdos We give it in detail 

in order to clarify the role of the slowly varying function. 
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First of all let us remark that 

[ON] 



2ttL(A^) 2tt 



(5.20) 



where the last asymptotic relation holds uniformly in 6, when 9 lies in a compact 
subinterval of (0, oo). The statement is therefore reduced to showing that the vari- 
ance of 



Y n := £>/2Ci)*i, 
i=i 

is o(Z(n) 2 ). 

Let us compute and start by observing that 



(5.21) 



var P (F n ) = ^^W^OOfE^l-E^E^]] 

n—1 n 

= 2 E E RV2{()Ri,2{j) [E [SiSj] — E [Si] E [Sj]] + 0(L(n)) 

i=l j=i+l 

=: 2T n + 0(L(n)), 



(5.22) 



and 



n-l 



%=i 

n-l 

< ^i? 1/2 (z)E[4 

i=l 
n-l 



£ fl 1/2 (i + j)E [6,] - «i/aO')E ft] 

,j=i j=t+i 



£ i2 1/3 (i + j)E fo] - ]T R 1/2 (i + j)E ft 

j'=l j=i+l 
i n—1 



< ^i2 1/2 (i)E[^X;E 1/2 (i+j)E^] < ^(^(^E^^Efc] 



i=l 



i=l 



(5.23) 

where the first three inequalities follow since -Ri/ 2 (-) is non increasing and the fourth 
follows from (12.41) . The conclusion of the proof follows now from Remark 15 . 2L □ 



Remark 5.2. For x — > oo 
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with L(x) defined as in ()1.14p with L(-) replaced by L(-). This is a consequence of 
(ll.ISp (which of course holds also for L(-)): 

(5.25) 

. 2 

and the rightmost term is (L(x 

6. A general monotonicity result 

We present now a very general result: we give it in our context but a look at the 
proof suffices to see that it holds also under substantially milder assumptions on the 
process r. 

Proposition 6.1. The free energy F((3,h) is a non-increasing function of (3 on 
[0, oo). Therefore 

(i) (3 i— > h c {(3) is a non- decreasing function of (3. 

(ii) There exists a critical value (3 C £ [0, oo] such that h c (0) = h c {(3) if and only 
ifP<Pc 

This result is of particular relevance when J2 n l/( n -^( n ) 2 ) < 00 > that is when for 
small (3 we have h c {(3) = h c (0) (cf. § 11.41) : in this case (3 C is the transition point from 
the irrelevant disorder regime to the relevant one. But also in our set-up, in which 
J2 n ^/{nL(n) 2 ) = oo, it is of some use since it implies that it is sufficient to prove 
Theorem II .71 for one value of (3q > and the statement holds also for any other value 
of (3q (by accepting, of course, a worse estimate on the shift of the critical point if 
one follows the estimates quantitatively, see Remark [231) . 



Proof. We just need to prove that (3 \— > f(/3, h) is a non-increasing function on 
[0, oo) as the other points are trivial consequence of this result. To do so, we prove 
that f3 i — E[logZjv !(i) ] is a non-increasing function of (3, and pass to the limit. The 
proof is the adaptation of an argument used in 4(i| for directed polymers with bulk 
disorder to prove a similar result. 

What we will show is 



d_ 

df3 



E [log Z 



E 



d_ 

d(3 



\ogZ 



< 0. 



(6.1) 



The proof of the equality in (16.11 ) is standard and can be easily adapted from [4 
Lemma 3.3]. Recall now that := M'(f3)/M(f3). We have 



log Af (/?)]<$„ 5 





\ d i v ' 






E 


dp l0gZN '\ 


= E 


E 









E 



cxp 




N 



(6.2) 
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For a fixed trajectory of the renewal, the probability measure P r (recall definition 
(14.21) ). is a product measure, so that, since is a decreasing function of u and 



J2n=i( u n — mg)<5 n is a non-decreasing function of u>, by the Harris-FKG inequality 
we have 



TV 
n=l 



THp)6 r , 



' N 

E< 

n=l 



0. 



(6.3) 
□ 



Part 2 

Polymeres diriges en milieu aleatoire 



CHAPTER 6 



Directed polymer on hierarchical lattices with site disorder 



1. Introduction and presentation of the model 

The model of directed polymers in random environment appeared first in the 
physics literature as an attempt to modelize roughening in domain wall in the 2D- 
Ising model due to impurities [79|. It then reached the mathematical community in 
* 8l| . and in [22], where the author applied martingale techniques that have became 



the major technical tools in the study of this model since then. A lot of progress has 
been made recently in the mathematical understanding of directed polymer model 
(see for example 82; 4(J 36; H; H; 28|; 38] and !3] for a recent review). It is known 
that there is a phase transition from a delocalized phase at high temperature, where 
the behavior of the polymer is diffusive, to a localized phase, where it is expected that 
the influence of the media is relevant in order to produce nontrivial phenomenons, 
such as super-diffusivity. These two different situations are usually referred to as 
weak and strong disorder, respectively. A simple characterization of this dichotomy 
is given in terms of the limit of a certain positive martingale related to the partition 
function of this model. 

It is known that in low dimensions [d = 1 or 2), the polymer is essentially in 
the strong disorder phase (see [9l|, for more precise results), but for d ^ 3, there 
is a nontrivial region of temperatures where weak disorder holds. A weak form of 
invariance principle is proved in (4o| . 

However, the exact value of the critical temperature which separates the two 
regions (when it is finite) remains an open question. It is known exactly in the 
case of directed polymers on the tree, where a complete analysis is available (see 
0; Hsl; [s^]). In the case of Z d , for d > 3, an L 2 computation yields an upper bound 
on the critical temperature, which is however known not to coincide with this bound 



(see [18|; ]l7j] and [27 



We choose to study the same model of directed polymers on diamond hierar- 
chical lattices. These lattices present a very simple structure allowing to perform 
a lot of computations together with a richer geometry than the tree (see Remark 
12.31 for more details). They have been introduced in physics in order to perform 
exact renormalization group computations for spin systems (jSj83|). A detailed 



treatment of more general hierarchical lattices can be found in [83] and 88|. For 
an overview of the extensive literature on Ising and Potts models on hierarchical 



lattices, we refer the reader to [2JJ; ]4j] and references therein. Whereas statistical 



mechanics model on trees have to be considered as mean-field versions of the original 
models, the hierarchical lattice models are in many sense very close to the models 
on Z d ; they are a very powerful tool to get an intuition for results and proofs on the 
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more complex Z d models (for instance, the work on hierarchical pinning model in 



64] lead to a solution of the original model in [4d. In the same manner, the present 
work has been a great source of inspiration for [9lfl). 

Directed polymers on h ierarchical lattices (with bond disorder) appeared in [HI; 



45; 48; H] (see also 104] for directed first-passage percolation). More recently, 



these lattice model s ra ised the interest of mathematicians in the study of random 
resistor networks ([13), pinning/ wetting transitions (j@i|; [9(3]) and diffusion on a 
percolation cluster ([76l]). 

We can also mention [ll] where the authors consider a random analogue of the 
hierarchical lattice, where at each step, each bond transforms either into a series of 
two bonds or into two bonds in parallel, with probability p and p — 1 respectively. 

Our aim in this paper is to describe the properties of the quenched free energy 
of directed polymers on hierarchical lattices with site disorder at high temperature: 

• First, to be able to decide, in all cases, if the quenched and annealed free 
energy differ at low temperature. 

• If they do, we want to be able to describe the phase transition and to 
compute the critical exponent. 



We choose to focus on the model with site disorder, whereas [99j; l41j focus on 
the model with bond disorder where computations are simpler. We do so because 
we believe that this model is closer to the model of directed polymer in Z d (in 
particular, because of the inhomogeneity of the Green Function), and because there 
exists a nice recursive construction of the partition functions in our case, that leads 
to a martingale property. Apart from that, both models are very similar, and we 
will shortly talk about the bound disorder model in section El 

The diamond hierarchical lattice D n can be constructed recursively: 

• -D is ° ne single edge linking two vertices A and B. 

• D n+1 is obtained from D n by replacing each edges by b branches of s — 1 
edges. 

We can, improperly, consider D n as a set of vertices, and, with the above construc- 
tion, we have D n C D n+ i. We set D = [j n>0 D n . The vertices introduced at the 
n-th iteration are said to belong to the n-th generation V n = D n \ D n _x- We easily 
see that \V n \ = (fo) n ~ 1 6(s - 1). 

We restrict to b ^ 2 and s ^ 2. The case 6=1 (resp. s — 1) is not interesting as it 
just corresponds to a familly of edges in serie (resp. in parallel) 

We introduce disorder in the system as a set of real numbers associated to vertices 
uj = {uj z )zeD\{A,B}- Consider Y n the space of directed paths in D n linking A to B. 
For each g 6 T n (to be understood as a sequence of connected vertices in D n , 
(go = A, gi, . . . , g s n = B)), we define the Hamiltonian 



S™-1 



K(g):=Y,"(9t)- (1-1) 



t=i 
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Figure 1 . We present here the recursive construction of the first three levels of 
the hierarchical lattice D n , for b = 3, s = 2. 

For (3 > 0, n ^ 1, we define the (quenched) polymer measure on Y n which chooses 
a path 7 at random with law 

f$, n (l = 9) ■= ^yexp(/3^(y)), (1.2) 

where 



Z n {(3) = Z n (P,u) := exp(W?(<7)), (1-3) 
ser„ 

is the partition function, and /3 is the inverse temperature parameter. 

In the sequel, we will focus on the case where uj = (uj z , z G D \ {A, B}) is a 
collection of i.i.d. random variables and denote the product measure by Q. Let c^o 
denote a one dimensional marginal of Q, we assume that uj has expectation zero, 
unit variance, and that 

\(j3) ■= logQe^ < oo V/3 > 0. (1.4) 
As usual, we define the quenched free energy (see Theorem 12.11) by 

p(P):= lim ±Q\ogZ n ((3), (1.5) 
and its annealed counterpart by 



/(/?):= lim llogQZ n (/3). (1.6) 

n— >+oo s" 

This annealed free energy can be exactly computed. We will prove 



168 6. DIRECTED POLYMER ON HIERARCHICAL LATTICES WITH SITE DISORDER 



f(J3) := X(0) + (1.7) 



This model can also be stated as a random dynamical system: given two integer 
parameters b and s larger than 2, /3 > 0, consider the following recursion: 

1 b s s— 1 

W ^ = - b Y,H W n' j) H Ai n' j) > (1-8) 

j=l j'=l i=l 

where equalities hold in distribution, Wn are independent copies of W n , and An'^ 
are i.i.d. random variables, independent of the Wn with law 

A = exp{{Ju - X(J3)). 

In the directed polymer setting, W n can be interpretative as the normalized partition 
function 

WnW = W n{M = ^±. (1.9) 

Then, (11.81) turns out to be an almost sure equality if we interpret Wn as the 
partition function of the j-th edge of the i-th branch of D\. 

The sequence (W n ) n > is a martingale with respect to T n = cr(u z : z G Uf =1 Vi) and 
as W n > for all n, we can define the almost sure limit W^ = lim n ^ +00 W n . Taking 
limits in both sides of (11.81) . we obtain a functional equation for W^. 

2. Results 

Our first result is about the existence of the free energy. 
Theorem 2.1. For all j3, the limit 

lim \]ogZ n (P), (2.1) 

exists a.s. and is a.s. equal to the quenched free energy p(/3) . In fact for any e > 0, 
one can find n (e,/3) such that 

/ £ 2/3 s n/3\ 

Q{\Z n -Q\ogZ n \ > s n e) < exp ( J, foralln>n (2.2) 

Moreover, p(-) is a strictly convex function of (3. 
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Remark 2.2. The inequality (12.21) is the exact equivalent of [36|, Proposition 2.5], 
and the proof given there can easily be adapted to our case. It applies concentration 
results for martingales from It can be improved in order to obtain the same 



bound as for Gaussian environments stated in [28] (see [34] for details). However, it 
is believed that it is not of the optimal order, similar to the case of directed polymers 
on Z d . 

Remark 2.3. The strict convexity of the free energy is an interesting property. It 
is known that it holds also for the directed polymer on Z d but not on the tree. In 
the later case, the free energy is strictly convex only for values of (3 smaller than 
the critical value (3 C (to be defined latter) and it is linear on [j3 c , +oo). This fact 
is related to the particular structure of the tree that leads to major simplifications 
in the 'correlation' structure of the model (see 2^|). The strict convexity, in our 



setting, arises essentially from the property that two path on the hierarchical lattice 
can re-interesect after being separated at some step. This underlines once more, 
that Z d and the hierarchical lattice have a lot of features in common, which they do 
not share with the tree. 

We next establish the martingale property for W n and the zero-one law for its 
limit. 

Lemma 2.4. (W n ) n is a positive T n -martingale. It converges Q-almost surely to a 
non-negative limit that satisfies the following zero-one law: 

Q(W oo >0) e {0,1}. (2.3) 
Recall that martingales appear when the disorder is displayed on sites, in contrast 



with disorder on bonds as in [41|; 14 
Observe that 

p{P)-f{P)= lim llogWnOS), 

n— ++oo s 

so, if we are in the situation QiWoo > 0) = 1, we have that p{(3) = /(/?). This 
motivates the following definition: 

Definition 2.5. IfQ{W 00 > 0) = 1, we say that weak disorder holds. In the opposite 
situation, we say that strong disorder holds. 

Remark 2.6. Later, we will give a statement (Proposition 15. Ill that guarantees that 
strong disorder is equivalent to p{(3) ^ /(/5), a situation that is sometimes called 
very strong disorder. This is believed to be true for polymer models on Z d or M d but 
it remains an unproved and challenging conjecture in dimension d > 3 (see 29|). 



The next proposition lists a series of partial results that in some sense clarify the 
phase diagram of our model. 
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Proposition 2.7. (i) There exists f3 G [0, +oo] such that strong disorder holds for 
P > (3q and weak disorder holds for (3 < (3q. 

(ii) Ifb>s,f3o> 0. Indeed, there exists P% G (0, oo] such that for all P < Pi, 
svip n Q(W%(P)) < +oo, and therefore weak disorder holds. 

(Hi) If p\'(P) — X(P) > 2 1 , then strong disorder holds. 

(iv) In the case where oj z are gaussian random variables, (Hi) can be improved 
for b > s: strong disorder holds as soon as (3 > y ^^^'j ^. 

(v) Ifb^s, then strong disorder holds for all (3. 

Remark 2.8. On can check that the formula in (Hi) ensures that p < oo whenever 
the distribution of u z is unbounded. 

Remark 2.9. An implicit formula is given for P 2 in the proof and this gives a lower 
bound for (3$. However, when Pi < oo, it never coincides with the upper bound given 
by (Hi) and (iv), and therefore knowing the exact value of the critical temperature 
when b > s remains an open problem. 



We now provide more quantitative information for the regime considered in (v): 

Theorem 2.10. When s > b, there exists a constant c s ^ = c such that for any 
(3 < 1 we have 

-P° < MP)-p(P) < cP- 

c 

where a = 12I£il2E_ 

log s 

Theorem 2.11. When s = b, there exists a constant c s = c such that for any P < 1 
we have 

exp < \(P) -p(P) < cexp (-L 



In the theory of directed polymer in random environment, it is believed that, in 
low dimension, the quantity log Z n undergoes large fluctuations around its average 
(as opposed to what happens in the weak disorder regime where the fluctuation are 
of order 1). More precisely: it is believed that there exists exponents £ > and 
X > such that 

log Z n - Q log Z n x iV ? and Var Q log Z n x N 2x , (2.4) 

where N is the length of the system (= n on 7L d and s n one our hierarchical lattice). 
In the non-hierarchical model this exponent is of major importance as it is closely 
related to the volume exponent £ that gives the spatial fluctuation of the polymer 
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Var Q (logZ n )>-. (2.8) 



chain (see e.g. [82|| for a discussion on fluctuation exponents). Indeed it is conjectured 
for the Z d models that 

X = 2£-l- (2.5) 
This implies that the polymer trajectories are superdiffusive as soon as x > 0. In 
our hierarchical setup, there is no such geometric interpretation but having a lower 
bound on the fluctuation allows to get a significant localization result. 

Proposition 2.12. When b < s, there exists a constant c such that for all n > 
we have 

Var Q (logZ n )>^^. (2.6) 
Moreover, for any e > 0, n > 0, and a£R, 

Q {log Z n e[a,a + e(s/b) n / 2 } }<j. (2.7) 

This implies that if the fluctuation exponent x exists, x — lQ 2 log" 6 & • ^ e a ^ so nave 
the corresponding result for the case b = s 

Proposition 2.13. When b = s, there exists a constant c such that for all n > 
we have 

cn 

W 2 

Moreover for any e > 0, n > 0, and a6i, 

Q{\ogZ n e [a,a + £v^]} < j- (2-9) 

From the fluctuations of the free energy we can prove the following: For g G T n 
and m < n, we define g\ m to be the restriction of g to D m . 

Corollary 2.14. If b < s, and n is fixed we have 

lim sup ii n (l\m = g) = 1, (2.10) 

where the convergence holds in probability. 

Intuitively this result means that if one look on a large scale, the law of fi n is 
concentrated in the neighborhood of a single path. Equipping T n with a natural 
metric (two path g and g' in Y n are at distance 2~ m if and only if g\ m 7^ g'\ m and 
flim-i = g\m-i) makes this statement rigorous. 

Remark 2.15. Proposition 12. 7( ^) brings the idea that b < s for this hierarchical 
model is equivalent to the d < 2 case for the model in Z d (and that b > s is 
equivalent to d > 2). Let us push further the analogy: let 7^ , 7^ be two paths 
chosen uniformly at random in T n (denote the uniform-product law by P® 2 ), their 
expected site overlap is of order (s/b) n if b < s, of order n if b = s, and of order 1 if 
b > s. If one denotes by N = s n the length of the system, one has 

■ N 1 f N a if b < s, 

J> {7 CD =7 ( 2 ) } xilogiV if6 = s, (2.11) 
■*=° ' J lif6>s, 
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(where a = (log s — log b) / log s). Comparing this to the case of random walk on Z d , 
we can infer that the case b = s is just like d — 2 and that the case d — 1 is similar 



to b = y/s (a = 1/2). One can check in comparing [9ll, Theorem 1.4, 1.5, 1.6] with 
Theorem 12.101 and 12.111 that this analogy is relevant. 

The paper is organised as follow 

• In section [3] we prove some basic statements about the free energy, Lemma 
12.41 and the first part of Proposition 12.71 

• Item (ii) from Proposition 12.71 is proved in Section 5.1. Item (v) is a conse- 
quence of Theorems 12.101 and 12.111 

• Items (in) and (iv) are proved in Section 6.3. Theorems 12.101 and 12.111 are 
proved in Section 6.1 and 6.3 respectively. 

• In section [6] we prove Propositions 12.121 and 12.131 and Corrolary 12.141 

• In section [7| we define and investigate the properties of the infinite volume 
polymer measure in the weak disorder phase. 

• In section [8] we shortly discuss about the bond disorder model. 

3. Martingale tricks and free energy 

We first look at to the existence of the quenched free energy 

p(P)= lim -Q (log Z n (/3)), 

and its relation with the annealed free energy. The case j3 — is somehow instruc- 
tive. It gives the number of paths in T n and is handled by the simple recursion: 

Z n (0) = b(Z n ^(0)). 

This easily yields 

\T n \ = Z n ((3 = 0)=b^. (3.1) 



Much in the same spirit than (11.81) . we can find a recursion for Z n : 



Z n+1 = Z^ 1] ■ ■ ■ Z^ s) x e^' 1 • ■ ■ e^-- 1 . (3.2) 
The existence of the quenched free energy follows by monotonicity: we have 

so that (recall the a/s are centered random variables) 

Q log Z n+ i ^ —Q log Z n - 



s n+l - s 



The annealed free energy provides an upper bound: 
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^Q\ogZ n s; \\ogQZ n 

s n s n 

1 - 



We now prove the strict convexity of the free energy. The proof is essentially 
borrowed from but it is remarkably simpler in our case. 

Proof of the strict convexity of the free energy. We will consider 
a Bernoulli environment {u z = ±1 with probability p, 1— p; note that our assump- 
tions on the variance and expectation for uj are violated but centering and rescaling 
uj does not change the argument) . We refer to H] for generalization to more general 
environment. 

An easy computation yields 

d 2 

-Q\ogZ n = QVax^Hnd). 



d(5 2 

We will prove that for each K > 0, there exists a constant C such that, for all 
(3 G [0,K] and n > 1, 

Va rMn if n ( 7 ) ^ Cs n (3.3) 

For g G T n and m < n, we define g| m to be the restriction of g to _D m . By the 
conditional variance formula, 

Var Mn F„ = /i n (Var Mn (# n ( 7 ) | 7 U _J) + Var Mn {^{Hjpf) | 7 k _J) 

> / i n (Var Mn (i/ n (7)|7| n _ 1 )) (3.4) 
Now, for I = 0, s"" 1 - 1, g G T„, define 

(H-l)s-l 
i=Zs+l 

so (13.41) is equal to 

E ^(7)hn-i)= E ^Var^ (5-00(7)171^), 
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by independence. Summarizing, 



Va V # n ^ J>„Var Mn (i^WlTU-J 



(3.5) 



i=i 



The rest of the proof consists in showing that each term of the sum is bounded from 
below by a positive constant, uniformly in / and n. For any x G -D n _i such that the 
graph distance between x and A is Is in D n (i.e. x G -D n -i), we define the set of 
environment 

M(n } l } x) = {uj: \{H®{g,u) : gET n ,g ls = x}\ ^2}. 

These environments provide the fluctuations in the energy needed for the uniform 
lower bound we are searching for. One second suffices to convince oneself that 
Q(M(n,l,x) > 0, and does not depend on the parameters n, I or x. Let Q(M) 
denote improperly the common value of Q(M(n, I, x)). Now, it is easy to see (from 
( 13 .51) ) that there exists a constant C such that for all /3 < K, 



Q [Vax^ifn] > CQ 



s n-i -l 

E E 

1=1 xeDn-i 



1-M(n,l,x)Hn{lls = %) 



Define now $ as the polymer measure in the environment obtained from lo by 
setting u(y) = for all sites y which distance to is between Is and (I + i)s. One 
can check that for all n, and all path g, 

exp(-2/3( S - 1))^( 7 = g)< M7 = 9)< exp(2/3( S - l))/x«( 7 ). 
We note that under Q, fim (ju = x) and lM(n,z,x) are random variables, so that 



Q^ai^Hn] > Cexp(-2(3(s-l))Q 



s n - L -l 



Yl 1 M{n,l,x)^ i n\lls = x) 



. 1=0 x 

„n — 1 



Cexp(-2p(s-l))J2 E Q(M(n,/,x))g[^)( 7 = x 

i=l n6D n _i 

Cexp(-2/5(s- l))g(M)s n ^ 1 



□ 



We now establish the martingale property for the normalized free energy. 

Proof of Lemma EH Set z n = Z n {(3 = 0). We have already remarked that 
this is just the number of (directed) paths in D n , and its value is given by ( 13.11) . 
Observe that g G T n visits s n (s — 1) sites of n + 1-th generation. The restriction of 
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paths in D n+ i to D n is obviously not one-to-one as for each path g' G T n , there are 
V n paths in T n+ i such that g\ n = g'. Now, 

Q(z n+1 (p)\r n ) = Q i ePHn+l{9) \^n) 

geD n+ i 

= E E Q^ Hn+li9) \^)i 9]n ^ 

g'eDn geDn+i 
= E E e^ H ^e s ^ s ~ l ^l gU=g , 

= e e^v^-w) y: U n = 9 > 

g'eDn geDn+i 
_ eS n ( S -l)A(/3) fo s" e /3#nG?') 



This proves the martingale property. For (12.30 . let's generalize a little the preceding 
restriction procedure. As before, for a path g G D n+k , denote by g\ n its restriction 
to D n . Denote by l n ,n+k the set of time indexes that have been removed in order to 
perform this restriction and by N n , n +k its cardinality. Then 



z n+k = e ^ Hn{9) E ex p \p E 

Consider the following notation, for g G T n , 

W»,fi+fc(ff) = C~n +jt ex P S E ~ N n,n+kHP) 

g'eD n+k ,g'\n=g \ tel n ,„+k 

where c ntn+k stands for the number paths in the sum. With this notations, we have, 

W n+k = -Y, e^ (9) - (s "- 1)A(/3) ^n,. +fc (^), (3.6) 
geD n 

and, for all n, 



{Woo = 0} = { W„, n+fc ((?) -> 0, as k -> +oo, V# G . (3.7) 

The event in the right hand side is measurable with respect to the disorder of 
generation not earlier than n. As n is arbitrary, the right hand side of (13.71) is in the 
tail cr-algebra and its probability is either or 1. □ 
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This, combined with FKG-type arguments (see [40|, Theorem 3.2] for details), 
proves part (z) of Proposition 12.71 Roughly speaking, the FKG inequality is used to 
insure that there is no reentrance phase. 

4. Second moment method and lower bounds 

This section contains all the proofs concerning coincidence of annealed and 
quenched free-energy for s > b and lower bounds on the free-energy for b < s 
(i.e. half of the results from Proposition 12.71 to Theorem 12.1 11 ) First, we discuss 
briefly the condition on (3 that one has to fulfill to to have W n bounded in L 2 (Q). 
Then for the cases when strong disorder holds at all temperature (6 < s), we present 
a method that combines control of the second moment up to some scale n and a 
percolation argument to get a lower bound on the free energy. 
First we investigate how to get the variance of W n (under Q). From (11.81) we get 
the induction for the variance v n = Q [{W n — l) 2 ]: 

v n+ i = ^(e^^K + ir-l), (4.1) 
v = 0. (4.2) 
where := X(2f3) - 2X((3). 

4.1. The L? domain: s < b. If b > s, and j((3) is small, the map 

g: x^ 1 - (e (s - 1)7(/3) (x + l) s - 1) 

possesses a fixed point. In this case, (14.11) guaranties that v n converges to some 
finite limit. Therefore, in this case, W n is a positive martingale bounded in L 2 , and 
therefore converges almost surely to G L 2 (Q) with QW^ = 1, so that 

p{(3)-\{(3) = lim llogW n = 0, 

n— >oo S 

and weak disorder holds. One can check that g has a fixed point if and only if 

lW) < — — r log J - log \ 

s — 1 b s — 1 

4.2. Control of the variance: s > b. For e > 0, let n be the smallest integer 
such that v n > £. 

Lemma 4.1. For any e > 0, there exists a constant c £ such that for any f3 < 1 

^ 21 log/31 

no > : — - - c £ . 

log s — log 

PROOF. Expanding (14.11) around (3 = 0, v n = 0, we find a constant C\ such that, 
whenever v n < 1 and (3 < 1, 

v n +i < S j ) (y n + Ci/5 2 )(1 + c x v n ). (4.3) 
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Using ( 14.31) . we obtain by induction 

/ ItQ-l 



np— 1 

Vn Q < ] J (1 + CiU» 

8=0 



8=0 

From (14. ip . we see that fj+i > (s/b)vi. By definition of n , f no -i < e > so that 
«i < e(s/by- no+1 . Then 

no — 1 no — 1 oo 

n a + c lVi ) < n (i + c l£ ( S /&)^ o+i ) < + ^/b)- k ) < 2, 

8=0 8=0 fc = 

where the last inequality holds for e small enough. In that case we have 

e < v no < 2 Cl (3 2 {s/b) n \ 

so that 

log(e/2 Cl /5 2 ) 



n > 



4.3. Control of the variance: s 



log(s/6) 

□ 



Lemma 4.2. There exists a constant c 2 sucA £/ia£, /or ever?/ (3 < 1. 

v n <^ Vn < 

PROOF. By ( 14.31) and induction we have, for any n such that v n -i < 1 and j3 ^ 1, 

n-l 

+ CiVi). 

i=0 

Let n be the smallest integer such that v no > (3. By the above formula, we have 

Vn <n (3 2 (l + Cl (3) no 
Suppose that n < [c^j (3), then 

P < v no < c 2Cl /3(l + c^p/f 3 . 
If C4 is chosen small enough, this is impossible. □ 

4.4. Directed percolation on D n . For technical reasons, we need to get some 
understanding on directed independent bond percolation on D n . Let p be the prob- 
ability that an edge is open (more detailed considerations about edge disorder are 
given in the last section) . The probability of having an open path from A to B in 
D n follows the recursion 

Po =p, 

p B = l-(l-<_i) 6 . 

On can check that the map ih1-(1- x s ) b has a unique unstable fixed point on 
(0, 1); we call it p c . Therefore if p > p c , with a probability tending to 1, there will 
be an open path linking A and B in D n . If p < p c , A and B will be disconnected in 
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D n with probability tending to 1. If p = p n , the probability that A and B are linked 
in D n by an open path is stationary. See [761 for a deep investigation of percolation 



on hierarchical lattices. 

4.5. From control of the variance to lower bounds on the free energy. 

Given b and s, let p c = p c (b, s) be the critical parameter for directed bond percola- 
tion. 

Proposition 4.3. Let n be an integer such that v n = Q(W n — l) 2 < ^P- and f3 
such that p(/3) < (1 — log 2). Then 

\((3)-p((3)>s~ n 

PROOF. If n is such that Q [{W n - l) 2 ] < we apply Chebycheff inequality 
to see that 

Q(W n < 1/2) < Av n <l-p c . 

Now let be m > n. D m can be seen as the graph D m _ n where the edges have 
been replaced by i.i.d. copies of D n with its environment (see fig. [2]). To each copy 
of D n we associate its renormalized partition function; therefore, to each edge e of 
D m ^ n corresponds an independent copy of W n , W„ e \ By percolation (see fig. 02), we 
will have, with a positive probability not depending on n, a path in D m _ n linking 
A to B, going only through edges which associated Wn^ is larger than 1/2. 




Figure 2. On this figure, we scheme how D n+m with its random environment 
can be seen as independent copies of D n arrayed as D m . Here, we have b = s = 2 
m = 2, each diamond corresponds to a copy of D n (we can identify it with an edge 
and get the underlying graph D2). Note that we also have to take into account 
the environment present on the vertices denoted by circles. 

When such paths exist, let 70 be one of them (chosen in a deterministic manner, 
e.g. the lowest such path for some geometric representation of D n ). We look at the 
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Figure 3. We represent here the percolation argument we use. In the previous 
figure, we have replaced by an open edge any of the copies of D n for which satisfies 
W n > 1/2. As it happens with probability larger than p c , it is likely that we can 
find an open path linking A to B in D n+m , especially if m is large. 

contribution of these family of paths in D m to the partition function. We have 

W m > (l/2)' m_B exp ( Pu z - X((3) j 

\2G70 / 

Again, with positive probability (say larger than 1/3), we have ^2 zeryo uj z > (this 
can be achieved the the central limit theorem). Therefore with positive probability 
we have 

^\ogW m >-\(\og2 + X(f3)). 
s m s n 

As \/s m \ogW m converges in probability to the free energy this proves the result. 

□ 

Proof of the right-inequality in Theorems 12.101 and 12.111 . 
The results now follow by combining Lemma |4~T1 or 14. 2l for (3 small enough, with 
Proposition 14.31 

□ 

5. Fractional moment method, upper bounds and strong disorder 

In this section we develop a way to find an upper bound for A(/3) — p(/3), or just 
to find out if strong disorder hold. The main tool we use are fractional moment 
estimates and measure changes. 
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5.1. Fractional moment estimate. In the sequel we will use the following 
notation. Given a fixed parameter 9 G (0, 1), define 

u n := QWl (5.1) 
a e ■= QA 9 = exp(A(#/3) - 0A (/?)). (5.2) 

Proposition 5.1. The sequence (f n ) n defined by 

f n := _1 s" n log (a e b^u r 

is decreasing and we have 

lim/ n >p(/3)-A(/3). 

n— >oo 

— 1 9-1 

(i) In particular, if for some n G N, u n < a 9 b"- 1 , strong disorder holds. 

(ii) Strong disorder holds in particular if ag < b'> 



9-1 
ts-l 



PROOF. The inequality a*) < ^2 af (which holds for any 6 G (0, 1) and any 
collection of positive numbers Oj) applied to ( 11.81) and averaging with respect to Q 
gives 

u n+ i < b l - e u s n a s e - 1 
From this we deduce that the sequence 

S" n log (agb^Un^j 

is decreasing. Moreover we have 

p{(3) - \{(3) = lim \Q\ogW n < lim ^-\ogQW 6 n = lim f n . 

n— >oo S n— »oo US n— >oo 

As a consequence very strong disorder holds if f n < for any f n . As a conse- 
quence, strong disorder and very strong disorder are equivalent. □ 

5.2. Change of measure and environment tilting. The result of the previ- 
ous section assures that we can estimate the free energy if we can bound accurately 
some non integer moment of W n . Now we present a method to estimate non-integer 
moment via measure change, it has been introduced to show disorder relevance in 
the case of wetting on non hierarchical lattice (64| and used since in several different 
contexts since, in particular for directed polymer models on Z d , (9l|. Yet, for the 
directed polymer on hierarchical lattice, the method is remarkably simple to apply, 
and it seems to be the ideal context to present it. 

Let Q be any probability measure such that Q and Q are mutually absolutely con- 
tinuous. Using Holder inequality we observe that 

QK ^^ w ^U^fr\^y. (, 3) 
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Our aim is to find a measure Q such that the term 



Q 



dQ) 1 - 



(1-0) 



is not very large 



(i.e. of order 1), and which significantly lowers the expected value of W n . To do so 
we look for Q which lowers the value of the environment on each site, by exponential 
tilting. For b < s it sufficient to lower the value for the environment uniformly of 
every site of D n \ {A, B} to get a satisfactory result, whereas for the b = s case, on 
has to do an inhomogeneous change of measure. We present the change of measure 
in a united framework before going to the details with two separate cases. 

Recall that Vi denotes the sites of Di \ D i+1 , and that the number of sites in D n 

is 



\D. \ K B}\ = ± \ Vi \ = ±(s - l)6V-> = (-WW"-') (5.4) 

i=l i=l 

We define Q = Q n , s ,b to be the measure under which the environment on the site 
of the z-th generation for % G {1, . . . , n) are standard gaussians with mean — 5i = 6i in , 
where 5i tTl is to be defined. The density of Q with respect to Q is given by 

^ f u) = exp f - ^ ^2(S itn co z 1 



As each path in D n intersects on s 4_1 (s — 1) sites, this change of measure lowers 
the value of the Hamiltonian (11.11) by YH=i s * _1 ( s _ l)^,n on any path. Therefore, 
both terms can be easily computed, 

(QW n y = exp j-^XV^ - • (5-6) 

Replacing (15.6p and (15.51 ) back into (15 . 3h gives 

u» < exp 1^ - ^~^ s ~ !)*.») } • ( 5 - 7 ) 

When 5j n = 5 n (i.e. when the change of measure is homogeneous on every site) the 
last expression becomes simply 

u n < exp le ( ]Dn l { \tT l - ^ - 1)#0 } • (5-8) 
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In either case, the rest of the proof then consists in finding convenient values for 5 i n 
and n large enough to insure that (i) from Proposition 15.11 holds. 

5.3. Homogeneous shift method: s > b. 

Proof of the left inequality in Theorem I2.10L in the Gaussian case. 
Let < 6 < 1 be fixed (say 6 = 1/2) and S^ n = 8 n := (sb)- n ' 2 . 
Observe from ([531) that \ D n \ {A B}\S%^1, so that (EH} implies 

6 „„, ,._/oS-l 



u n < exp L^Zffj - d ^ s / b ) n/2 



rn 1 • 2(1 log/3|+logc 3 ) , 

Taking n = l0 gg„ l0g j, , we get 



u n < exp 



9c^s 



2(1-6) 8-1 
Choosing 6 = 1/2 and c 3 sufficiently large, we have 

/„ = s~ n log a e b^u n < -s" n , (5.9) 
so that Proposition 15.11 gives us the conclusion 



□ 



5.4. Inhomogeneous shift method: s = b. One can check that the previous 
method does not give good enough results for the marginal case b = s. One has to 
do a change of measure which is a bit more refined and for which the intensity of 
the tilt in proportional to the Green Function on each site. This idea was used first 
for the marginal case in pinning model on hierarchical lattice (see (90l|). 

Proof of the left inequality in Theorem 12. Ill the Gaussian case. 
This time, we set 5 iyn := n~ l l 2 s~ % . Then (recall (|5.4D ). (15.71) becomes 

( ® s — l nn ~\ii s ~ i 

u n < exp — — 6(3n 1 

\2(1 — 6) s s 

Taking 6 = 1/2 and n = (c 4 / ' (3) 2 for a large enough constant c 4 , we get that /„ < — s r 
and applying Proposition 15.11 we obtain 

p(P) - X(P) < -s-» = s-^ 2 = exp 

□ 
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5.5. Bounds for the critical temperature. From Proposition 15.11 we have 
that strong disorder holds if ag < 6( 1_6, )/( s_1 ). Taking logarithms, this condition 
reads 

\(9(3)-9\({3)<(l-9)^-. 

s — 1 

We now divide both sides by 1—9 and let 9 — > 1. This proves part (in) of Proposition 

For the case b > s, this condition can be improved by the inhomogeneous shifting 
method; here, we perform it just in the gaussian case. Recall that 

u n < exp (sjT~% ~ (3SI ~ 1{S ~ 1)6l ' n ) } ■ (5 - 10) 

We optimize each summand in this expression taking S^ n = 6i = (1 — 9)f3/b l . Re- 
calling that \Vi\ = (bs) l ~ 1 b(s — 1), this yields 



u. 



i=l 

p 2 s - 1 s/b - (s/b) 



<: exp <^ -9(1 - ey- 



2 s I- s/b 

Because n is arbitrary, in order to guaranty strong disorder it is enough to have ( 
cf. first condition in Proposition 15. II) for some 9 G (0, 1) 

In the case of gaussian variables loga^ = 9(9 — l)/3 2 /2. This is equivalent to 

(3\ (b-s)logb 



2 (6-l)( s -l)- 

This last condition is an improvement of the bound in part (Hi) of Proposition 12.71 
5.6. Adaptation of the proofs for non-gaussian variables. 

PROOF OF THE LEFT INEQUALITY IN THEOREM 12.101 AND 12.111 THE GENERAL CASE. 

To adapt the preceding proofs to non-gaussian variables, we have to investigate the 
consequence of exponential tilting on non-gaussian variables. We sketch the proof 
in the inhomogeneous case b = s, we keep 5i j7l := s -, n -1 ' 2 . 
Consider Q with density 

dQ 



dQ 



[u) := exp - V" V" (5i :n uj z + \(-5 ijn )) 



i=l z&Vi 
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(recall that X(x) := logQ exp(xu)). The term giving cost of the change of measure 
is, in this case, 



Q 



dQ 
dQ 



(1-9) 



exp (1 



5>i 



8=1 



95,;. 



e 



1-9) 1-9 




A(-5i, n ) 



exp 



Where the inequality is obtained by using the fact the X(x) ~ x 2 /2 (this is a 
consequence of the fact that u has unit variance) so that if f3 is small enough, one 
can bound every X(x) in the formula by x 2 . 

We must be careful when we estimate QW n . We have 

QW n = exp (j2(s - 1)^00 - 5 hn ) - X(f3) - \{-5 iin ) j QW n 

By the mean value theorem 

A(/3 - S itn ) - \{J3) - X(-S i>n ) + A(0) = -S i>n (X'(f3 - t ) - X'(-t )) = -S^X'^h), 

for some t G (0, 5 i>n ) and some ti G (/3, —S itn ). As we know that \im^ X" (P) = 1, 
when 5i and (3 are small enough, the right-hand side is less than —j38^ n /2. Hence, 



QW n < exp J2( s ~ ^ 



,i=i 



We get the same inequalities that in the case of gaussian environment, with different 
constants, which do not affect the proof. The case b < s is similar. □ 



6. Fluctuation and localisation results 

In this section we use the shift method we have developed earlier to prove fluc- 
tuation results 

6.1. Proof of Proposition 12.121 The statement on the variance is only a 
consequence of the second statement. Recall that the random variable u z here are 
i.i.d. centered standard gaussians, and that the product law is denoted by Q. We 
have to prove 

Q {\ogZ n G [a,a + f3e(s/b) n/2 }} < Ae Ve>0,n>0,aGf (6.1) 

Assume there exist real numbers a and e, and an integer n such that (16.ip does not 
hold, i.e. 



Q {\ogZ n G [a, a + (3e{s/b) n l 2 )} > As. 
Then one of the following holds 



(6.2) 
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Q{\ogZ n E [a,a + Pe(s/b) n / 2 )} n I ^ u z > I > 2s, 

I zeD n J 

Q {log Z n e[a,a + (3e(s/b) n/2 )} n i ^ cu z < I > 2 £ . 



(6.3) 



[u>) := exp 



dQ 



We assume that the first line is true. We consider the events related to Q as sets of 
environments (uj z ) zt =£) n \{A,B}- We define 

A e = {\ogZ n e [a,a + (3eb- n / 2 )} n j ^ ^ 2 > I , (6.4) 

and 

Af = Q {\ogZ n e[a- i(3e{s/b) n/2 ,a- (i - l)(3e{s/b) n / 2 )} . (6.5) 

n/2 "~ 

Define 5 = 7^73^72 ■ We define the measure Qi iS with its density: 

Y. A " " W|A 2 U - 4 ' B}I ) ■ (6-6) 

If the environment (u^)^^ has law Q then (cDz ) z eD n defined by 

:= u z + ei5, (6.7) 

has law Q i £ . Going from uj to uj^\ one increases the value of the Hamiltonian 
by ei{s/b) n / 2 (each path cross s n — 1 sites). Therefore if (Q z ^) z &D n £ then 
(w 2 ) z£ d„ £ -Ae ■ From this we have <3i, e A e < QA^, and therefore 

QAf>( ^Q(du)>ex V (-(et) 2 /2)Q(A £ ). (6.8) 

The last inequality is due to the fact that the density is always larger than exp(— (ei) 2 /2) 
on the set A e (recall its definition and the fact that \D n \ {A, B}\5 2 < 1). Therefore, 
in our setup, we have 

QAf>e, Vie[0,e -1 ]. (6.9) 

As the Ae are disjoints, this is impossible. If we are in the second case of (16.31) . we 
get the same result by shifting the variables in the other direction. □ 

6.2. Proof of Proposition 12.131 Let us suppose that there exist n, e and a 
such that 

Q {\ogZ n G [a,a + Pey/n)} > 8e. (6.10) 

We define = 5i := ss l ~ % {s — l) _1 n -1 / 2 . Then one of the following inequality 
holds (recall the definition of Vi) 
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Q{\ogZ n e [a,a + /3ey/ri)} n I J2 6i J2 Wz - f > 4e ' 

Q{logZ„ G [a,a + /3e<^i)} n jj^&J^w* < o| > 4s. 
We assume that the first line holds and define 

A e = {logZ n G [a, a + pe^)} n I^S^lo, > 



(6.11) 



And 



=i zev, 

Af = {log Z n e[a- jf3eVE, a - (j - l)Pey/n) } 

n 
i=l 



Therefore, an environment u & A F will be transformed in an environment in AJ . 



(6.12) 

(6.13) 

(6.14) 

U) 



We define Q?,e the measure whose Radon-Nicodyn derivative with respect to Q 



is 



dQ 



(u) := exp 



i=i ^eVi 

We can bound the deterministic term. 



E 

i=i 



E 

8=1 



f 2(a-l) 

0> 



< j V. 



For an environment (uJ z ) ze D n \{A,B}, define AA-^.s} by 



0') - 



(6.15) 



(6.16) 



(6.17) 



If (uj z )zeD n \{A,B} has Q, then (cD* )z 6 £> n \{A,B} has law Q j:£ . When one goes from 
to Qv\ the value of the Hamiltonian is increased by 

n 

^j5 i s i - 1 (s - 1) = e^. 



8=1 



Therefore, if cD^ G A E , then uo G so that 



e i 



QAf > Q jt£ A e . 



Because of the preceding remarks 



QAf > Q jtE A e 



dQi, e 

dQ 



Q(du)>exp(-fe 2 ) QA £ 



(6.18) 



The last inequality comes from the definition of A e which gives an easy lower bound 
on the Radon-Nicodyn derivative. For j G [0, (e/2)" 1 ], this implies that QA^ > 2e. 
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As they are disjoint events this is impossible. The second case of (16.111) can be dealt 
analogously. □ 

6.3. Proof of Corollary I2.14L Let g G T n be a fixed path. For m> n, define 

Z%>:= exp(Aff m (s')). (6.19) 
{g'& m -g\n=g} 

With this definition we have 

z (g) 

Vm{l\n =9) = -^~- (6-20) 

To show our result, it is sufficient to show that for any constant K and any distinct 

g,g' e r n 

lim Q ( = 9 i e [K~\ K}) = 0. (6.21) 

rn^oo \fJ,m{7\n = 9) J 

For <? and g' distinct, it is not hard to see that 

log ( ^ = 9 \ ) = log Z« - log =: log Zi°l n + X, (6.22) 

V^m(7|n = 9)J 

where Z^_ n is a random variable whose distribution is the same as the one of Z m _ n , 
and X is independent of Z^_ n . We have 

q fiog (i^hk^A) e [_ log ^ logK A 

V \/ i m(7|n = ^ / )/ / 

= Q [Q (log Zi°l n G [- log K — X, log A' - X] I X) 

< maxg(logZ m „ n G [a, a + 2 log K]) . (6.23) 

Proposition 12.121 and 12.131 show that the right-hand side tends to zero. □ 

7. The weak disorder polymer measure 

Comets and Yoshida introduced in an infinite volume Markov chain at weak 



disorder that corresponds in some sense to the limit of the polymers measures \i n 
when n goes to infinity. We perform the same construction here. The notation is 
more cumbersome in our setting. 

Recall that T n is the space of directed paths from A to B in D n . Denote by 
P n the uniform law on T n . For g G T n , ^ t ^ s n — 1, define Woo(gt, <7t+i) by 
performing the same construction that leads to , but taking g t and g t +i instead 
of A and B respectively. On the classical directed polymers on Z d , this would be 
equivalent to take the (t, g t ) as the initial point of the polymer. 

We can now define the weak disorder polymer measure for (3 < (3$. We define 
T as the projective limit of T n (with its natural topology), the set of path on D : = 
|J n>1 .D n . As for finite path, we can define, for g G T, its projection onto T n , g\ n . 
We define 
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s n — 1 

M7U = 9) ■= ^exp{PH n (g) - (s n - 1)A(/?)} J] W^^, # m ) P„( T U = <7)(7.1) 

Let us stress the following: 

• Note that the projection on the different T n are consistent (so that our 
definition makes sense) 



Poo{l\n = 9) = Hoo ((7|n+l)|n = O) ■ 

Thanks to the martingale convergence for both the numerator and the de- 
nominator, for any s G T n , 



lim /i fc+n (7| n = g) = Poo(l\n = g). 

k—t+oo 

Therefore, fi^ is the only reasonable definition for the limit of fin- 



It is an easy task to prove the law of large numbers for the time-averaged quenches 
mean of the energy. This follows as a simple consequence of the convexity of p(j3). 

Proposition 7.1. At each point where p admits a derivative, 
lim —V>n{H n {i)) -> p'(/3), Q ~ as- 

n— >+oo s 

Proof. It is enough to observe that 

^logZ n = /i n (# n (7)), 
then use the convexity to pass to the limit. □ 



We can also prove a quenched law of large numbers under our infinite volume 
measure /i^, for almost every environment. The proof is very easy, as it involves 
just a second moment computation. 

Proposition 7.2. At weak disorder, 

lim —H n (i\ n ) =\'(J3), fioo - a.s., Q - a.s.. 

Proof. We will consider the following auxiliary measure (size biased measure) 
on the environment 



Q{f (<*>)) = Q(f(u)W +00 ). 

So, Q-a.s. convergence will follow from Q-a.s. convergence. This will be done by a 
direct computation of second moments. Let us write A = Q(u; 2 e /3 ^~ A ^). 
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Q {^{\HMn)\ 2 )) 

Q P n ^ n (7)| 2 exp{/3F„(7) - (s n - l)A(/3)} J] W^(7<,7i+i) 
Q [P n (\H n (j)\ 2 eM/3Hn(l) - (*" - l)A(/3)})] 
Q 



i=0 



Q 

+Q 



P n {\Y,^ t )\ 2 e^{(3H n { 1 ) - (s n - l)X(P)}) 
t=i 

S™-1 

Pn (|o;(7,)| 2 exp{/3£r n (7) - ( a » - l)A(/3)}) 



t=i 



]T P n (co( ltl )u( lt2 ) expiPHM - (s n - 1)A(/?)}) 

= ( s «-l)A + ( s "-l)(s"-2)(A / (/5)) 2 , 

where we used independence to pass from line two to line three. So, recalling that 

g(//oo(i?»(7n)) = {s n ~ l)A'(/3), we have 

^(AloedflnCT^-C^-lJW)! 2 )) 

= (*" - 1)A + (s n - 1)( S " - 2)(A'(/5)) 2 - 2( S " - l)A'(/3)Q(^(tf n (7n))) 

+ ( S "-l) 2 (A'(/3)) 2 
= (s n - 1) (A — (A'(/3) 2 )) . 

Then 



^n(7n) - (S n - l)A'(/3) 



so the result follows by Borel-Cantelli. 



< - (A - (A'(/3) 2 )) 



□ 



8. Some remarks on the bond— disorder model 

In this section, we shortly discuss, without going through the details, how the 
methods we used in this paper could be used (or could not be used) for the model 
of directed polymer on the same lattice with disorder located on the bonds. 

In this model to each bond e of D n we associate i.i.d. random variables to e . We 
consider each set g G T n as a set of bonds and define the Hamiltonian as 



UJ P 



l.l) 



eeg 
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The partition function Z n is defined as 



Z n := ^ ex P((3H n (g)). 



(8.2) 



One can check that is satisfies the following recursion 



Z = exp((3uj) 



b 



(8.3) 



Z, 



£J ST 7 {i,i) 7 (i,2) 7 u,s) 

/ j n n " " " n 



where equalities hold in distribution and and Z 1 ^ are i.i.d. distributed copies of Z n . 
Because of the loss of the martingale structure and the homogeneity of the Green 
function in this model (which is equal to b~ n on each edge), Lemma l2T4l does not hold, 
and we cannot prove part (iv) in Proposition [2771 Theorem 12 . 1 II and Proposition EH3] 
for this model. Moreover we have to change b < s by b < s in (v) of Proposition 12.71 
Moreover, the method of the control of the variance would give us a result similar 
to 12. Ill in this case 



Proposition 8.1. When b is equal to s, on can find constants c and (3q such that 
for all (3 < fa 



However, we would not be able to prove that annealed and free energy differs at 
high temperature for s = b using our method. The techniques used in [H] or [9l| 
for dimension 2 should be able to tackle this problem, and show marginal disorder 
relevance in this case as well. 




(8.4) 



CHAPTER 7 



New bounds for the free energy of directed polymers in 
dimension 1 + 1 and 1 + 2 



1. Introduction 

1.1. The model. We study a directed polymer model introduced by Huse and 



Henley (in dimension 1 + 1) 



79 ating impurity-induced 

domain-wall roughening in the 2D-Ising model. The first mathematical study of 
directed polymers in random environment was made by Imbrie and Spence r [8l| . 
and was followed by numerous authors [HI; H 0; [lol; El; H EJ 0; \M, (for a 
review on the subject see 37]). Directed polymers in random environment model, 
in particular, polymer chains in a solution with impurities. 

In our set-up the polymer chain is the graph {(i, Si)}i<i<N of a nearest-neighbor 
path in Z d , 5* starting from zero. The equilibrium behavior of this chain is described 
by a measure on the set of paths: the impurities enter the definition of the measure 
as disordered potentials, given by a typical realization of a field of i.i.d. random 
variables uj = {co^ z ) ; i G N, z G Z d } (with associated law Q). The polymer chain 
will tend to be attracted by larger values of the environment and repelled by smaller 
ones. More precisely, we define the Hamiltonian 



N 



H N (S) := 



10 



i,Si 



(1.1) 



i=l 



We denote by P the law of the simple symmetric random walk on Z d starting at (in 
the sequel Pf(S), respectively Qg(u), will denote the expectation with respect to P, 
respectively Q). One defines the polymer measure of order N at inverse temperature 

(3 as 



exp (PH N (S))P(S), 



(1.2) 



where is the normalization factor which makes hn a probability measure 

Z N :=Pexp((3H N (S)). (1.3) 

We call Zn the partition function of the system. In the sequel, we will consider the 
case of LO(i, z ) with zero mean and unit variance and such that there exists B e (0, oo] 
such that 

\(J3) = logQexp(/3w(i )0 )) < oo, for < (3 < B. (1.4) 

Finite exponential moments are required to guarantee that QZ N < oo. The model 
can be d efined and it is of interest also with environments with heavier tails (see 
e.g. |ll3l |) but we will not consider these cases here. 
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1.2. Weak, strong and very strong disorder. In order to understand the 
role of disorder in the behavior of /ijv, as N becomes large, let us observe that, when 
(3 = 0, hn is the law of the simple random walk, so that we know that, properly 
rescaled, the polymer chain will look like the graph of a <i-dimensional Brownian 
motion. The main questions that arise for our model for (3 > are whether or not 
the presence of disorder breaks the diffusive behavior of the chain for large N, and 
how the polymer measure looks like when diffusivity does not hold. 



Many authors have studied diffusivity in polymer models: in [22], Bolthausen re- 
marked that the renormalized partition function Wn '■= Z N /(QZ N ) has a martingale 
property and proved the following zero-one law: 



Q<{jim W N = o} G {0,1}. 
A series of paper (gj @; EH; Ej lead to 



Q 



lim 

N^oc 



w, 



N 



j = diffusivity 



(1.5) 



(1.6) 



and a consensus in saying that this implication is an equivalence. For this reason, it 
is natural and it has become customary to say that weak disorder holds when Wjy 
converges to some non-degenerate limit and that strong disorder holds when Wn 
tends to zero. 

Carmona and Hu [28| and Comets, Shiga and Yoshida [361 proved that strong 
disorder holds for all f3 in dimension 1 and 2. The result was completed by Comets 
and Yoshida 401: we summarize it here 



Theorem 1.1. There exists a critical value (3 C = (3 c (d) G [0, oo] (depending of the 
law of the environment) such that 

• Weak disorder holds when (3 < (3 C . 

• Strong disorder holds when (3 > (3 C . 

Moreover: 

P c (d) = for d= 1,2 
f3 c (d) G (0,oo] ford> 3. 



(1.7) 



We mention also that the case (3 c (d) = oo can only occur when the random 
variable i^(o,i) is bounded. 



In [28] and |36|| a characterization of strong disorder has been obtained in term 
of localization of the polymer chain: we cite the following result 36j, Theorem 2.1] 



Theorem 1.2. If and S^ 2 ' are two i.i.d. polymer chains, we have 



Q {VmW N = 0} = Q i <-i(4 1} = 4 2) : 

lv>i 



oo 



(1.8) 
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Moreover if Q^imN^^ Wn = 0} = 1 there exists a constant c (depending on (3 and 
the law of the environment) such that for 

N 1 
-c\ogW N < J^Vn-iiS^ = Sf ) < —\ogW N . (1.9) 



c 



One can notice that (11.9H has a very strong meaning in term of trajectory lo- 
calization when Wn decays exponentially: it implies that two independent polymer 
chains tend to share the same endpoint with positive probability. For this reason 
we introduce now the notion of free energy, we refer to [jR Proposition 2.5] and (iol . 
Theorem 3.2] for the following result: 

Proposition 1.3. The quantity 

p{(3) := lim ^-\ogW N , (1.10) 

exists Q-a.s., it is non-positive and non-random. We call it the free energy of the 
model, and we have 



P (J3) = lim ±-Q\ogW N =: lim p N (j3). (1.11) 

N— >oo iV N^oo 

Moreover p(/3) is non-increasing in (3. 

We stress that the inequality p(/3) < is the standard annealing bound. In view 
on ( 11 .91) . it is natural to say that very strong disorder holds whenever p(/3) < 0. One 
can moreover define (3 c (d) the critical value of j3 for the free energy i.e. : 

p(f3)<0^f3>p c (d)- (1-12) 

Let us stress that, from the physicists' viewpoint, (3 c {d) is the natural critical point 
because it is a point of non-analyticity of the free energy (at least if j3 c (d) > 0). In 
view of this definition, we obviously have j3 c (d) > (3 c {d). It is widely believed that 
j3 c (d) = (3 c (d), i-e. that there exists no intermediate phase where we have strong 
disorder but not very strong disorder. However, this is a challenging question: 



Comets and Vargas [38j answered it in dimension 1 + 1 by proving that /3 C (1) = 0. 



In this paper, we make their result more precise. Moreover we prove that f3 c (2) = 0. 

1.3. Presentation of the results. The first aim of this paper is to sharpen 
the result of Comets and Vargas on the 1 + 1-dimensional case. In fact, we are going 
to give a precise statement on the behavior of p(fi) for small j3. Our result is the 
following 

Theorem 1.4. When d = 1 and the environment satisfies (jl.4j) . there exist con- 
stants c and Po < B (depending on the distribution of the environment) such that 
for all < (3 < /3 we have 

- V[l + (log/5) 2 ] <p{P)<-c(3\ (1.13) 
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We believe that the logarithmic factor in the lower bound is an artifact of the 
method. In fact, by using replica-coupling, we have been able to get rid of it in the 
Gaussian case. 

Theorem 1.5. When d = 1 and the environment is Gaussian, there exists a constant 
c such that for all (3 < 1. 

- -/3 4 < p(J3) < -c(3 4 . (1.14) 
These estimates concerning the free energy give us some idea of the behavior 



of /ijv for small (3. Indeed, Carmona and Hu in [28|, Section 7] proved a relation 
between p{(3) and the overlap (although their notation differs from ours). This 
relation together with our estimates for p(/3) suggests that, for low (3, the asymptotic 
contact fraction between independent polymers 



1 N 



n=l 

behaves like (3 2 . 

The second result we present is that /? c (2) = 0. As for the 1 + 1-dimensional 
case, our approach yields an explicit bound on p(/3) for (3 close to zero. 

Theorem 1.6. When d = 2, there exist constants c and (3q such that for all (3 < [3q, 

c ^)<p03)<-exp(-! 
so that 

&(2) = 0, (1.17) 
and is a point of non-analyticity for p{(3). 



exp ( -— < p(f3) < -exp -— , (1.16) 



Remark 1.7. After the appearance of this paper as a preprint, the proof of the 
above result has been adapted by Bertin [13| to prove the exponential decay of the 
partition function for Linear Stochastic Evolution in dimension 2, a model that is a 
slight generalisation of directed polymer in random environment. 



Remark 1.8. Unlike in the one dimensional case, the two bounds on the free energy 
provided by our methods do not match. We believe that the second moment method, 
that gives the lower bound is quite sharp and gives the right order of magnitude 
for logp(/3). The method developped in [66fl to sharpen the estimate on the critical 
point shift for pinning models at marginality adapted to the context of directed 
polymer should be able to improve the result, getting p{(3) < — exp(— c e /?"^ 2+e ^) for 
all (3 < 1 for any e. 
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1.4. Organization of the paper. The various techniques we use have been 
inspired by ideas used succes sfully for an other polymer model, namely the polymer 
pinning on a defect line (see jTT3H H (HI; Q)- 



However the ideas we use to establish lower bounds differ sensibly from the ones 
leading to the upper bounds. For this reason, we present first the proofs of the upper 
bound results in Section [2j [3] and [U The lower bound results are proven in Section 
EE E]and[7l 

To prove the lower bound results, we use a technique that combines the so-called 
fractional moment method and change of measure. This app roac h has been first 



used for pinning model in 46] and it has been refined since in [1121 ; l65l |. In Section 
[21 we prove a non-optimal upper bound for the free energy in the case of Gaussian 
environment in dimension 1 + 1 to introduce the reader to this method. In Section 
Owe prove the optimal upper bound for arbitrary environment in dimension 1 + 1, 
and in Section [4] we prove our upper bound for the free energy in dimension 1 + 2 
which implies that very strong disorder holds for all (3. These sections are placed in 
increasing order of technical complexity, and therefore, should be read in that order. 

Concerning the lower-bounds proofs: Section El presents a proof of the lower 
bound of Theorem 11.41 The proof combines the second moment method and a di- 
rected percolation argument. In Section [6] the optimal bound is proven for Gaus sian 



environment, with a specific Gaussian approach similar to what is done in 1 1 1 01 ] . In 
Section [7] we prove the lower bound for arbitrary environment in dimension 1 + 2. 
These three parts are completely independent of each other. 

2. Some warm up computations 

2.1. Fractional moment. Before going into the core of the proof, we want to 
present here the starting step that will be used repeatedly thourough Sections [21 [3] 
and [H We want to find an upper-bound for the quantity 

p(P)= lim ±Q\ogW N . (2.1) 

However, it is not easy to handle the expectation of a log, for this reason we will 
use the following trick . Let 9 e (0, 1), we have (by Jensen inequality) 

Q\ogW N = - e Q\ogW e N < - Q \ogQW e N . (2.2) 

Hence 

p(/3)<hmmf^logQ<. (2.3) 

We are left with showing that the fractional moment QWfj decays exponentially 
which is a problem that is easier to handle. 
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2.2. A non optimal upper-bound in dimension 1 + 1. To introduce the 
reader to the general method used in this paper, combining fractional moment and 
change of measure, we start by proving a non-optimal result for the free-energy, 
using a finite volume criterion. As a more complete result is to be proved in the 
next section, we restrict to the Gaussian case here. The method used here is based 



on the one of [381 ] . marorizing the free energy of the directed polymer by the one of 
multiplicative cascades. Let us mention that is has bee shown recently by Liu and 
Watbled 96| that this majoration is in a sense optimal, they obtained this result by 



improving the concentration inequality for the free energy. 

The idea of combining fractional moment with change of measure and finite 



volume criterion has been used with success for the pinning model in [46 
Proposition 2.1. There exists a constant c such that for all (3 < 1 

Proof of Proposition 12.11 in the case of Gaussian environment. For 
j3 sufficiently small, we choose n to be equal to Cl ^f ^ for a fixed constant C\ 

(here and thourough the paper for x G R, \x] , respectively LxJ will denote the 
upper, respectively the lower integer part of x) and define 6 := 1 — (logn) -1 . For 
x G Z we define 

W n {x) := Pexp (jyu {iA) - (3 2 /2\ j l {Sn=x} . (2.5) 

Note that ^ X £zW n (x) = W n - We use a statement which can be found in the proof 
of Theorem 3.3. in 1 381 : 



\ogQW e nm <m\ogQY,[Wn(x)} 9 Vm G N. (2.6) 

x&L 

This combined with (12.31) implies that 

p(f3)<^\ogQj2[W n (x)] e . (2.7) 

x& 

Hence, to prove the result, it is sufficient to show that 

Qj2[W n (x)] e <e~\ (2.8) 

for our choice of 6 and n. 

In order to estimate Q[W / n (x)] 61 we use an auxiliary measure Q. The region where 
the walk (Si)o<i< n is likely to go is J n = ([l,n] x \—C2\fn,C2\pr^\) (IN x Z where 
C% is a big constant. 

We define Q as the measure under which the are still independent Gauss- 
ian variables with variance 1, but such that Qu)^ x = —8 n l^ )X ) & j n where S n = 
l/(n 3 / 4 v / 2C Y 2 logn). This measure is absolutely continuous with respect to Q and 
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dQ 
dQ 



cxp 



E 



8 2 n 



(2.9) 



Then we have for any x G Z, using the Holder inequality we obtain, 



Q[W n (x) e ] =Q 



dQ 

Uq 



(W n (x)f 



< Q 



dQ 
dQ 



1-6 



QW n {x)\ . (2.10) 



The first term on the right-hand side can be computed explicitly and is equal to 



_s_\ i-< 

Q[ W ] = exp 



2(1 



#Jn < e, 



(2.11) 



where the last inequality is obtained by replacing S n and 9 by their values (recall 
9 = 1 — (logra) -1 ). Therefore combining (12.101) and (12.111) we get that 



\x\<n 



X 



(2.12) 



To bound the right-hand side, we first get rid of the exponent 9 in the following 
way: 



n~ 39 (QW n (x)j < n" 39 #{x G Z, \x\ < n such that QW n {x) < n~ 3 } 

\x\<n 



|x|<n 



If n is sufficiently large ( i.e., j3 sufficiently small) the first term on the right-hand 
side is smaller than 1/n so that 



J2 (QW n (x)) < exp(3)QW n + \ 



(2.14) 



|x|<n 



We are left with showing that the expectation of W n with respect to the measure Q 
is small. It follows from the definition of Q that 



QW n = Pexp (-/35 n #{* | (i, Si) G J n }) 



(2.15) 



and therefore 



QW n < P{the trajectory S goes out of J n } + exp(— n(35 n ). (2-16) 
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One can choose C 2 such that the first term is small, and the second term is equal 
to exp(-/3n 1 / 4 /V2C 2 logn) < exp(-C , 1 1/4 /4 v / C^) that can be arbitrarily small by 
choosing C\ large compared to (C2) 1 / 2 . In that case (12.81 ) is satisfied and we have 

(3 4 



pW) < j^°& e ~ 



< 



2C 1 |log/3| 2 



for small enough f3. 



(2.17) 
□ 



3. Proof of the upper bound of Theorem 11.41 and 11.51 



The upper bound we found in the previous section is not optimal, and can be 
improved by replacing the finite volume criterion (1 2 . 8 f) by a more sophisticated coarse 
graining method. The technical advantage of the coarse graining we use, is that we 
will not have to choose the 6 of the fractional moment close to 1 as we did in the 
previous section and this is the way we get rid of the extra log factor we had. The 
idea of using this type of coarse graining for the copolymer model appeared in 112l 
and this has been a substantial source of inspiration for this proof. 

We will prove the following result first in the case of Gaussian environment, and 
then adapt the proof to general environment. 

Proof in the case of Gaussian environment. Let n be the smallest squared 
integer bigger than C-sP' 4 (if (3 is small we are sure that n < 2C3/3 -4 ). The number 
n will be used in the sequel of the proof as a scaling factor. Let 6 < 1 be fixed 
(say 6 = 1/2). We consider a system of size N = nm (where m is meant to tend to 
infinity). 

Let Ik denote the interval 1^ = [ky/n, (k + l)y/n). In order to estimate QW^ we 
decompose Wn according to the contribution of different families path: 



W 



N 



W, 



(3.1) 



where 



V2,---,Vi 



,) = Pex P 



N ( P 2 \ 



,Vi=l,...,m \ 



(3.2) 



Then, we apply the inequality (^ di) 9 < a\ (which holds for any finite or 
countable collection of positive real numbers) to this decomposition and average 
with respect to Q to get, 



QWL< E Q W Lm,..,y m y (3-3) 
yi,V2,---,y,n& 

In order to estimate QW® yi y2 s, we use an auxiliary measure as in the previous 
section. The additional idea is to make the measure change depend on yi, . . . ,y m - 
For every Y — (y±, . . . , y m ) we define the set Jy as 

Jy := { (km + i, ykVn + z)> k = 0, . . . , m — 1, i — 1, . . . , n, \z\ < C^\fn\ , (3.4) 
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Figure 1. The partition of W nrn into w(vi>—>v™') is to be viewed as a coarse 
graining. For m = 8, (yi,...,2/ 8 ) = (1,-1,2,3,1,-1,-3,1), tf#"-"»™> corre- 
sponds to the contribution to Wn of the path going through the thick barriers on 
the figure. 



where yo is equal to zero. Note that for big values of n and m 

#J Y ~ 2C 4 mn 3/2 



(3.5) 



We define the measure Qy the measure under which the u)u iX } are independent 
Gaussian variables with variance 1 and mean Qy^(i,x) = —8 n l{(i,x)£j Y } where 5 n = 
n -3/4£»- !/ 2 rp^g j aw Q y j g absolutely continuous with respect to Q and its density 
is equal to 



dQy 
dQ 



eXp (" i 5 ^(i,x) + #n/2] 

(i,x)& Jy 



(3.6) 



Using Holder inequality with this measure as we did in the previous section, we 
obtain 



dQ 
dQ 



W, 



Y 



(yi,V2,—,ym) 



<Q 



Y 



dQ 
dQ 



Y 



1-6 



QyW {yu ..., ym) ) . (3.7) 



The value of the first term can be computed explicitly 
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Figure 2. This figure represent in a rough way the change of measure Qy- 
The region where the mean of wu x \ is lowered (the shadow region on the figure) 
corresponds to the region where the simple random walk is likely to go, given that 
it goes through the thick barriers. 



Q 



dQ 
dQ Y 



1-6 



I _ f\ I - ex P( 3m ) 



(3.1 



where the upper bound is obtained by using the definition of 5 n , (13.51) and the fact 
that 9 = 1/2. 

Now we compute the second term 



= Pex P (~/^n# Si) e J Y }) l{s kn eiy k , vfc 6 [i,m]}- (3.9) 

We define 

J := {(i,x), i = 1, . . . , n, \x\ < C±\/n} 
J := {(i, x), i = 1, . . . , n, \x\ < (C 4 — l)^Jn}. 



(3.10) 



Equation (13.91) implies that (recall that P x is the law of the simple random walk 
starting from x, and that we set y = 0) 

m 

Q Y W {yi> ..., ym) <]Jme^P x e W (-f36 n #{i : Mi) £ J}) V Srt _j. (3.11) 



fc=i 



Combining this with (13. 1ft . H3 . Tf) and (|3.8p we have 



logQW& < m 



(3.12) 
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If the quantity in the square brackets is smaller than —1, by equation (12.31) we have 
p(P) < —1/n. Therefore, to complete the proof it is sufficient to show that 

Wma^exp(-/3U^ : (*, Si) G J}) l { s n ei v }) (3-13) 

is small. To reduce the problem to the study of a finite sum, we observe (using some 
well known result on the asymptotic behavior of random walk) that given e > we 
can find R such that 



y~) ( maxP x exp (-/35„# {i : (z, Si) G J}) l{s n ei y } J < max (P x {S n G I y })° < e. 

,,I^D V USD 

(3-14) 



■\>R v ' \v\>R 

To estimate the remainder of the sum we use the following trivial bound 



(max^exp(-/35 n #{z : (i, Si) E J}) l {SneIy} j 
\y\<R ^ X£ ° J 



<2R(m&xP x exp(-f36 n #{i : (i, Si) G J}) . (3.15) 
V x ^ I o J 

Then we get rid of the max in the sum by observing that if a walk starting from x 
makes a step in J, the walk with the same increments starting from will make the 
same step in J (recall (13.101) ). 

m&xP x exv(-/38 n #{i : (z, Si) G J}) < Pexp (~p8 n # Si) G J}) . (3.16) 

Now we are left with something similar to what we encountered in the previous 
section 

Pexp (— j35 n # [i : (i, Si) G J}) < P{ the random walk goes out of J }+exp(— n/3S r , 

(3.17) 

If C 4 is chosen large enough, the first term can be made arbitrarily small by choos- 
ing C4 large, and the second is equal to exp (-C~ 1/4 /y/C~ 4 ) and can be made also 
arbitrarily small if C3 is chosen large enough once C4 is fixed. An appropriate choice 
of constant and the use of (13.161) and ( 13.171) can leads then to 



2R maxP x exp (-/3<J n # {1 : (z, St) G J}) < e. (3.18) 
This combined with (13.14^ completes the proof. □ 



PROOF of the general case. In the case of a general environment, some 
modifications have to be made in the proof above, but the general idea remains the 
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same. In the change of measure one has to change the shift of the environment in 
Jy (13.61) by an exponential tilt of the measure as follow 



dQ 



Y 



dQ 



(P) = exp j - ^2 [A»<*>(i lJt ) + A(-5 n )] 
(i,z)eJ Y 



(3.19) 



The formula estimating the cost of the change of measure (13.81) becomes 



Q 



dQ 



dQ 



Y 



9S n 



= exp i^Jy p - 9)X [jrre) + ^ A (- 5 ™)J J ^ exp(2m), 

(3.20) 

where the last inequality is true if j3 n is small enough if we consider that 9 = 1/2 

and use the fact that X(x) x ~° x 2 /2 (u> has mean and unit variance). The next 
thing we have to do is to compute the effect of this change of measure in this general 
case, i.e. find an equivalent for ( 13.91) . When computing QY^ r {y 1 ,...,y m ), the quantity 

Q Y exp(M,o - X((3)) = exp [X(f3 - 8 n ) - X(-8 n ) - A(/3)] (3.21) 

appears instead of exp(— (35 n ). Using twice the mean value theorem, one gets that 
there exists h and h' in (0, 1) such that 



\(P - 5 n ) - X(-8 n ) - \(J3) = 8 n [X'(-h5 n ) - X'(f3 - h8 n )} = -f38 n X"(-h5 n + tip). 

(3.22) 

And as uj has unit variance lim x ^ X"(x) = 1. Therefore if (3 and 5 n are chosen small 
enough, the right-hand side of the above is less than —(35 n /2. So that fl3.9f) can be 
replaced by 

QYW [yi ^ ym) < Pexp \-^y# Si) E J Y }^J l{s kn ei yk , Vfce[i,m]}- ( 3 - 23 ) 

The remaining steps follow closely the argument exposed for the Gaussian case. 

□ 

4. Proof of the upper bound in Theorem 11.61 

In this section, we prove the main result of the paper: very strong disorder holds 
at all temperature in dimension 2. 

The proof is technically quite involved. It combines the tools of the two previous 
sections with a new idea for the change a measure: changing the covariance structure 
of the environment. We mention that this idea was introduced recently in 65| to 
deal with the marginal disorder case in pinning model. We choose to present first 
a proof for the Gaussian case, where the idea of the change a measure is easier to 
grasp. 

Before starting, we sketch the proof and how it should be decomposed in different 
steps: 
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(a) We reduce the problem by showing that it is sufficient to show that for some 
real number 9 < 1, QW^ decays exponentially with N. 

(b) We use a coarse graining decomposition of the partition function by splitting 
it into different contributions that corresponds to trajectories that stays in 
a large corridor. This decomposition is similar to the one used in Section [3 

(c) To estimate the fractional moment terms appearing in the decomposition, 
we change the law of the environment around the corridors corresponding 
to each contribution. More precisely, we introduce negative correlations 
into the Gaussian field of the environment. We do this change of measure 
in such a way that the new measure is not very different from the original 
one. 

(d) We use some basic properties of the random walk in Z 2 to compute the 
expectation under the new measure. 

Proof for Gaussian environment. We fix n to be the smallest squared 
integer bigger than exp(C 5 //? 4 ) for some large constant C 5 to be defined later, for 
small (3 we have n < exp(2C5//3 4 ). The number n will be used in the sequel of the 
proof as a scaling factor. For y = (a, b) G Z 2 we define I y = [a\/n, (a + l)y/n — 
1] x [b^/n, {b + l)y/n — 1] so that I y are disjoint and cover I? . For N = nm, we 
decompose the normalized partition function Wn into different contributions, very 
similarly to what is done in dimension one (i.e. decomposition (13.31) ). and we refer 
to the figure [2] to illustrate how the decomposition looks like: 

Wn= %>-.^) (4- 1 ) 

where 

= ^xp [^ i>Si - P 2 /2] ) 1 { _,. V , ; w y (4.2) 

We fix 9 < 1 and apply the inequality (J2 (ii) 9 < J2 a i (which holds for any finite or 
countable collection of positive real numbers) to get 

QW&< £ QWfyi,..., Vm y (4-3) 

J/l,...,J/mSZ 2 

In order to estimate the different terms in the sum of the right-hand side in 
( 14.31) . we define some auxiliary measures Qy on the the environment for every Y = 
(y , yx, . . . , y m ) G Z d+1 with y = 0. We will choose the measures Qy absolutely 
continuous with respect to Q. We use Holder inequality to get the following upper 
bound: 

( e \ 1-0 
g up") & w ^4- (4 - 4) 

Now, we describe the change of measure we will use. Recall that for the 1- 
dimensional case we used a shift of the environment along the corridor corresponding 
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to Y. The reader can check that this method would not give the exponential decay 
of Wn in this case. Instead we change the covariance function of the environment 
along the corridor on which the walk is likely to go by introducing some negative 
correlation. 

We introduce the change of measure that we use for this case. Given Y = 
(yo,yx, ■ ■ ■ , y m ) we define m blocks (Bk)ke[i,m\ an d Jy their union (here and in the 
sequel, \z\ denotes the l°° norm on Z 2 ): 

Bu '■= {(i, z) E N x Z 2 : \i/n\ = k and \z — Vnyk-i\ < Cev^} > 

*:=U*- (4B> 

k=l 

We fix the covariance the field u under the law Qy to be equal to 



l{(i,z)=(j,z')} - V(i,z),(j,z>) if 3 k e [1, m] such that (i, z) and (J, z') G B k 



where 



We define 



V, 



(i,z),(j,z') 



otherwise, 



z'\<c 7v fiF^i} 



100C 6 C 7 n^\ogn\j-i\ 



if (i, z) = (j, z') 
otherwise. 



(4.6) 



(4.7) 



V := (% 2 ),o>'))(M),0>')e.Bi- (4-8) 

One remarks that the so-defined covariance matrix C Y is block diagonal with m 
identical blocks which are copies of I — V corresponding to the B k , k G [1, m], and 
just ones on the diagonal elsewhere. Therefore, the change of measure we describe 
here exists if and only if I — V is definite positive. 

The largest eigenvalue for V is associated to a positive vector and therefore is 
smaller than 

\v I < Cr 

I V{i,z),{j,z>) I < 



max 

(i,z)eSi 



E 

C7'.*')6Bi 



C 6V /logn 



For the sequel we choose n such that the spectral radius of V is less than (1 
so that I — V is positive definite. With this setup, Qy is well defined. 
The density of the modified measure Qy with respect to Q is given by 



dQ 



Y 



dQ 



[UJ 



cxp 



1 - ip) 



(4.9) 
(4.10) 
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where 

1 uMuj = ^ ( 4 - n ) 

(i,2),(j,2')GNxZ 2 

for any matrix M of (N x Z 2 ) 2 with finite support. 

Then we can compute explicitly the value of the second term in the right-hand 
side of M 



Q 



dQ 
dQ 



Y 



detC 5 



^ det \ ®l e 



(4.12) 



Note that the above computation is right if and only if C Y — 91 is a definite positive 
matrix. Since its eigenvalues are the same of those of (1 — 9)1— V, this holds for large 
n thanks to ( 14.91 ). Using again the fact that C Y is composed of m blocks identical 
to I - V, we get from (14.121) 



Q 



dQ 
dQ 



det(/ - V) 



m/2 



det(I -V/(l-9)) 1 - e 



(4.13) 



In order to estimate the determinant in the denominator, we compute the Hilbert- 
Schmidt norm of V. One can check that for all n 



(i,z),(j,z>)£B l 



(4.14) 



We use the inequality log(l + x) > x — x 2 for all x > —1/2 and the fact that the 
spectral radius of V / (1 — 9) is bounded by 1/2 (cf. (14.91) ) to get that 



det 



V 



1-9 



exp Trace log / 



V 



1 - 9 



> exp 



W\ 



> exp 



(4.15) 



For the numerator, Trace V = implies that that det(J — V) < 1. Combining this 
with ( T4T3D and ( T4TT51) we get 



Q 



dQ 
dQ Y 



< 



exp 



in 



2 1 



(4.16) 



Now that we have computed the term corresponding to the change of measure, we 
estimate W( yir „ )ym ) under the modified measure (just by computing the variance of 
the Gaussian variables in the exponential, using (14.61) ) : 
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QYW(y 1: ... t y m ) 

( 



Pexp 



PQy exp (P<Oi,Si - Yjj 1 {S hB 6J Sfc ,Vfc=l,..,m} 

\ 



5^ ( c y,2),(j, 2 ') - i{(i, 2 )=(i,^)}) i {s*= 



-z,Sj=z'} 



\ 



l<i, 



/ 



■{5 fc „e/ Wfc) Vfc=l ) ...,m}' 

(4.17) 



Replacing C by its value we get that 



/ 



4 e 



-{((i,5 I ),(j,5 J ))eS2, l^-S^Cr^i]} 



2 1<t ^ <JV 100C 6 CWEgH|j-<| 

Kfc<m 



Vfc=l,...,m r 



}• (4-18) 



Now we do something similar to (13 .lip : for each "slice" of the trajectory (<Si)ie[(m-i)fc,mfc]i 
we bound the contribution of the above expectation by maximizing over the starting 
point (recall that P x denotes the probability distribution of a random walk starting 
at x). Thanks to the conditioning, the starting point has to be in I Vk . Using the 
translation invariance of the random walk, this gives us the following (V stands for 
maximum) : 



Q Y W {yi '-' Vm) < ft max R 
- LJ - xelo 



i=k 



cxp 



((?_ ST 1 {l^|v|g J l<g 6 v^, |Si-Sj|<c 7V ^7i> \ 



Vk-l} 

For trajectories S of a directed random-walk of n steps, we define the quantity 

1 



(4.19) 



G(S):= 



{\Si\s/\S 3 \<C 6y K, \Si-Sj\^Cry/\i^j\} 

100C 6 C 7 nyflogn\j - i\ 



(4.20) 



Combining (l4~T9l with (OBjl . (jOl and (Oil , we finally get 



< exp 



2 1 



yez ^ V V / / 



(4.21) 



The exponential decay of QW^ (with rate n) is guaranteed if we can prove that 
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^max (p x exp f-yG^S)^ l{s n ei y } 



(4.22) 



is small. The rest of the proof is devoted to that aim. 

We fix some s > 0. Asymptotic properties of the simple random walk, guarantees 
that we can find R = R £ such that 

( p * ex P ( - y G ( 5 )) 1 {^e^}) ^ ( p A s n e i y }) e < e. 

I„,I^E> \ V / ' L,I^E> 



(4.23) 



To estimate the rest of the sum, we use the following trivial and rough bound 



Emax 

\v\<R 



P x exp[-^G(S))l {Sn&Iv} 



< R 2 



(3 2 

maxP^exp I ——G(S) 

x€lo \ 2 



(4.24) 

Then we use the definition of G(S) to get rid of the max by reducing the width of 
the zone where we have negative correlation: 



(3 2 

maxP^exp \——G(S) ) < Pexp 



We define B := {(i, z) E N x Z 2 
above that 



-{IftMSjl^Ce-iyH, |Si-g 3 -|<c 7v /i^ji } 
100C 6 C 7 nVlognU-i| 

(4.25) 

% < m,\z\ < (C*6 — l)\/n\. We get from the 



l<i^j'<n 



maxP^exp ( -^G(S) ) < P{the RW goes out of B} 

1, 



xe/o \ 2 



+ Pexp (-£ y _^Z^^> ) (4.26) 

One can make the first term of the right-hand side arbitrarily small by choosing C 6 
large, in particular on can choose Cq such that 

P | max \S n \ > (C 6 - l)v^l ^ i 6 / 1 ?)*- ( 4 - 27 ) 

[ie[0,n] J 

To bound the other term, we introduce the quantity 
and the random variable X, 
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X:= y 1{|S '^1 C7 ^ } . (4.29) 

\<ij=j<n V to IJ I 

For any 8 > 0, we can find C 7 such that P(X) > (1 - 8)D(n). We fix C 7 such that 
this holds for some good 8 (to be chosen soon), and by remarking that < X < D(n) 
almost surely, we obtain (using Markov inequality) 

P{X > D(n)/2} >l-28. (4.30) 
Moreover we can estimate D(n) getting that for n large enough 



D(ri) > ^logn. (4.31) 

Using (14301) and (fOTD we get 



r- 



P I 1 {\s,-s 3 \<c 7y /[TJ\} \ =p ( & x 

3 2 i<fcn 100C 6 CrnVKi^| j - t'lj ^ V 200C 6 C 7 



< 28 + exp 



/3 2 v/Iol 



(4.32) 



n 



200C 6 C 7 

Due to the choice of n we have made (recall n > exp(C 5 //3 4 )), the second term is 
less than exp (-/3 2 C 5 1/2 /(200C , 6 C7 7 )y We can choose 8, Cj and C5 such that, the 

right-hand side is less that (e/R 2 )^. This combined with (14271) . (14261) . (14241 and 
( 14.231) allow us to conclude that 

max (p. exp (-^G(5)] l { s„ e / y} ) < 3e (4.33) 

So that with a right choice for e, (14.211) implies 

< exp(-m). (4.34) 
Then (12. 3ft allows us to conclude that < — 1/n. 

□ 



Proof for general environment. The case of general environment does 
not differ very much from the Gaussian case, but one has to a different approach for 
the change of measure in (14. 4ft . In this proof, we will largely refer to what has been 
done in the Gaussian case, whose proof should be read first. 

Let K be a large constant. One defines the function fx on R as to be 

fK(x) = —Kl{ x>cxp ( K 2}y. 

Recall the definitions ( 14.51) and (14.71) . and define gy function of the environment as 
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gy(u) =exp ^ f K V (i,z),(j,z>)Ui,zUj,z> 

\k=i \(i,z),(j,z')eB k 

Multiplying by gy penalizes by a factor exp(— K) the environment for which there 
is to much correlation in one block. This is a way of producing negative correlation 
in the environment. For the rest of the proof we use the notation 

Uk ■= ^2 V{i,z),{j,z')Ui, z Uj iZ i (4.35) 

(i,z),(j,z')GB k 

We do a computation similar to (14.41) to get 



Q iKu..,yJ < [Q 



(Q [gY(u;)W {yu ..., yn) \) 9 . 



g Y [uJ) !- 

The block structure of gy allows to express the first term as a power of m. 

e 



Q 



g Y (uj) 1 



Q 



cxp 



-Jk (U, 



Equation (14.14ft says that 
So that 
and hence 



1 -0" 
Var Q (C/x) < 1. 
P{Ui > exp(K 2 )} < exp(-2if 2 ), 



(4.36) 

(4.37) 

(4.38) 
(4.39) 



Q 



cxp 



e 



1 - 9 



1-6 



K < 2, (4.40) 



< 1 + exp \^-2K 2 
if K is large enough. We are left with estimating the second term 

Q [gy(uj)W {yu ..., yn) ] = PQg Y (uj)exp ^[^^ - X(/3)} l {Skn ei yk ,vk=i...m}- 



i=l 



(4.41) 

For a fixed trajectory of the random walk S, we consider Qs the modified measure 
on the environment with density 



dQs 
dQ 



exp [j2[f3ui, Si -KP)} 



(4.42) 



i=l 



Under this measure 



(4.43) 
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As uJi t o has zero-mean and unit variance under Q, ( 11.41) implies m{0) — f3 + o{(5) 
around zero and that Varg s uo iyZ < 2 for all (i, z) if j3 is small enough. Moreover Qs 
is a product measure, i.e. the u ijZ are independent variables under Qs- With this 
notation (14.411) becomes 



PQs [9y{u)} l { 5 fc „e/ yfe ,Vfc=i,...,m}. (4.44) 

As in the Gaussian case, one wants to bound this by a product using the block 
structure. Similarly to (14. 1 9[) . we use translation invariance to get the following 
upper bound 



X\™* P xQs^V (fx (Ui)) Msnein-y^}- 



k=l 



Using this in ( 14.361 ) with the bound (14.40j ) we get the inequality 



QW e N <2 m ^\ 



maxP x g s exp (f K (Z7 X )) l{s n el y } 
xelo 



Therefore to prove exponential decay of QW^, it is sufficient to show that 



(4.45) 



(4.46) 



y&Z 2 



maxP x Q s exp (f K (Ui)) l{s n ei v } 



(4.47) 



is small. As seen in the Gaussian case ( cf. (14.23l) . (14.24l) ). the contribution of y far 
from zero can be controlled and therefore it is sufficient for our purpose to check 



maxP x Q s exp (f K (Ux)) < 5, 



(4.48) 



for some small 6. Similarly to (14.261) . we force the walk to stay in the zone where 
the environment is modified by writing 

max P X Q S exp (f K (Ui)) < P{max \Si\ > (C 6 - l)y/n) 

i€la ie[0,n] 

+ max P x Qs exp (f K (lit)) l{\s n -s \<(c 6 -i)VE}- (4-49) 

The first term is smaller than 5/6 if Cq is large enough. To control the second term, 
we will find an upper bound for 



P x Q s exp (f K (C/i)) l {maXie[0 n] \ Si -s \<(c 6 -i)^}, ( 4 - 50 ) 

which is uniform in x G Jo- 

What we do is the following: we show that for most trajectories S the term in fx 
has a large mean and a small variance with respect to Qs so that fx{ ■ ■ ■ ) = —K 
with large Qs probability. The rest will be easy to control as the term in the 
expectation is at most one. 



4. PROOF OF THE UPPER BOUND IN THEOREM [T6] 



211 



The expectation of U\ under Qs is equal to 

m((3) 2 E V(<.*),U.s,)- ( 4 - 51 ) 

l<i ,j<n 

When the walk stays in the block B\ we have (using definition (14.291) ) 

l<i,j<n 

The distribution of X under P x is the same for all x G Jo- It has been shown earlier 
(cf. (14.301) and ( 14.311) ). that if CV is chosen large enough, 

[ m{(3f y^jE \ 5 

|100C 6 C 7 - 200C 6 C 7 J ~ 6' 1 ' ' 

As m{(5) > [3/2 if /3 is small, if C5 is large enough (recall n > exp(C*5//3 4 )), this 
together with (14.521) gives. 

pJm(P) 2 Q s (UJ < 2exp(K 2 ); max - 5 | < (C 6 - 1)^1 < ~ (4.54) 

[ ie[0,n] J 

To bound the variance of C/i under Q5, we decompose the sum 

U l = E V (i,*),(j,« / ) W <.« W J.* = m (/^) 2 E ^(i.Sfi.O'.Sj) 
(j,2),(j,z')e-Bi l<ij<n 

+ 2m(/3) E v (i,Si) I (j^)(w 3 - I »'-m(^)l {z / =1 g,}) 

l<i<n 
(j.«06Bi 

+ E ~~ m (/3) 1 {^=s l })(^j,2 - m(/3)l {z / =Sj} ). (4.55) 

(M),0>')eBi 

And hence (using the fact that (x + y) 2 < 2x 2 + 2y 2 ). 

Var 0s U, < 16m((3) 2 E ( Y, V M),(iS)) + * E ^(U(,>')' ( 4 - 56 ) 

(j,2')£Bi \l<i<n / ((i,z),(i,z')6 B i 

where we used that Varg s 2 < 2 (which is true for j3 small enough). The last 
term is less than 8 thanks to (14. 14f) . so that we just have to control the first one. 
Independently of the choice of (J, z') we have the bound 



Ki<n ' 



Moreover it is also easy to check that 



£ EW,»')< 7 T%=, (4-58) 



(j,z')eBi l<i<n 
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(these two bounds follow from the definition of V^)^/): (14.71) ). Therefore 



Y Y V (i,Si),(j,z>) 

(j,2')eBi \l<i<n 



< 



Y Y V (iA),(j,z') 
(j,z>)£B 1 X<i<n 



max > Va q.) a z >\ < 1. 



Ki<n 



Injecting this into (14.561) guaranties that for (5 small enough 



(4.59) 



Varg s U x < 10. (4.60) 
With Chebyshev inequality, if K has been chosen large enough and 

QsUx >2exp(K 2 ), (4.61) 

we have 

Qs{Ux <exp(K 2 )} < 5/6. (4.62) 
Hence combining ( 14.621) with ( 14 .54[) gives 

PxQs \Ux < exp(K 2 ); max \S t - S \ < (C 6 - l)Vn\ < 5/3. (4.63) 
t »e[o,n] J 

We use this in (14.491) to get 

maxP.Q^exp (f K (Ux)) <- + e~ K . (4.64) 
So that our result is proved provided that K has been chosen large enough. 

□ 

5. Proof of the lower bound in Theorem 11.41 

In this section we prove the lower bound for the free-energy in dimension 1 in 
arbitrary environment. To do so we apply the second moment method to some quan- 
tity related to the partition function, and combine it with a percolation argument. 
The idea of the proof was inspired by a study of a polymer model on hierarchical 
lattice 92| where this type of coarse-graining appears naturally. 



Proposition 5.1. There exists a constant C such that for all (3 < 1 we have 

p(P)> -C (3* ((log f3) 2 + I). (5.1) 

We use two technical lemmas to prove the result. The first is just a statement 
about scaling of the random walk, the second is more specific to our problem. 

Lemma 5.2. There exists an a constant Crw such that for large even squared inte- 
gers n, 

P{S n = v/^, < Si < for < i< n} = c RW n~ 3/2 + o(n~ 3/2 ). (5.2) 



5. PROOF OF THE LOWER BOUND IN THEOREM PI 



213 



Lemma 5.3. For any e > we can find a constant c £ and (3 such that for all 
(3 < A), for every even squared integer n < c e /{j3 A \ \og(3\) we have 



Vary 



'n-l 



P exp i^2(M.8 t -m) 



1=1 



S n = Vn, < Si < y/n for < % < n 



< s. 



(5.3) 



Proof of Proposition 15.11 from Lemma 15.21 and 15.31 Let n be some fixed 
integer and define 



'n-l 



W:=Pexp ^(^, 5i -A(/3)) 

L {S n =y/nfl<Si<y/n 



for 0<i<n} ) 



(5.4) 



j=i 



which corresponds to the contribution to the partition function W n of paths with 
fixed end point \Jn staying within a cell of width \/n, with the specification the 
environment on the last site is not taken in to account. W depends only of the value 
of the environment lu in this cell (see figure [3]) . 








Figure 3 . We consider a resticted partition function W by considering only paths 
going from one to the other corner of the cell, without going out. This restriction 
will give us the independence of random variable corresponding to different cells 
which will be crucial to make the proof works. 



One also defines the following quantities for (i, y) e N x Z: 



,TZZl[^i n +k,s k -KP)\- 



W {y ' y ~ 1] := P 



e ' J "{5„ = A /(j/+l)n,0<S 4 -j/ v / H<v / H for 0<i<n} 

e T,kZl [P<»in+k,S k -W)] ]_ 



l {S n = {y-l)y/n,~yJn<Si-y^/n<0 for 0<i<n} 



(5.5) 



which are random variables that have the same law as W . Moreover because of 
independence of the environment in different cells, one can see that 



W 



v±1 ' ) ; (i, y) e N x Z such that % — y is evenj 



is a family of independent variables. 



214 



7. DIRECTED POLYMERS IN DIMENSION 1 + 1 AND 1 + 2 



Let N = nm be a large integer. We define f2 = £7^ as the set of path 

Q := {S : Vz G [l,m], \S in -S(j_ 1)n | = y/n, Vj G [l,n-l], S(i-i) n+j G (S(i-i) n , S in )}, 

(5.6) 

where the interval («Si( n -i), Sin) is to be seen as (S in , Sj( n -i)) if S in < Sj( n _i), and 

5 := {s = (so, Si, . . . , s m ) G Z m+1 : So = and |s$ — Sj_i| = 1, Vz G [1, m] } . 

(5.7) 

We use the trivial bound 



ex P (%2(0Vi,Si ~ A(/3)))l{ SG n} 

i=l 



(5.8) 



to get that 



m—l 



W N >J2U W^' Si+l) exp (/3w (i+1)wiV5 - A(/3)) . (5.9) 

sS-S t=0 

(the exponential term is due to the fact the W does not take into account to site in 
the top corner of each cell). 

The idea is of the proof is to find a value of n (depending on (3) such that we 
are sure that for any value of m we can find a path s such that along the path the 
values of (Wi' s ) are not to low (i.e. close to the expectation of W) and to do 
so, it seems natural to seek for a percolation argument. 

Let p c be the critical exponent for directed percolation in dimension 1 + 1 (for an 
account on directed percolation see [72, Section 12.8] and references therein). From 
Lemma 15.31 and Chebyshev inequality, one can find a constant C§ and (3q such that 
for all n < and (3 < fa. 

Q{W > QW/2} > (5.10) 

We choose n to be the biggest squared even integer that is less than ^ 4 ,^ 8 g ^, . (in 

particular have n > 2pW^j\ ^ P small enough) . 

As shown in figureSl we associate to our system the following directed percolation 
picture. For all (i, y) G N x Z such that i — y is even: 

• If Wi y ' v±1) > (1/2)QW, we say that the edge linking the opposite corners 
of the corresponding cell is open. 

• If Wl y ' v±l) < (1/2)QW, we say that the same edge is closed. 

Equation (15.1 01) and the fact the considered random variables are independent as- 
sures that with positive probability there exists an infinite directed path starting 
from zero. 

When there exists an infinite open path is linking zero to infinity exists, we can 
define the highest open path in an obvious way. Let denotes this highest 

path. If m is large enough, by law of large numbers we have that with a probability 
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Figure 4. This figure illustrates the percolation argument used in the proof. 
To each cell is naturally associated a random variable Wf' y±1 , and these random 
variables are i.i.d. When Wf' v±1 > 1/2QW we open the edge in the corresponding 
cell (thick edges on the picture). As this happens with a probability strictly 
superior to p c , we have a positive probability to have an infinite path linking to 
infinity. 



close to one, 

m 

L>™,v^ - HP)} > -2m\{/3). (5.11) 

i=i 

Using this and and the percolation argument with (15.91) we finally get that with 
a positive probability which does not depend on m we have 

W nm > [(l/2)e- 2X ^QW] m . (5.12) 
Taking the log and making m tend to infinity this implies that 

p{(3)> -\-2X(f3)- \og2 + log QW] > --logn. (5.13) 

n L J n 

For some constant c, if n is large enough (we used Lemma 15.21 to get the last in- 
equality. The result follows by replacing n by its value. 

□ 



Proof of Lemma 15.21 Let n be square and even. T fc , k e Z denote the first 
hitting time of k by the random walk S (when k = it denotes the return time to 
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zero). We have 
P{S n = s/n, < Si < \/n, for all 1 < i < n} 

n-l 

= ^ P { T V^/2 = k ' S 3 > for a11 j ' < 71 alld T v^ = n ) 



k=l 



= < n i Sj < y/n for all j < n and T = n)}, (5.14) 

where the second equality is obtained with the strong Markov property used for 
T = and the reflexion principle for the random walk. The last line is equal 



to 



P{ max S k E [vV2, Vn)\T = n}P{T = n}. 

fce [0,n] 



(5.15) 



We use here a variant of Donsker's Theorem, for a proof see [85|, Theorem 2.6]. 
Lemma 5.4. The process 



1 1 > 



Sfnt] 



T = n 



t e [0, l] 



(5.16) 



converges in distribution to the normalized Brownian excursion in the space D([0, 1], ' 



We also know that (see for example [62], Proposition A. 10]) for n even P(T 
n) = a/2/7T7?T 3 / 2 + o(n~ 3 / 2 ). Therefore, from ( j5 . 1 5h we have 



P{S n = Vn, < Si < \/n, for all 1 < i < n} 



max e t e (1/2, 1' 

*6[0,1] v ' ' 



+ o(ri 



-3/2> 



Where e denotes the normalized Brownian excursion, and P its law. 



(5.17) 

□ 



Proof of Lemma 15.31 Let (3 be fixed and small enough, and n be some squared 
even integer which is less than c £ /(/3 4 | log We will fix the value c £ independently 
of (3 later in the proof, and always consider that j3 is sufficiently small. By a direct 
computation the variance of 



'n-l 



exp[J2\Pcui, Si -X((3)} 



i=l 



S n = Vn, < Si < \fn for < % < n 



(5.18) 



is equal to 



where 



'n-l 

I $^7(/3)l 

i=l 



A n = \ S^ j) = y/n, < sf } <V^forO<i<fi, j = 1, 2 



A, 



1. 



(5.19) 



(5.20) 
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and = A(2/3) - 2A(/3) (recall that A(/3) = logQ exp(pu im )), and S$ , J = 1,2 
denotes two independent random walk with law denoted by P® 2 . From this it 
follows that if n is small the result is quite straight-forward. We will therefore only 
be interested in the case of large n (i.e. bounded away from zero by a large fixed 
constant). 

We define r = (T k ) k>Q = {S^ = S % ,i > 0} the set where the walks meet (it 
can be written as an increasing sequence of integers) . By the Markov property, the 
random variables r k+ i — r k are i.i.d. , we say that r is a renewal sequence. 

We want to bound the probability that the renewal sequence r has too many 
returns before times n — 1, in order to estimate (|5 . 191) . To do so, we make the usual 
computations with Laplace transform. 



From [54], p. 577] , we know that 



1 - P m exp(-xTi) = m --. (5.21) 

£ neN exp(-*n)P{^W^} 

Thanks to the the local central limit theorem for the simple random walk, we know 
that for large n 

P{SP = SP} = -±= + o{n-W). (5.22) 

So that we can get from (I5.2ip that when x is close to zero 

logP® 2 exp(-xri) = -v^+ o{y/x). (5.23) 
We fix Xq such that logPexp(— xt\) < \fxj2 for all x < x . For any k < n we have 

P m {\r n [l,n - 1]| > k} = P m {r k < n - 1} < exp((n - l)x)P m exp(-r fc x) 

< exp \nx + k logP® 2 exp(— xti)] . 

(5.24) 

For any k < |_4n v /xoJ = ko one can choose x = (k/4n) 2 < xq in the above and use 
the definition of x to get that 

P® 2 {|rH [1,71- 1]| >k}< exp (-k 2 /{32n)) . (5.25) 
In the case where k > k we simply bound the quantity by 

P m {\r n [1,71- 1]| >k}< exp (kl/(32n)) < exp (-nx /A) . (5.26) 
By Lemma (15.21) . if n is large enough 

P®A n > \l2c\ w n z . (5.27) 
A trivial bound on the conditioning gives us 

P m (\t n [l,n- 1]| > k | A n ) < min (l,2c^n 3 exp (-k 2 /(32n))) if jfc < k , 
P 02 (|r n [1,77 - 1]| > k | A n ) < 2c^n 3 exp (-nx /4) otherwise. 

(5.28) 
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We define k\ := \16iryn log(2c R ^n 3 )] . The above implies that for n large enough 
we have 

P m (|rn[l,n-l]| > k | A n ) < 1 if k< k u 

P m (|r D [l,n- 1]| > A; | A n ) < exp (-k 2 /(64n)) if h x < k < k , (5.29) 
P® 2 (|rD[l,n-l]| > k | An) < exp (-nx /8) otherwise. 
Now we are ready to bound ( 15.191 ). Integration by part gives, 

P^[exp(7/3|T-n[l,n-l]|) | A n \ - 1 

/•oo 

= 7 (/3) / exp( 7 (/?)x)P® 2 (|rn [l,n-l]| >x | A n ) dx. 
■/ o 

(5.30) 

We split the right-hand side in three part corresponding to the three different bounds 
we have in (15.281) : x G [0,&i], x G [&i,&o] an d x G [& ,n]. It suffices to show that 
each part is less than e/3 to finish the proof. The first part is 

7 (/3) / 1 exp( 7 (/3)x)P® 2 (|r n [l,n - 1]| > x \ A n ) dx < 7 (/3)A; 1 exp( 7 ( / 9)fc 1 ). 

(5.31) 

One uses that n < ^s^^ji and 7 (/5) = /3 2 + o(/3 2 ) to get that for (3 small enough 
and n large enough if c £ is well chosen we have 

fci7(/3) < 100/3 V" logn < e/4, (5.32) 

so that j(P)ki exp( 7 (/3)A;i) < e/3. 
We use our bound for the second part of the integral 



egral to get 

ck 

7 (/5) / exp( 7 (/3)x)P 02 (|rn[l,n-l]| >x | A n ) dx 

oo r oo / 2 



ki 



< 7 (/3) y exp ( 7 (/3)x - x 2 / (64n)) dx = y exp fx - Q4n ^^ 2 I dx - 



(5.33) 



Replacing n by its value, we see that the term that goes with x 2 in the exponential 
can be made arbitrarily large, provided that c £ is small enough. In particular we 
can make the left-hand side less than e/3. 
Finally, we estimate the last part 

7 (/3) r e xp(7(/?) 2 x)P® 2 (|rn[l,n-l]| >x | A n ) dx 

J k 



< 7 (/5) / exp( 7 (/3)x — nxo/8) dx = nexp(— [ 7 (/3) — x /8]n). 

(5.34) 
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This is clearly less than e/3 if n is large and (3 is small. 

□ 

6. Proof of the lower bound of Theorem 11.51 

In this section we us e th e method of replica-coupling that is used for the disor- 
dered pinning model in |llo| to derive a lower bound on the free energy. The proof 
here is an adaptation of the argument used there to prove disorder irrelevance. 

The main idea is the following: Let Wn((3) denotes the renormalized partition 
function for inverse temperature (3. A simple Gaussian computation gives 



dQlogW N (Vi) 



dt 



N 



t=0 j = i 

Where and are two independent random walk under the law P® 2 . This 
implies that for small values of f3 (by the equality of derivative at t — 0), 

Q\ogW N (P) « -logP 02 exp ((3 2 /2j2l { sW=sW}) ■ ( 6 - 2 ) 
This tends to make us believe that 



L /erl- L J_(rW\ 
i=l 



P ^ = -i^oo 106 ^ 26 ^ (^E 1 ^^}) " ( 6 - 3 ) 

However, things are not that simple because (16. 2ft is only valid for fixed TV, and 
one needs some more work to get something valid when N tends to infinity. The 
proofs aims to use convexity argument and simple inequalities to be able to get the 
inequality 

p(J3) > - lira logP 02 exp ( 2f3 2 V lr S m_ s (2 h J . (6.4) 

TV— >oo \ z — ' I^jv — ^jv I ] 

\ i=l I 

The fact that convexity is used in a crucial way make it quite hopeless to get the 
other inequality using this method. 



Proof. Let use define for (3 fixed and t e [0, 1] 



$ N (t,f3):=-^Q\ogPex ] >(j2 

and for A > 



t(3 2 



i=l 



Vt(3u itSi 



(6.5) 



1 ( N 

V N (t, \,P) := —Q\ogP m exp [VtP(u;. iS m + u.^) - t(3 2 + A/3 2 l {g ( 1)=5 ( 2)} 

\i=i 



(6.6) 
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One can notice that <3>jv(0,/3) = and &n(1,/3) = Pn{/3) (recall the definition of Pn 
(11.111) ). so that <3>tv is an interpolation function. Via the Gaussian integration by 
par formula 



Quf(u) = Qf'(uj) 



(6.7) 



valid (if uj is a centered standard Gaussian variable) for every differentiable functions 
such that limia-i^oo exp(— x 2 /2)f(x) = 0, one finds 



N 



>m> = -^EE« 

j=i «ez 



^ex P (£f =1 


~Vt(lu i>Si - & 


V 


{S 3 =z} 


^exp(Ef =1 


\/i/3u; i>s . - 


tf3 2 
2 


) 



(6.8) 



2 



2N 



Q (ji 



n 



N 



Ei 

i=l 



This is (up to the negative multiplicative constant —f3 2 /2) the expected overlap 
fraction of two independent replicas of the random-walk under the polymer measure 
for the inverse temperature y/ip. This result has been using Ito formula in [H, 
Section 7]. 

For notational convenience, we define 



N 



H N (t,X,S^,S^) = J2 



Vt(3(u.^ s (i) + w ijS (2)) - t(3 2 + A/? 2 l| 5 (i )=5 (2)| 



(6.9) 



We use Gaussian integration by part again, for 



d p2 N p^2 exp (jj^ A; 5,(1) } S (2)^ 1 {5 ( 1)=5 ( 2)} 

— * N (t, \,f3) = — ^ Q P 02 exp(i/7v(t?A! #1)^(2))) 

_^_vv ^ (V!z!> + exp (Fjv(t ' A ' g(2))) ^ 2 

4JV ^^ \ P^exp^^A,^ 1 ),^ 2 ))) J 

Q 2 N P® 2 eX p(^(t,A,^ 1 ),5( 2 )))l is(1)=5(2 ) j , 

P^exp(^(M,^,^ 3 ))" J =dA^ A ^- (6 - 10) 

The above implies that for every t G [0, 1] and A > 

y N (t,\,(3)<\V N (0,\ + t,(3). (6.11) 

Comparing (16.81) and (16.101) . and using convexity and monotonicity of ^N(t,X,j3) 
with respect to A, and the fact that ^N(t,0,[3) = /3) one gets 



7. PROOF THE LOWER BOUND IN THEOREM 01 



221 



at dX 



A=0 



< 



* N (t t 2-t,P)-$ N (t,l3) 



<V N {0,2,P)-<!> N (t,P), (6-12) 



where in the last inequality we used (2—t) > 1 and (16.111) . Integrating this inequality 
between and 1 and recalling $at(1,/3) = Pn(P) we get 



p N (P)>{l-e)V N {0,2,/3). (6.13) 

On the right-hand side of the above we recognize something related to pinning 
models. More precisely 

* J v(0,2,/3) = ^logy JV , (6.14) 

where 

Y N = P 82 exp ^2/3 2 ^l| s (i )= ^)jJ (6.15) 

is the partition function of a homogeneous pinning system of size N and parameter 
2(3 2 with underlying renewal process the sets of zero of the random walk — 
This is a well known result in the study of pinning model ( we refer to [62L Section 
1.2] for an overview and the results we cite here) that 

lim i-log^v = F(2/5 2 ), (6.16) 

N— >oo iv 

where F denotes the free energy of the pinning model. Moreover, it is also stated 

F(h) h ~ 0+ h 2 /2. (6.17) 

Then passing to the limit in (16.141) ends the proof of the result for any constant 
strictly bigger that 4. □ 



7. Proof the lower bound in Theorem 11.61 

The technique used in the two previous sections could be adapted here to prove 
the results but in fact it is not necessary. Because of the nature of the bound we 
want to prove in dimension 2 (we do not really track the best possible constant in 
the exponential) , it will be sufficient here to control the variance of W n up to some 
value, and then the concentration properties of log W n to get the result. The reader 
can check than using the same method in dimension 1 does not give the right power 
of p. 

First we prove a technical result to control the variance of W n which is the 
analog of ((53!) in dimension 1. Recall that 7(/3) := \{2f3) - 2X(/3) with X(/3) := 
logQexp(/3cu(i i0 )). 
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Lemma 7.1. For any e < 0, one can find a constant c e > and (3 > such that 
for any [3 < /3o, for any n < exp (c £ //3 2 ) we have 

Var Q W n <e. (7.1) 

Proof. A straight-forward computation shows that the the variance of W n is 
given by 



n 



Vax Q W n = P 9£ exp^(p)}^l {s w =s m } j -1. (7.2) 

where 2 = 1,2 are two independent 2-dimensional random walks. 

As the above quantity is increasing in n, it will be enough to prove the re- 
sult for n large. For technical convenience we choose to prove the result for n = 
J exp(— c e /7(/3))J (recall ^((3) = X(2(3) — 2X((3)) which does not change the result 
since 7 (/3) = /3 2 + o(/3 2 ). 

The result we want to prove seems natural since we know that (X^i=i 1{ S ( 1 ) =S ( 2 )})/ logn 
converges to an exponential variable (see e.g. and j(/3) ~ c e logn. However, 

convergence of the right-hand side of (17.21) requires the use of the dominated conver- 
gence Theorem, and the proof of the domination hypothesis is not straightforward. 
It could be extracted from the proof of the large deviation result in [60j, however 
we include a full proof of convergence here for the sake of completeness. 

We define r = (T k ) k>Q = {S^ = S^ 2 \i > 0} the set where the walks meet (it 
can be written as an increasing sequence). By the Markov property, the random 
variables r k+1 — r k are i.i.d. . 

To prove the result, we compute bounds on the probability of having to may 
point before n in the renewal r. As in the 1 dimensional case, we use Laplace 



transform to do so. From [5J, p. 577] , we know that 



1 - P® 2 exp(-xr 1 ) = m j^-. (7.3) 

E neN exp(-xn)P{^ 1) = 5< ! 2) } 

The local central limit theorem says that for large n 

P ^ {s m = si 2 )} „ _L_ {7A) 

Using this into ( 17.31) we get that when x is close to zero 

log P® 2 exp ( -xti ) ~ -777^-7. (7.5) 
We use the following estimate 



logic | 



P m {\r n [l,n]| >k} = P m {r k <n}< exp(ra)P 02 exp(-r fe x) 

= exp \nx + k log P® 2 exp(— xti)1 . 



(7.6) 
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Let x be such that for any x < x , logP® 2 exp(— xti) > — 3/|logx|. For fc such 
that fc/(nlog(n/fc)) < xo, we replace x by fc/(nlog(n/fc)) in (17.61) to get 

P® 2 {\tD [l,n]\ > k} < exp ( - - - ..^ < exp / 



\og(n/k) log [k/(nlogn/k)]J \ log(n/fc) 

(7.7) 

where the last inequality holds if k/n is small enough. We fix ko = Sn for some 
small 8. We get that 

P® 2 {\tH [l,n]\ > k} < exp (- - fc ) if fc < fc 



log(n/fc) 7 

r \ / A \ ' ^ 

P®' 2 {\rn[l,n}\ >fc}<exp( - - . ° . ) = exp f - TV ) if fc > fc . 



log(n/fc ); "V Ml/*) 
We are ready to bound (17.21) . We remark that using integration by part we obtain 

Pexp( 7 (/3)|r n [l,n]Q - 1 = / 7 (/3) exp( 7 (/3)x)P 02 (r n [1, n] \ > x) dx. (7.9) 

Jo 

To bound the right-hand side, we use the bounds we have concerning r: (17.81) . We 
have to split the integral in three parts. 

The integral between and 1 can easily be made less than e/3 by choosing (3 
small. 

Using n < exp(c £ / 7 (/3)), we get that 

8n pdn / X \ 

7 (/3)exp( 7 (/3)x)P® 2 (rn[l,n]| > x) dx < / 7 (/3) exp 7 (/3)x - — — — - dx 
i Ji V log(n/x)/ 

< m (l((3)x - < r ^-. (7.10) 

This is less that e/3 if c e is chosen appropriately. The last part to bound is 

7 (/5)exp( 7 (/5)x)P 02 (r n [l,n]| > x) < n 7 (/5)exp f 7 (/3)n - ^ ) < e/3, 



6n 



log 1/5 



(7.11) 

where the last inequality holds if n is large enough, and (3 is small enough. 

□ 

Proof of the lower bound in Theorem 11.61 By a martingale method that 
one can find a constant eg such that 

Var log W n < C 9 n, Vn > 0, V/3 < 1. (7.12) 

(See (1^, Proposition 2.5] and its proof for more details). 
Therefore Chebyshev inequality gives 

q\ -\ogW n - -Q\ogW n > n^ 4 ) < C^n 4 ' 2 . (7.13) 
I n n J 
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Using Lemma [77X1 and Chebyshev inequality again, we can find a constant C w such 
that for small (3 and n = |~exp(Cio//3 2 )] we have 

Q{W n < 1/2} < 1/2. (7.14) 

This combined with (17.131) implies that 

— ^ < n" 1/4 + Q- log W„ < n" 1/4 + p(/3). (7.15) 
n n 

Replacing n by its value we get 

p(J3) > -n- 1 ' 4 - ^ > - exp(-C7 10 /5/3 2 ). (7.16) 

□ 



CHAPTER 8 



Pinning, superdiffusivity, and strong disorder for Brownian 

polymer models 

1. Introduction 

A lot of progress has been made lately in the understanding of localization/delocalization 
phenomena for random polymer models, and especially for two class of model: ran- 
dom pinning models, and directed polymer in a random environment (see the recent 
monographs [f32| and [80| and references therein). These model where first intro- 
duced in a discrete setup, where the polymer is modeled by the graph of a random- 
walk in Z d and the polymer-measure is a modification of the law of a simple random 
walk on Z d ; but recently, a lot of interest have been brought to the corresponding 
con tinuo us models, involving Brownian Motion rather than simple random walk (see 



105l ; \l4: l43l|). In this paper, we study two models which are a priori unrelated: 

• A Brownian homogeneous pinning model in a polynomial potential. 

• A model of Brownian directed polymer in Brownian environment with spa- 
tial power-law correlations. 

However, as it will appear in our development, homogeneous pinning models happen 
to be a natural tool to study directed polymer in random environment as soon as 
second moment methods are used (as in |9l|). 

Let P be the Wiener measure, and (B t ) te ^ the associated G?-dimensional Brow- 
nian Motion starting from zero. For a fixed t, to each trajectory we associate an 
energy defined by the Hamiltonian H t (B) which is a function of (B s ) se [ 0tt ] and for 
an inverse temperature (3 we define the polymer measure \i t by its Radon-Nicodym 
derivative 

^(B):=±-ex V (f3H t (B)). (1.1) 

where 

Z t :=P[exp((3H t (B))}, (1.2) 

is a renormalization factor called partition function of the system (P[f(B)] denotes 
the expectation with respect to P, we will keep that notation for all the probability 
law we introduce in the paper). For fixed (-B s )se[o,t]) H t (B) can be deterministic or 
random (depending on a random environment). Our aim is to describe asymptotic 
properties of the measure fi t as t — > oo, and to discuss the existence of a phase 
transition in the parameter f3. 

We present the results obtained for the two models separately. To avoid confu- 
sion we will keep the above notation for the random directed polymer, and we will 
introduce a different one for the pinning model. 
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1.1. Brownian homogeneous pinning in a polynomial tailed potential. 

We consider the following homogeneous pinning model, that was studied in [H]. We 
consider two cases: V is either a bounded continuous non-negative function of M d 
such that V(x) tends to zero when x goes to infinity or V{x) = l{||x||<i} • 

We define the energy of a continuous trajectory up to time t, (B s ) s£ ^ to be the 
Hamiltonian ^ 

G t (B) := / V(B s )ds. (1.3) 
Jo 

We define z/ t the Gibbs measure associated to that Hamiltonian and pinning pa- 
rameter (or inverse temperature) h G R to be 

d^(B) == m (i.4) 

where It denotes the partition function 

Yj h) := P [exp(«? t (S))] . (1.5) 

The essential question for this model is to know whether or not the pinning 
force h is sufficient to keep the trajectory of the polymer near the origin, where V 
takes larger values. It is intuitively clear that for large h, the potential localizes the 
polymer near the origin (the distance remains 0(1) as t grows), and that h < has 
no chance to localize the polymer. Therefore, one has to find if the polymer is in 
the localized phase for all positive h > or if the phase transition occurs for some 



critical value of h c > 0. For This question was studied in |43j] in the case of compactly 
supported smooth V, where it was shown that localization holds for all h > if and 
only if d < 2 (in fact this issue is strongly related to reccurence/transcience of the 
Brownian Motion). Our aim is to describe how this result is modified if the potential 
is not compactly supported and has polynomial decay at infinity. Answering to this 
question relies on studying the free energy. 

Proposition 1.1. The limit 

F(h) := lim -logY t {h) . (1.6) 

t^oo t 

exists is and it is non-negative, h i— > F(h) is a non- decreasing, convex function. 
We call F(h) the free energy of the model. We define 

h c = h c (V) := mi{h : F(h) > 0} > 0. (1.7) 

The existence of the limit is not straight forward. Cranston et al. proved it in 
[43L Section 7] in the case of C°° compactly supported potential, we adapt their 
proof to our case. To understand why F(h) > corresponds to the localized phase, 
we remark the following: convexity allows us to interchange limit and derivative, 
therefore at points where F has a derivative 

(1.8) 



-j|(/i) = lim \v t 



f V(B s )ds 
Jo 
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We want to be able to settle what are the condition on V so that h c = and to 
describe the behavior of F. Cranston et al. answered the question quite completely 
in (H, Theorem 6.1] for compactly supported potential using a functional analysis 
approach. We present a part of their results, adapted for the "step" potential V(x) = 
l{IMI<i}' that we will use as a tool in our paper. Adapting the result from [43l . 
Theorem 6.1] is straight forward, using monotonicity in V of the free energy. 

Theorem 1.2. Let V : R d -> R+ defined as 

V(x) = 1 {W < 1} . (1.9) 

Then for d = 1, 2 we have h c = and as h tends to zero, 

F(h) = 2h 2 (l + o(l)) ford=l, 

(1 10) 

F(h) = exp(-/i~ 1 (l + o(l))) ford = 2. v ; 

For d > 3, we have h c > 0. 

Remark 1.3. This model (especially in the compactly supported case) is the con- 
tinuous equivalent of the discrete model for homogeneous pinning on a defect line 
(see Chapter 2] for an account on the subject), and Theorem 11.21 is completely 
analogous to results obtained in the discrete. The discrete model has the particular- 
ity of being exactly soluble (see [HI]). The techniques used for the discrete model, 
based on renewal processes, do not seem to be adaptable in our setup. 

In the present study, we pay a particular attention to potentials V with power 
law decay at infinity i.e. such that there exists 9 > with 

V(x) x \\x\\~ e as x -> oo, (1.11) 

where f(x) x g(x) as x — >• oo means that there exist constants R and c such that 

c~ l f{x) < g{x) < cf{x) Vx, > R. (1.12) 

In this particular setup, the phase transition is different from the one observed for 
the case of compactly supported case. We prove that in dimension d > 3, whether 
h c is equal to zero depends only on the exponent 6. Furthermore, when the values 
of 9 varies, so does the critical exponent which can take any value in (1, oo). 

Theorem 1.4. For d > 3 we have 

9>2^ h c (V) > 0. (1.13) 

And when h > is small enough 

lim Y t < oo. (1-14) 

t— +oo 

Moreover when 9 < 2 

F(/i)x/i5 2 e. (1.15) 



For the lower dimensional cases, it follows from 43j, Theorem 6.1] and monotony 
of F in V that h c = for all 9. However, some of the features of Theorem 11.41 still 
hold. 
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Theorem 1.5. For d = 2, 9 < 2 and d = 1, 9 < 1, we have 

F(h)^h^. (1.16) 

For the sake of completeness, we also present the result for the case d — 1, 9 > 1. 
The following is the generalization of a result proved for compactly supported smooth 



function in [43l . Theorem 6.1]. 



Proposition 1.6. For d = 1, and V G L 1 (M), V continuous non-negative we have 

m ^ (L17) 

In the case d = 2, 9 > 2, it can be checked that monotonicity of the free energy 
and (11 .101) implies that h c > and that f(/i) decays faster that any polynomial 
around h = 0. In the case d = 1, 9 = 1, monotonicity again implies that f(/i) 
behaves like h 2+ °^ . 



Remark 1.7. In [43j, the critical behavior of the free-energy is computed (in a 
sharp way) for every dimension, even in the case where d > 3 as it can be done in 
the discrete case. As it will be seen in the proof, the method for getting critical 
exponents in the present paper fails to give any result when h c > 0. However, it 
would be natural to think that for some value of 9 > 2, the critical exponent for the 
free energy is independent of d when d is large enough. 

1.2. Brownian polymers in brownian environment. 

1.2.1. Weak and strong disorder. We de scrib e now the model of Brownian poly- 



mer introduced by Rovira and Tindel in [1051 ]. and we introduce the results we 
found for that model. Let (ui(t, x)), tetL xeR d\ be a real Gaussian-Field with covari- 
ance function 

P [u(t, x)u(s, y)} =: (t A s)Q(x - y). (1.18) 
Where Q is a continuous non-negative function, going to zero at infinity. Infor- 
mally, the field can be seen as an addition in time of independent, infinitesimal 
translation invariant fields u(dt, x) with covariance function Q(x — y) dt. To avoid 
normalization, we assume Q(0) = 1. We define the random Hamiltonian formally 
as t 

H Utt (B) = H t (B) := / u;(ds,B s ). (1.19) 


For a straight definition of H t we refer to [bjj, Section 2], where a rigorous meaning 
of the above formula is given. However, to have a meaningful and cheap definition 
it is sufficient to consider that (H t (B)) is a centered Gaussian vector indexed by the 
continuous function B G C[0, t], with covariance matrix 

P [H t {B^)H t {B^)] := f 'Q(BW -B^)ds. (1.20) 

Jo 

One defines the (random) polymer measure for inverse temperature (3 as a trans- 
formation of the Wiener measure P as follows 

d^{B) := -±-exp({3H t (B))dP(B), (1.21) 
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where Z% ,tJ is the partition function of the model 

Zl":=P[exp(PHt)]- (1-22) 
It is more convenient to work with the renormalized partition function 



Wf = W t :=P 



exp (J (3uj{ ds, B s ) - f3 2 /2 ds^j 



(1.23) 



It can be checked without much effort that W t is a positive martingale with respect 
to 

? t := a {u s , s < t} . (1.24) 
Therefore it converges to a limit Woo. An argument used by Bolthausen in a discrete 



setup [22J, can be adapted in our setup to show that 

P{Woc :=0} G {0,1}. (1.25) 

To know wether or not Woo is degenerate is a crucial issue for the asymptotic behav- 
ior of (J,p >u . It is known (in the discrete setup see for example 4o| . the argument can 



probably be adapted for the present model) that when Woo is non-trivial, the be- 
havior of B under fi t when t is large is essentially diffusive, this situation is referred 
to as weak disorder. The other situation is referred to as strong disorder. In the 
Gaussian setup, a partial annealing argument can show that increasing (5 increases 
the influence of disorder, so that there exists a critical value (3 C separating the two 
phases, i.e., that there exists (5 C G [0, oo) such that 

(3 G (0, f3 c ) weak disorder holds, 

n n i-iiii (1.26) 

p > p c => strong disorder holds. 

From physicists point of view, it is however more natural to have a definition 
of strong disorder in free energy term. The quantity of interest is the difference 
between quenched and annealed free energy. 

Proposition 1.8. The a.s. limit 

p(j3) := lim - \ogWt = lim -P [logW t ] =: lim pt(j3). (1.27) 

exists and is almost surely constant. The function (3 \— > {(3) is non positive and non 
increasing. 

We can define 

(3 C := sup {P > such that p{f3) = 0} . (1.28) 
It is obvious from the definitions that (3 C < (3 C . 



For a proof of existence of the limits above and the equality, we refer to [105l . 
Lemma 2.4, Proposition 2.6]. The non-positivity follows from Jensen inequality 

P[logW t ]<logP[Wy = 0. (1.29) 

It can be shown (for result in the discrete setup see that an exponential 



decay of W t corresponds to a significant localization property of the trajectories. 
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More precisely, under this condition, it can be shown that two paths chosen inde- 
pendently with law fit tend to spend a time proportional to t in the same neigh- 
borhood. For example whenever the right hand side exists (i.e. everywhere except 
maybe for countably many (3 as p{(3) + f3 2 /2 is convex) we have 



^(3) := lim -Ip 



(1.30) 



It has become customary to refer to this situation as very strong disorder. 

It is widely expected that the two notion of strong disorder coincide outside of the 
critical point and that we have (3 C = (3 C . However it remains an unproved conjecture. 
In 38| and 91] is has been show that for model in Z d with i.i.d. site disorder, very 



strong disorder holds at all temperature, and it has been known well before that 
there is a non trivial phase transition as soon as d > 3. The same is expected to 
hold for in continuous time, if the correlation function Q decays sufficiently fast at 
infinity. In this paper we place ourselves in the case where Q has power law decay 
and investigate the behavior of the free energy for small j3. Unless otherwises stated 
we will consider that there exists 9 > such that 

Q(x) x \\x\\- e . (1.31) 

We have obtained the following conditions for strong/weak disorder to hold. 

Theorem 1.9. For d > 3 we have: 

• f3_ c and /3 C > «/0 > 2. 

• p e = o if 9 < 2. 

For d = 2, p c = (3 C = if 9 < 2. For d = 1, (3 C = (3 C = for any 9. 

Remark 1.10. In the cases we have left unanswered, namely d = 2, 9 > 2 or d = 3, 



9 = 2, the technique used for the two dimensional discrete case (see [9jJ]) can be 
adapted to prove that /3 C = 0. Since the method is relatively heavy, and very similar 
to what is done in the discrete case, we do not develop it here. 

In the cases where j3 c = 0, we obtained a sharp bound on the free energy 

Theorem 1.11. For d > 2, 9 < 2, or d = 1, 9 < 1 we have 

p(0) x -p&. (1.32) 

For d = 1, Q G Li(R) (with no other assumption on the decay), we have 

p(P) x -p 4 . (1.33) 

1.2.2. Superdiffusivity. Another much studied issue on whic h a lot of study where 



lead for directed polymer is the superdiffusivity phenomenon [1021 ; llOll ; 1821 ; 1971 ; 114 
As mentioned earlier, in the weak disorder phase, the trajectory of the polymer con- 
serves all the essential features of the non disordered model (i.e. standard Brownian 
motion). Therefore, in one looks at a trajectory up to time t, the end position of 
the chain, the maximal distance to the origin, the typical distance of a point in the 
chain to the origin are of order t 1 / 2 , this phenomenon is one of the features of a 
diffusive behavior. It is believed that in the strong disorder phase, this property is 
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changed, and that the quantities mentioned earlier are greater than t 1//2 . From the 
physicists point of view, it is in fact widely expected that their exist a positive real 
number £ > 1/2 such that under ji t 



max x t*. (1.34) 

se[o,t] 



We refer to £ as the volume exponent. It is usually believed that in the strong disor- 
der phase, £ does not depend on the temperature, and it is the equal to the exponent 
of the associated orien ted last passage percolation model which corresponds to zero 



temperature (see [102| ). However, rigorously, the very existence of these exponents 
cannot be proved in general, and their is no consensus in the physics literature for 
their value when the transversal dimension is more than 2. In the one dimensional 
case, for the discrete model on Z d and for the one presented here, if the correlations 
are not too important (Q G Li(R) seems to be the reasonable condition), the volume 
exponent is conjectured to be equal to 2/3. This identity remains however a very 



challenging issue. Johansson proved [82j that it hold for a special case of last-passage 
oriented percolation, but the method he employed cannot be generalized to the case 
of finite temperature. To our knowledge this is the only case where the existence 
of £ is proved in a non-diffusive case. In the sequel we talk about bounds on £ to 
mention bound on the volume fluctuation. 

For undirected last-passage percolation Newman and Piza proved that £ < 3/4, and, 
in collaboration with Licea, that £ > 3/5, using geometric arguments. In the case 
of di rected polymer, some results have been obtained in dimension 1 by Petermann 



10 11 ] and Mejane [97j for a model of directed polymer in a semi-discrete setup. Pe- 
termann proved that with a high probability, a polymer chain of size n would go out 
of a box of size n a if a < 3/5, whereas Mejane proved a result going in the other 
direction saying that the chain stays in a box of size n a if a > 3/4. The result of 
Mejane extends to every dimension. Informally this says that 

3/5 < £ < 3/4. (1.35) 

The result of Petermann has recently been adapted for Brownian polymer in Brow- 
nian environment by Bezerra, Tindel and Viens 

In this paper, we present some new results in the case of polynomial decay of Q 
(condition (11.311) ). In particular, we prove that under some assumption, superdiffu- 
sivity holds in every dimension and at every temperature 

Theorem 1.12. When d > 2 and 9 < 2 or d = 1 and 9 < 1, we have 

limliminf P/if' w i sup \B,\ > et^ 1 = 1. (1.36) 



+o t- 



0<s<t 



For d = I, Q E Li(R) we have 



limliminf P/xf'"' <j sup \B a \>et*} = l. (1.37) 

e^O i->oo l(Ks<t J 

We will not go into the details for the proof of the case Q e Li(R) as it is very 
similar to what we do in the other cases. 
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Remark 1.13. In terms of exponent, the above theorem, states that £ > 3/(4 + 



We strongly believe that the argument of Mejane in [97| can be adapted to this case 
(maybe with another definition for £, using the position of the end point rather than 
the maximal distance), so that we can say at an informal level that 

<£<7- (1-38) 



4+0-^-4 

The two bounds can get arbitrarily close to eachother when 6 get close to zero, 
showing that when 6 is small, our result is close to being optimal. 

Remark 1.14. There is an oriented-last-passage percolation model associated to 
this model. It corresponds to the case (5 — oo. The result we prove here for finite 
temperature extends to this case that we describe here. Given a realization of the 
environment uj we consider the Hamiltonian acting on piecewise C\ path of length t 
in R d : 

H?(f) := ri|V/( S )|| 2 + f uj(dsj(s)). (1.39) 
Jo Jo 

The oriented-last passage percolation problem consists in finding a path / such that 
the Hamiltonian is maximized. If one admits the existence of such a path / max , it is 
not very difficult to adapt the proof of the directed polymer problem to prove that 
with a big P probability 

max ||/ max ( s )|| >*4s. (1.40) 

se[o,t] 

Remark 1.15. The argument we use for our proof uses change of measure argument 
instead of purely Gaussian computation, in our views, this makes the computation 
much clearer. Besides, our proof is shorter and goes substancially farther. 

Remark 1.16. Another model of Brownian polymer in random environment in a 
Poissonian environment has been introduced and studied by Comets and Yoshida 
Is! . We would like to stress that our proofs do not rely on the Gaussian nature of 



the environment, and that superdiffusivity with exponent 3/5, as well as very strong 
disorder in dimension 1 and 2 (in dimension 2 one needs to adapt the method used 



m 



could be proved for this model as well by using methods developed in the 
present paper. We focused on Brownian polymer mainly because it was the natural 
model to study the effect of long spatial memory. 



2. Brownian pinning in polynomial potential 

2.1. Basic results. In this subsection, we give the proof of minor results that 
are easy consequences of results in (Uj. 



Proof of Proposition 11.11 Given V, and e and one can find a compactly 
supported C°° function V such that 

V<V<V + e. (2.1) 



2. BROWNIAN PINNING IN POLYNOMIAL POTENTIAL 



233 



We write Y t = Y^ for the partition function corresponding to V. Trivially we 
have for every t 

- log Y t < - log Y t < - log Y t + he. (2.2) 



As proved in |43j, Section 7], \ogY t converges as t goes to infinity so that, 

1 1 
lim sup - log Yt — lim inf - log Y t < he. (2.3) 

The proof can also be adapted to prove the existence of the free-energy for the 
potential 

V(x) := 1 {W < 1} . (2.4) 

We omit the details here. □ 



Proof of propositio n II 61 First we prove the upper bound. By the occupa- 
tion times formula (see e.g. [103l . pp. 224] ) we have 

V{B s )ds= [ L*V(x)dx, (2.5) 



o 



where is the local time of the Brownian motion in x at time t. By Jensen 
inequality we have then 

exp (h [ L t (x)V(x)dx) < [ jjffi dX exp (h\\V\\ him L*) . (2.6) 
V / Jm. II v IIli(k) 

Moreover, under the Wiener measure with initial condition zero, Lf is stochastically 
bounded (from above) by L\ for all x, so that 



JjR II V ||Li(R) 



< P [exp (/.||y|| Ll(K) L t )] < 2exp I 2 " Ll(R) j . (2.7) 

In the last inequality we have used the fact that L\ = y/i\Af(0, 1)|. Taking the limit 
as t tends to infinity gives the upper bound. For the lower bound, the assumption 
we have on V guaranties that give e > 0, we can find V smooth and compactly 
supported such that 

V < V, 

(2.8) 

CHI > I V Ilwiri — £. 



Let F be the free energy associated to V. For [43j, Theorem 6.1] and monotonicity 
we have that for h small enough (how small depending on e) 

F(h)>F(h)> -e^h 2 - (2-9) 

As e is chosen arbitrarily this gives the lower bound. □ 
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2.2. Proof of upper bound results on the free-energy. In this subsection 
we prove the upper bounds corresponding to (11.131) . (11.151) and (11.160 . Thourough 
this section we will use the following tool. 

Lemma 2.1. Let (a n ) n ^, be a sequence of positive integers, and (p n )n£N, a sequence 
of strictly positive real numbers satisfying YlnenPn 1 = 1- Then we have 



(2.10) 



n>l 



n>l 



as soon as the left-hand side is defined. This formula is also valid for a product with 
finitely many terms. 



Proof. Let X be the random variable whose distribution P is defined 

{n:p n loga„=x} 

The formula considered is just Jensen inequality: 

exp(P[X]) < Pexp(X). 



(2.11) 



(2.12) 
□ 

Now we go the proof of derealization at high temperature for 6 > 2 and d > 3 
Proof of (11.131) . Let 6 > 2, and £>0we define 



V(x) :=^1{||,||<2" } 2-"' 6 



(2.13) 



i=0 



It follows from assumption (II. lip that there exists constants c\ and C\ such that 



ciV(x) < V{x) < dV{x). 
Hence, for any p e (0, 1) and h > 0, we have 



(2.14) 



Yt < exp (hCx J V{B S ) ds^j 



<(i- P )j2p np 

n=0 

oo 



n=Q 



exp( (l-p)-V n ^i / 1{||B S ||<2"}2" }ds 



exp ( (1 - pjV^M?! jf* * 1 { ||b.||<i} 



(2.15) 



where the second inequality uses Lemma 12.11 with p n : = (1 — p)p n , and the last 
equality is just a rescaling of the Brownian Motion. We choose p such that p2 e ~ 2 = 1. 
We get 



y t <exp ((l-p^hd^ 1 { , 



B .,|< 1} 2-" fl d5). 



(2.16) 
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For h small enough, Theorem II .21 for d > 3 allow us to conclude. Moreover (see [39i . 
Proposition 4.2.1]) in this case, we have 

(2.17) 

□ 



lim Y t := < oo. 



t— >oo 



Proof of the upper bounds of (I1.15K and (|1.16p . From assumption fll.llR . 
there exist a constant C 2 such that for any h < 1, 



'\x\<h 2 

We write V(x) := V(x)l 



so that 



V(x) < C 2 h~ Vx, \x\ > h 
[ 1 V(x)dx <C 2 h'^. 

J\x\<h 2-9 

r i i . We have 

^ |z|</l 2^¥ L 

< V(5 s ) + L7 2 /i2^, 
log F t < tC 2 /i^ +logP 



i 

"2-e 



(2.18) 



exp ( /i y V(5 a ) ds 
We know from (12.71) and ( 12.18ft that the second term is smaller than 



W 2 + t - T [R) < log 2 + *C 9 2 /^ 



(2.19) 
(2.20) 

(2.21) 



Which is the desired result. Now we consider the case d > 2, 6 < 2. Define 

n = n h := \\ log /i| / (2 — 6) log 2] — K for some large integer K. We have 

2~(n+i)e 



nei {ll^ll<2-"} < 



(2.22) 



n>n ri>n 

Therefore we can find a constant C3 (depending on i-T and C\) such that 



Y t < P 



exp Ci/i / 1/(5,) ds 



exp fd/i^ ^2- n9 l { || Ba ,|< 2 ^ } ds 



(2.23) 

We study the behavior of the second term on the right-hand side. For any p (We 
choose p = 2 e / 2_1 ), as a result of Lemma I2TT1 , we have 

-t n 



exp [dh [ ^2- ne l{||5 s || < 2~ n }ds 

V J ° n=0 



< 



_ pn+l 



^ (1 - p)p" 
n=0 

n 1 
1 -P 



P 



n=0 



P U P 



exp ( C\h 
exp Ci/t 



* p~ n {l -p n+1 ] 



1 — p 

p~ n (l — p 



r,(n—n)Q-\ 1 

1 1 {||-B 3 ||<2-(™-")} as 



1 — p 



-2 V ; 1{||S S ||<1} d,' 



(2.24) 
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where the last line is simply obtained by rescaling the Brownian motion in the 
expectation. Now observe that for any e > 0, one can find a value of K such that 

dh< (1 - p)e2- n( - 2 - e \ 



so that 



Therefore we have 



1 — p 



(2.25) 
(2.26) 



exp [dh f J22- n6 l{\\B s \\ < 2~ n }ds 

\ JO n=0 j 



< max P 

ne{0,...,n} 



cxp 



^2 — 2(n — n) 



For d > 3 the right-hand side is less than 



P 



exp (J el { || Bs ||< 1} ds^ 



(2.27) 



(2.28) 



which stays bounded as t goes to infinity. For d = 2, if t is sufficiently large, and e 
small enough Theorem 11.21 allows us to write 

.2^/ 2 - 1 )l {||Bs|| < 1} d, 



logP 



cxp 



<t2~ m 2 2n exp(-2e~ 1 2 n ^ e ^). 

(2.29) 



The maximum over n of the right-hand side is attained for n = 0. Therefore 



logP 



exp [Cyh [ jS- ne l{||5 s || <2~ n }ds 

V Jo n.=0 j 



< 2 



-2n 



Injecting this in (12.231) ends the proof. 



(2.30) 



□ 



2.3. Proof of lower bounds on the free-energy. In this section we the lower 
bounds for the (11.151) and (11.161) . We start with the case d = 1, 9 < 1. 
For any n£N, 



Y, > P 



exp I Ci/t / V^(B S ) ds 



> P 



exp ( Ci/i2 



-no 



~*-{\\B s \\<2- n } ds 



Rescaling the Brownian motion we get 



Y>P 



exp c\ 



h2 n(2 ~ 



12- 



1{[|b.[|<i} ds 



. (2.31) 



(2.32) 



We can choose n = n h = \\ log h\/(2 — 8) log 2] + K, for some integer K. Let C 2 > 
be such that 



lim - log P 

t— >oo t 



exp (/ c ' 21{llssll - 1} ds ) 



> I. 



(2.33) 
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By choosing K large enough, we can get 



loeY* > logP 



t2~ 2n h 

exp ( C 2 I l{[|B,||<i}ds 



> t2~ 2nh . 



From this we get that h c — 0, and that 

F(h) > 2~ 2 ^h 



2 
2-9 



(2.34) 



(2.35) 
□ 



3. The Brownian Polymer 

3.1. Lower bounds on the free energy, the second moment method. In 

this section, will make use of result obtained for homogeneous pinning model to get 
some lowerbound on the free energy and prove the corresponding half of Theorem 
11.91 and 11.111 A simple way to relate the two models is to remark that the second 
moment of W n is the partition function of an homogeneous pinning model. We start 
by a short proof of the fact that weak disorder holds for small /3if<i>3,6>>2, 

Proof. It is sufficient to show that W t converges in L 2 for (3 sufficiently small. 
We have 

P [W 2 ] = 



P® 2 exp (j [(3u{ ds, B^) + /3u( ds, B®)] - 1 dsj 
exp (V J^Q{B^-B^)ds 



(3.1) 



The left-hand side is the partition function of the homogeneous pinning model de- 
scribed in the first section. Therefore, the result is a simple consequence of Propo- 
sition O □ 

We prove now the lower-bound on the free energy corresponding to Theorem 
II. Ill We use a quite involved method called replica-coupling. The idea to use such 
a method for direct ed p olymers came in [9JJ and was inspired by a work on pinning 
model of Toninelli |lld |. 



Proof. Define for (3 > 0, r e [0, 1] 



*t W) 



log P exp ( / Vr/M ds, B a ) - r(3 2 /2 ds 



(3.2) 



and for (3 > 0, r e [0, 1], A > 
% (r,A,/5): = 



Ip 

2t 



log P m exp N v ^/5^(ds,E«)+^(ds,Ei 2) )] -/? 2 [r+ \Q{B^ - B^)] ds 



— P 

2t 



logP 02 exp fe(BW,5( 2 \r,A)) . (3.3) 
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The function r i— ► $ t (r,f3), satisfies 

$ t (0,/3) = and $ t (/3) = ^(0). 



(3.4) 



In the sequel we use the following version of the Gaussian integration by part for- 
mula. The proof is straight-forward. 

Lemma 3.1. Let (c^i,^) be a two-dimensional Gaussian vector. We have 

P [uJM] := P[^ 2 ]P [f'(u 2 )\ . (3.5) 
Using this formula we get that 



(y/rP)Y 



Q(B^-B^)ds 



(3.6) 



Doing the same for ty t we get 

d B 2 \P® 2 exp (#*(£« B<?\ r, X)) J? Q{B^ - Bf ] ) ds 



P® 2 exp \ H t (BW,BW,r, A) 
P® 4 exp (H t {B^,B^ 2 \r, A) + H t {B^\ B( 4 \ r, A)) J* Q(bP - BP) ds 



P® 4 exp [H^B^.B^.r, A) + H t {B^\ B^ 4 \ r, A) 
P^ 2 exp (H t {BV,B®,r, A)) /^(Bi 1} - £?i 2) )ds 



P® 2 exp [H t (BW } B^\r, A) 



/? 2 
< — P 
- 2t 



This implies that for every r G [0, 1] we have 

%{r,\(5) <¥(0,A + *,/3). 



d 
dA 



*t(r,A,/3). 



(3.7) 



(3.f 



In view of (13.61) and (13.71) . using convexity and monotonicity of ^> t with respect to 
A and V t (r, 0, /3) = <& t (r, /?) we have 



< 



A=0 

tt t (r,2-r,/3)-$ t (r,/3) 
2 - r 



< ^(0,2,0) -¥ t (r,/3), (3.9) 



where the last inequalities uses that r < 1. Integrating this inequality between zero 
and one, we get 

p^)>(l-e)* t (0,2,/3). (3.10) 
The right hand side can be interpreted as 



tt t (0,2,/3) = -lo g y t , 



(3.11) 
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where Y t is the partition function of an homogeneous pinning model in polynomial 
tailed potential with pinning parameter 2(3 2 . Therefore we know from Theorem 11.41 
and Proposition 11.61 that 

1 4 1 

lim - log F t x fi—e or lim - log 1* x p 4 , (3.12) 

t— >oo t t-^oo t 

(where the case to be considered depend on the assumption we have on Q). This 
ends the proof. □ 

3.2. Proof of upper bounds on the free energy (Theorem I1.11L The 

technique of the proof is mainly based on change of measure argument. This method 
developed and used first for pinning models [64| and and adapted for directed poly- 
mer m Here, we have to adapt it to the continuous case, and to make benefit 
of the existence of space memory. We briefly sketch the proof: 

• First we use Jensen inequality to reduce the proof to estimating a fractional 
moment (a non-integer moment) of W t . 

• We decompose W t into different contribution corresponding to path along 
a corridor. 

• For each corridor, we change slightly the measure via a tilting procedure 
which lowers the value of u in the corridor. 

• We use the change of measure to estimate the fractional moment of each 
contributions. 

We start by stating a trivial Lemma, which will be of good use for our proof, and 
for the next section 

Lemma 3.2. Let (uj x )x&x be a Gaussian vector indexed by X defined on the proba- 
bility space (Q, P, J 7 ) closed by linear combination. Define the measure P as 

dP 

— = exp(u X0 - Varu^/2). (3.13) 

Then under P, (uj x ) xe x are still Gaussian variable, their covariance remain un- 
changed and their expectation is equal to 

F[uj x } = F[u x uj X0 }. (3.14) 

We go now for the proof. Let 7 < 1 be fixed. We remark that 

P[log Wt] = -P[log W?] < - logP[W t 7 ]. (3.15) 

7 7 



For this reason we have 



p(8) < -liminflogPWt 7 . (3.16) 

7 t^oo 



-4 
2-0 



Therefore, our aim is to prove that PfW^ 7 ] decays exponentially. Fix T := C\(3 
and 7 < 1 (say 7 := 1/2). Choose t := Tn. For y = (y 1 , . . . ,y ) G Z d , define 
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We decompose the partition function W t into different contributions correspond- 
ing to different families of path. We have 



E w ^ 



■,2/n)' 



yi,—,Vn 



where 



W, 



{yi,-,Vn) 



exp Pu(ds,B s ) -/3 2 /2d^ l {BkTeIy ^ k=l ... n} 



(3.17) 



(3.18) 



We use the inequality (Yl a iV — ^2 a l which holds for an arbitrary collection of 
positive numbers to get 

P[W]< E P l W L-,yJ- ( 3 - 19 ) 

yi,...,j/„eZ 

Given Y — (t/i, . . . , y n ), and Py a probability measure on uo we have 



PVJ7 , = Py 

(l/l,-.!/n) r 



dP 



dP 



y 



< P 



dP \ 



dP^ 



1-7 



Let C*2 a fixed constant. Define the blocks A k by 



Pr[%,.,y„)] 

(3.20) 



i=l 



A fc := [(* - 1)T, T] x Hivi^ - C 2 VT, y\_ x + C 2 VT] =: [fcT, (A; + 1)T] x A fc , 
■Ty := [J -B fc , 



fc=i 



(3.21) 



with the convention yo = 0. Moreover we define the random variable 

J At ^(dt,x)dx 



fiy :=E^- 



(3.22) 



k=l 



Note that with this definition (^fc)fce{i,...,n} are standard centered independent Gauss- 
ian variables. Define Py by 

dPy 



dP 



:= exp (— Qy — n/2) 



From this definition and using the fact that 7 = 1/2, we have 

1-7 

= exp(n/2). 



dP \ l -7 



dP. 



(3.23) 



(3.24) 
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We define also the measure Pi by 

dPi 
dP 



exp(-fii - 1/2). 



(3.25) 



We consider now the expectation of Wr yi> ___ )yn ) with respect to Py. As the covariance 
of the Gaussian field remains the same after the measure change we have 



P Y [W {yi _ yn) ]=Pexp[(3Py 



ui{ ds, B s 



-{B kT eI Vk ,Vk=l...n} 



n-1 

< I [ maxP T 



k=0 



exp (3P 



lo( ds, B s 



-{B T eIy h - Vk _ 1 ,Vk=l...n} 

(3.26) 



Where P x denotes the Wiener measure with initial condition x (the law of a stan- 
dard Brownian Motion starting at x). The second inequality is obtained by cutting 
the Brownian trajectory into n slices and using the fact that the environments in 
the slices are independent under Py and taking the maximum over the possible 
intermediate point. Coming back to (13.191) and using (13.201) and (13.241) we get 



PW? < exp(n/2) 



maxPj; 

\x£lo 



exp f3P 



u{ ds, B, 



-{B T ai y } 



(3.27) 

We are able to prove that the right-hand side decays exponentially with rate T if 
we are able to show that 



maxPj 



exp -f3P 1 



T 



du;(s, B s 



-{B T ai y } 



(3.28) 



is small. To do so, we have to estimate the expectation of the Hamiltonian under 
Pi. We use Lemma [3721 and get 



-Pi 



u>( ds, B s ) 



f2i / u(ds,B s ) 



J Al Q(x- B s )dxdt 
Tf A2 Q(x-y) dx dy 



(3.29) 



The above quantity is always positive. However, it depends on the trajectory B. 
One can check that the assumption of polynomial decay for Q implies that 



/ Q{x-y)dxdy-T d ~ e ' 2 . 



(3.30) 



To control the numerator of in the right-hand side of (I3.29H we need an assumption 
on the trajectory. What we do is we control the value for trajectories that stays 
within A\. Uniformly over any trajectory [s, -B s ) sg [ 0j T] that stays in A\ we have 

/ Q{x - B s ) dx ds x T {d+1 ~ e)/2 . (3.31) 

) J [-C 2 T,C 2 T] d 
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Altogether we get that there exists a constant C 3 such that uniformly on trajectories 
staying in A\. 



Pi 



u(ds,B s ) 



< -C,T— . 



(3.32) 



The distribution of the Brownian Motion allow us, given e > 0, to find R— R £ such 
that 



E( maxPj 



\>R 



exp f3P 1 



u(ds,B s ) 



-{B T ei y } 



< V ( max P X {B T G I y }] <e. (3.33) 

\\y\\>R v 7 



Where the first inequality simply uses the fact that Pi(. . . ) is negative. For the 
terms corresponding to \\y\\ < R we use the rough bound 



\<R 



max Pa- 

\xGIq 



exp (3P 1 



T 



u(ds,B s ) 



-{B T ei y } 



< (2R) d maxP x 
xei 



exp (3P 1 



Fix 5 := (e/ (2R) d )^ . Our remaining task is to show 

uu(ds, B s ) 



max Pa; exp ( (3P\ 



u(ds,B s 



< 5. 



(3.34) 



(3.35) 



To get the above inequality, we separate the right-hand side into two contribution: 
trajectories that stays within A\ and trajectories that go out of A\. Bounding these 
contribution gives 



maxPc 
xeio 



exp (3P l 



u(ds,B s ) 



< P{ max \B S \ < \C 2 - II VT 

se[o,T] 



+ max P x 

x£l Q 



exp pP 1 



T 



o>( ds, B s 



^{(s,B s ):s&[0,T]cA 1 } 



(3.36) 



We can fix C*2 so that the first term is less that 5/2. Equation (13.321 ) guaranties that 
the second term is less than 

exp (-f3C 3 T^ = exp ^-/3C 3 C^) < 5/2. (3.37) 

where the last inequality is obtained by choosing C\ sufficiently large. We have 
shown altogether that (I3.28j) is less than 2e. Combining this result with (13.271) and 
(13 . 1 61) implies (for e small enough) 



which is the result we want. 



(3.38) 
□ 
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3.3. Proof of Theorem 1 1.12L The proof can b e decomposed in two steps. The 
first step is inspired by the work of Peterman [10l| . is the proof of a lemma which 
bounds from above the entropic cost of going in a region which is of order t a away 
from the origin. The second step bounds from below the typical energy fluctuations 
that we may encounter in the same region. After this analysis all that remains is 
to fit together all the element of the proof to get the result. Let N be some even 



integer, a := For k & N define 



A k := [t/2,t] x 



(2k-l)t a (2fc + l)t Q 



N 2 



N 2 



x 



t a t a 

Wn 2 



d-l 



Define 



\ Jo U< " dS,B ^J 1 {(s,-B,)e^fc,V S 6[t/2,t]} 



Lemma 3.3. With probability greater than 1 — 1/N, we have 



(3.39) 



(3.40) 



E 



> exp 



ke{-N,...,N}\{0} 



N 2 



2a- 1 



,(0) 



(3.41) 



PROOF. This Lemma and its proof proof is strongly inspired from [lOll . Lemma 
2]. We use the following transformation hk which transform a path contributing to 
into a path contributing to z[ . 



2k 

h k : (s,x)^x + {2s/tAl)—t c 



(3.42) 



and define 



Z^ k) ■= Pexp y(3 J u(ds,h k (s,B s ))J l { ( S! B s )eA ,Vselt/2,t}}- (3.43) 
On can check that ( 2^ ) is a family of identically distributed random 

V / k£{-N/2,...,N/2} 

variable. Moreover, elementary reasoning gives us that there exists an integer ko, 
with \k \ < N/2 such that 



Q < Z<? o) > max Zr } < ; 

From this it is easy to deduce by translation invariance that 



(3.44) 



Q { zl 0) > 



max 



ke{-N/2-k ,-l}U{l,...,N/2+k } 

Using Girsanov transform, one can check that 



1 



(3.45) 
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J Uj(ds,hk(s,B s ))j l{( s ,B a ) Gj 4 ,VsG[t/2,t]} 



> 



cxp 



4(fc 2 + |fc|) 
iV 4 



2a- 1 \ Mk) 



z r > ex P ( - W2 t 



2a- 1 \ <7-(fc) 



where 5 1 is the first coordinate of the Brownian motion. 



(3.46) 
□ 



For the r est o f the proof, the idea which is used differs substantially from the 
one used in [10l| and adapted then in [14|. Instead of using purely Gaussian tool 
and working with covariance matrix, we use changes of measure that are similar to 
the one of the previous section. This shortens the proof considerably, and to makes 
it less technical and more intuitive. Moreover, it enlightens the fact that the proof 
could be adapted to a non Gaussian context. We set T := t a N~ 3 and define 



n :-- 



■T,T] d x[-T,T] d 



Q(x — y) dx dy 



(3.47) 



which is standard centered Gaussian variable. We define the probability measure 
Poby 

dP 



dP 



exp(-fi - 1/2) . 



Lemma 3.4. Let A be any event, we have 



P(A) < y/eP (A). 
Proof. This is a simple application of Holder inequality. 



P(^) 



rdp 




" dP " 












[dP J 



V?^Aj- 



(3.48) 
(3.49) 

(3.50) 
□ 



Now, our aim is to show that under P , the probability that the walk stays in 
[-t a /N 3 ,t a /N 3 ] d is small and to use the above lemma to conclude. We use Lemma 
13.21 to do a measure coupling. Indeed if u has distribution P then Q defined by 



w(0,z):=0, VxeR d , 
u( ds, x) := uj{ ds, x) — P [Q du>(s, x)] 



(3.51) 



u( ds, x) 



t/2 i /j_y j jf|d x r_j' ) j'jd Q{x y) dx dy 



dt. 
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has distribution P . We define 
X t :=P 

X t :=P 

£ (fe) := P 



exp \B uj(ds,B s yj l {Bs e[-T,T\ d , v a g[t/2,t]} 
exp (p [ u)(ds,B s )] l {Ba e[-T,T\d, v»e[t/2,t]} 



(3.52) 



From this definition 

Ht (max(B s < t a /N 3 } < 



exp ( (3 J Q(ds,B s ) ) l {(s , Bs )eA k , v s e[t/2,t]} 



E 



,(fc) : 



fce{-A r ,...,7V}\{0} 



And 



fit { max ISJ < t a /N 3 ) ) < x 

1 0<s<t 



< P 



< X 



ke{-N,...,N}\{0} 



(3.53) 



(3.54) 



for any x. 

Lemma 3.5. For N large enough, and t large enough 
X t ^ X t 



2^fce{-7V,...,7V}\{0} l^ke{-N,...,N}\{0} 

Proof. It follows from definitions that 

Y ST 

1q M ^k£{-N,...,N}\{0} *t < 



< 



.expt-C^T-*/ 2 ) 



(k) 



(3.55) 



XtZ 



ke{-N,...,N}\{0} 

t 



— min P 

{B:\\B S \\<T, VsS[t/2,t]} 



ui( ds, B<,)Q 



t/2 



+ max P 

{B :\\B a \\>t<*/N 2 , VsS[t/2,t]} 



cu( ds, .B s )f2 



t/2 



Now, we bound the right-hand side of the above. We have 

It/2 ^ I[— T T] d Qi^ s 



i/2 



First remark that 



't/2 f { 

-T,T] d x[-T,T] d Q(x-y) dx dy 

Q(x-y) didi/xT 2 " 



(3.56) 



(3.57) 



(3.58) 



-T,T] d x[-T,T] d 

If the trajectory B is constrained to stay in [—T,T] d when s G [t/2, t], then there 
exist a constant C 5 only depending on Q such that 



/ Q{B S -x)dx> C 5 T d ' e \/s e [t/2, t}. 

J[-T,T] d 



(3.59) 
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If the trajectory B is such that d(B s , [— T, T] d ) > NT/2 for all s £ [t/2 7 t], then 
/ Q(B s -x)dx < C e [ (NT)- e dx = C e T d - e N- e , Vs £ [t/2, t]. (3.60) 

J[-T,T] d J[-T,T] d 

This is sufficient to prove the result for N large enough. □ 

Now the preceding result together with Lemma [3731 assures that with propability 
larger than 1 — 1/N we have 

±1 < £* exDf-t 1/2 T~ 9/2 ) 

v S v 7 (k) expl 1 J > 

l^k£{-N,...,N}\{0} l^k£{-N,...,N}\{0} 



< eX p (j^t 2 *- 1 - C^T^ 2 ) . (3.61) 



Now we estimate what's in the exponential of the right-hand side 



+2a-l n +1/20-1-6/2 



1-6 2-8 



tJ+e < -t—e. (3.62) 



Now we put together all the bricks of our reasoning. Equations (13.611) . (13.621) com- 
bined with (13.541) gives us 

P | ft {max \\B S \\ < t a /N 3 } > exp 1 < 1. (3.63) 

Lemma [3741 allows us get from this 

P \fi t { max ||£ s || < t°/iV 3 } > exp (-t%*) \ < -p= (3.64) 
0<s<t V /I */iV 



So that 

P/i t {max 115,11 < t a /N 3 } < exp + (3-65) 

We get our result by choosing N large enough. □ 
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Resume: Cette these est consacree a l'etude de differents modeles aleatoires de polymeres. 
On s'interesse en particulier a l'influence du desordre sur la localisation des trajectoires 
pour les modeles d'accrochage et pour les polymeres diriges en milieu aleatoire. En plus des 
modeles classiques dans Z d , nous abordons l'etude de modeles dit hierarchiques, construits 
sur une suite de reseaux auto-similaires, tres present dans la litterature physique. Les re- 
sultats que nous avons obtenus concernent principalement l'energie libre et le phenomene 
de surdiffusivite. En particulier, nous prouvons: (1) la pertinence du desordre a toute tem- 
perature dans pour le modele d'accrochage desordonne en dimension 1 + 1, (2) l'occurence 
d'un desordre tres fort a toute temperature en dimension 1 + 2 pour les polymeres diriges 
en milieu aleatoire. 

Mots-CLES Polymere dirige, Modele d'accrochage, Tres fort desordre, Surdiffusivite, 
Modeles Hierarchiques, Pertinence du desordre. 



Abstract: This thesis studies models of random directed polymers. We focus on the 
influence of disorder on localization of the trajectories for pinning model and directed poly- 
mers in random environment. In addition to the classical Z rf models, we pay a particular 
attention to so-called hierachical models, buildt on a sequence of self-similar lattices, that 
are frequently studied in the physics literature. The results we obtain concern mainly free 
energy and superdiffusivity properties. In particular we present the proof that: (1) disor- 
der is relevant at arbitrary high temperature for pinning models in dimension 1 + 1, (2) 
very strong disorder holds at all temperature in dimension 1 + 2 for directed polymers in 
random environment. 

Key words: Directed polymer, Pinning models, Very Strong Disorder, Superdiffusivity, 
Hierarchical Models, Disorder relevance. 
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